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PREFACE. 



The groundwork of the followiDg Treatise belongs to the 
late Mr Ingram^ than whom few men knew better what 
was suited to the capacities of the young. The public have 
already pronounced a favourable opinion on the Algebra con- 
tained in his Concise System of Mathematics ; and in extend- 
ing it to its present size every endeavour has been used to 
adhere as much as possible to the original plan. The chief 
object of that work was to combine theory and practice in such 
a manner that the principle of every rule should be thoroughly 
understood before proceeding to solve the exercises under the 
rule ; and it is hoped that^ at least in the higher departments^ 
this has been fully attained. Usefulness and simplicity have 
been considered of far more importance than originality^ and 
therefore free use has been made of the labours of our older 
authors for many of the exercises. With these^ however, 
will be found interspersed many new and interesting ques- 
tions ; while care has been taken that every part of the work 
should be so clearly and simply expressed, that the most 
ordinary capacity can scarcely fail to comprehend it. 

Although among the quadratic equations of the original 
work there were given several questions involving two un- 
known quantities, yet, as no specific rules were laid down for 
the solution of such equations, it ^as been thought expe- 
dient to treat these in a regular and systematic manner. 
The portion of the volume devoted to the properties of 
numbers may probably by some students be considered too 
lengthy for an elementary treatise ; but by those who are 
fond of theoretical speculations, and alive to the intrinsic 
value of the subject, no such fault will be found. Con- 
tinued fractions and theii: various applications have been 
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treated at considerable length, though not to a greater ex- 
tent than their importance seemed to demand. The chief 
feature, however, to which the Publishers would draw atten- 
tion, is the very full and complete exposition of the Inde- 
terminate or Diophantine Analysis. Of all the branches of 
Algebra this is the most difficult and abstruse : — the various 
substitutions necessary to effect the solutions of the problems, 
the ingenuity and dexterity requisite in making the original 
assumptions, and the caution and judgment indispensable in 
evolving the final result, tend more to sharpen and invigorate 
the intellectual powers than the study of any other subject 
in the whole course of human investigation. 

Great attention having been devoted to the selection of the 
exercises, it is confidently hoped that they will be found ap- 
propriate, and also of sufficient number and variety to initiate 
the student in the various rules; while the very large 
collection of miscellaneous questions at the end of the volume 
will afford a vast fund of profit and amusement to those who 
may undertake their solution, and will at the same time test 
their knowledge of the principles previously laid down. 

Although every care has been taken to ensure accuracy, 
yet it is possible that errors may be found. These, however, 
when noticed, will be corrected; and in a second edition 
such alterations and additions will be made as may suggest 
themselves in teaching the work. 

BOZXBUROH, AtlffUlt lit IMi. 
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PRAXIS OP VULGAR FRACTIONS. 

I. Reduce 4|, 7|, 31^,, 86|^, 43|{, and ^9\\, to improper fVac- 
tiona. Ans. V. V> ViS VyS 'US a°«l 'Sr- 

II. Reduce »|», 'fVi *!§•> 'HS MIS and »*,VS to mixed 
numbers. Ans. 93j, 290,^7, 257§, lOS^f, 133i{, ^^ 2024,^j, 

7 a i 3» « 7| 

III. Reduce t» i> l> -r> -^j *nd — ^, to simple fractions. 

I 7 J ^ 4^ 12| 

Ans. V, A, H, V, »*i> and »?. 

IV. Reduce f of j of 3i, | of f of 4i, | of f of ii of 44, and ^y 
of /^ of /y of 2|, to simple fractions. Ans. |, |y ||, and I's* 

V. Reduce /^Vii, Hf f, f J J|, ,V,y„ lif Hfy, and JHHf, to their 
least terms. Ans. ^f J, {§, |, y^ iV> a°d |f. 

VI. Find the least common multiple of 7, 21, 35, and 43 ; of 9, 15, 
24^ 30, and 36; of 8, 18» 24^ 27, and 32; of 13, 39, 52, 65, and 78; 
of 27, 36, 42, 45, and eo. Ans. 210, 360, 864^ 780, and 3780. 

YII. Reduce to a common denominator y^j, |, |, and | ; ^, {, f , 
•nd jS ; f , I, /j, and y», ; |, f , |, and /,. 

Ans. Ilig, §|S§, iiSS, and |JH; yW,, y\V„ lYiV and y*y^^; 
IHh tm* mh and |fi§; §$fi, |H|, ||H>and Hfl* 

YIII. Reduce to their least common denominator ^, f, |, and y^, ; 
I, J, y»„ and H; i of ! of 5i, ,V f of | of y»i of 1^ and if ; y»„ yV 
yVandf ofiofl{. 

Ans. \l if, il, and U; yV^, Hi[> iJf» and ^^f «, ,»y, if, 
and if ; H, if, |g, and {^ 

IX Add I + I + f + ^; 5f + 2| + 5A + 2i«,; f of 5J + | + 

|offof4i + 2y^,;5 + ~ + i + ?i 

Ans. i|tii;i5im;^il;mil- 



8 PRAXIS OF DECIMAL FRACTIONS. 

X. Subtract I — y*, ; | of | of 8^ — i of i of 24; 14^ — 11^. 

*4 *i *i * 

XI. Multiply I by Si ; | of | by | of 3/r ; ^ by 1 ; M by | 

of J of ^ Ans. 2ii; A; !; i^lb- 

XII. Divide Si by I ; f of ^ of ^ by ^ ; III by f of j% of 

^5iaf/,of2ibyfoff\ofI^. 

Ans. 4; yil^; ST^ ; 1,VjVA- 



PRAXIS OF DECIMAL FRACTIONS. 

I. Add 2*71 + 34-176 + 347-897 + 2753-8172 + -214 + "000741 
+ 21-7104. Ans. 3160-525341. 

Add 175 + -175 + 31-007 + 352-86 + 7148-307 + 17-8 + 21 + 
•00321. Ans. 7746-15221. 

Add -076' + 1-213 + 275-34 + 1896-5 + 73-0357 + -2. 

Ans. 2246-448. 

Add 72-34 + 281-076 + -315 + -026 + 512-748 + 176-3. 

Ans. 1042-84400218. 

Reduce to decimals and add y«j + f + f + /j + f + if. 

Ans. 2-660039, 

Reduce to decimals and add y\ + f + i? + j% + |f. 

Ans. 2-9556110. 

II. Subtract 39-987 from 74*872. Ans. 34*885. 
Subtract 2*176 from 8-7214. Ans. 6-5454. 
Subtract -00819 from 1. Ans. -99181. 
Subtract -03 from 2*7146 Ans. 2*68126. 
Subtract 1-46 from 3*714i Ans. 2*2475. 
Subtract 2-714 from 18*1765. Ans. 15*461802937050. 
Reduce and subtract ^^y from 2i|. Ans. 2*2922077. 
Reduce and subtract 7/, from 87|. Ans. 80*213675- 
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III. Multiply 2*175 bj 3*18. Ana. 6*9165. 
Multiply 00194 bj -0357. Ana. •000069258. 
Multiply 1-7213 bj 876-5. Ana. 1508*7486. 
Multiply l*7i46 bj 37*96. Ana. 65086776. 
Multiply 1*7136 by 2*53. Ana. 4-341205387. 
Beduce and multiply ^ by 2f. Ana. *76l2987. 
Beduce and multiply 2f by 34. Ana. 9047619. 
Beduce and multiply f of 8| by i of 7^. Ana. 4*3. 

IV. Divide 75*314 by 275*6. Ana. -27327286 — . 
Divide 3*14862 by 875*723. Ana. 00359545 +. 
Divide 7.1863 by 75-62. Ana. 09503218 — . 
Divide 91-863 by 87*56. Ana. 1*0490734 +. 
Divide 30*416 by 21*732. Ans. 1-399567 +. 

Beduce and divide 27| by 3/x- Ans. 7-57. 

Beduce and divide 56^ by ^ of 2|. Ana. 107-18797 — . 

Beduce and divide f of 56^ by | of 7^*3. Ans. 5*787052 ^. 

Y. Pbohiscuous Exsbcises in Yuloab akd Decimal 

Fbactionb. 

1. What number taken from | of | of 27} will leave 10 for a re- 
mainder? Ans. 1. 

2. There are three partnera in a mercantile house whose shares 
are respectively ^, f • and /y, and they propose to admit a fourth 
partner whose share is to be ^ of each of the three othera. What 
will be the ahare of each after his admission ? 

Ans. /,, ii, ,Vi> and V'b's. 

3. A cistern haa four pipes ; by the first it can be filled in 1 2 
hours, by the second in 11^ hours, by the third in 10 hours, and by 
the fourth in 8^ hours. In what time could it be filled by the four 
jointly, and also taking them two by two ? 

Ana. By the four jointly in 2^{^| houra ; by the 1st and 2d in 
5|^ hours; Ist and 3d in 5t\ hours; 1st and 4th in 4{f 
hours ; 2d and 3d in 5^ | hours; 2d and 4th in itj*j% hours ; 
and by the 3d and 4th in 4y'j hours. 

4. A gentleman left | of j% of his estate to hia eldest son, f of | 
of the remainder to his second son, ^ of | of what remained afler 
thia to hia daughter, and £2000 to his widow. What was the share 
of each, and his whole property ? 

Ana. Eldeat aon, A'8470jf ; aecond son, £2647^^7 ; the daughter, 
£1000. Whole sum left, £14^117^- 

5. Three persona, A, B, and C, are joint proprietora of a ahip ; A, 
whooe ahare waa ^, aold ^j of it to B, whoee ahare waa originally 

A«. 
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y*,, and he now disposes of ^ of his augmented share to C for £700. 
What are now their respective shares and the value of the ship ? 

Ans. A*s share /t* B*s tWi> ^^ ^^^ iVsVs ' ^^^ value of ship 
jei2,538|ff. 

6. What number is that which being multiplied by f of | of O,',; 
produces 75 ? Ans. 3H/,. 

7. A captain sends out ^ of his soldiers + 10, and he has remain, 
ing ^ + 15. How many soldiers had he ? Ans. 150. 

8. A general being asked the number of men under his command, 
said, if you add ^, |, and \ of the number to itself and then subtract 
5000, the remainder will be 100,000. What was the number ? 

Ans. 50,400. 

9. A person left his second son £100, which was exactly ^ of | of 
his oldest son*s portion, and 2^ times the whole estate was equal to 
74 times the oldest son*s portion. What was the value of the 
estate? Ans. £1760. 

10. Divide £4000 among A, B, and C ; and give A 7^ as often as 
B 5J, and C 4f as often as B 6^. What are their shares ? 

Ans. A £1824if, B £1398|f, C £777 g^. 

11. A, B, and C, can dig a trench in 6 days, A, B, and D, in 5 
days, A, C, and D, in 54 days, and B, C, and D, in 4| days. In what 
time cap they do it working together, and in what time can it be done 
by each working alone ? 

Ans. Jointly in 3ff II days; A 23||i, B Hyllj, C 18|f|, and 

DII 9*9 

12. A cistern has 3 supply and 2 waste pipes; by the first and 
second it can be filled in 3 hours, by the first and third in 34 hours, 
by the second and third in 4 hours ; the first waste-pipe empties 
it when full in 11 hours, and the second in 6 hours. In what time 
would it be filled by the three pipes jointly, and also by each sepa- 
rately, and in what time would it be filled if all the pipes were kept 
running ? 

Ans. Jointly in 2f | hours, by the first in 5^f hours, by the 
second in 6^| hours, by the third in 9jf hours, and when all 
are running in 5|^f hours. 

13. A wine-merchant at one time drew from a cask of brandy ^, 
at another time \ of the remainder, and at a third time | of what 
was left, and he then found that there were only 10 gallons in the 
cask. How much was in it at first ? Ans. 25 gallons. 

14. A person being asked the hour of the day, replied that the 
day consisted^ of 16 hours, and the sun rises at 4 o*clock, and that if 
^ of the hout» already past be added to | of those remaining, the 
pum would b^/the number of hours from sunrise ? What was the 
exact time ? ^ Ans. 8f minutes past 1 o^clock. 

15. A, B, and C, are to share £100,000 in the proprtion of \, \, 
and I respectively ; but C*8 part falling into the other two by his 
death, how is the whole sum to be divided between A and B ? 

Ana. A gets £57,142|||, and B geU £42,857 ,Vv 
]& A smuggler had a quantity of brandy, which he expected 
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would realize £9, IBs. ; but after he had sold 10 gallons, a rerenoe- 
officer seized 4 of the remainder, in consequence of which he realizes 
only £8, 28. What was the price he sold it at per gallon* and the 
number of gallons he had at first ? 

Ans. 9s. per gallon, and the quantity at first 22 gallons. 

17. If I have y', of a ship worth £36,000, and I dispose of j^ of | 
of ^ of my share, what part have I left, and what is it worth ? 

Ans. illt, value £10,5043V,. 

18. A gentleman left to the elder of his two sons |f of his estate, 
and fg of the remainder to another; now it turned out that the 
share of the elder was just £15,000 more than that of the second ; 
he left £10,000 to an only daughter, and the remainder to his widow. 
What was her share, and the value of Uie whole estate ? 

Ans. Widow*s share £10,076tVt> ^^ ^^<^c estate £63,089,Vr* 

19. A person went to market and paid away | of the money he 
took with him ; he then received payment of a bill of £45, and after- 
wards paid away ^ of the money he then had ; in eoing home he was 
robbed of £30, after which he had just 10s. left ? How much money 
did he take away with him ? Ans. £48. 

20. Divide £1000 amon&r 6 men, so that 4 may have each a share, 
the fifth man only ^ of a snare, and the sixth iV of a share. 

Ans. Each of the four gets £229|^, the fifth gets £57| j, and 
the sixth gets £22|f. 

21. A person having ^ of a lead mine, sold | of tV of his share for 
£1000. What was the Vfdue of the whole mine at that rate, and 
also of his remaining share ? 

Ans. Wh^e mine £40,000, his remaining share £12,333^. 

22. A shepherd at a fidr sold f of his sheep to one person, } of J 
of the remainder to another, and to a third he sold | of what remained, 
and he then had 1 sheep left. How many had he at first ? Ans. 32. 

23. My fishing-rod consists of four parts ; the root is ^ of the 
whole + 3 inches, the second part is 4 of the whole + 1 inch, the 
third part is ^ of the whole ~- 1 inch, and the top is 3 feet 9 inches. 
What is its whole length ? Ans. 16 feet. 

24. Find the three least whole numbers of which | of the first, 
I cf the second, and f of the third are equal to each other. 

Ans. 18, 15, and 14. 

25. How many yards were in a piece of cloth of which, after 
i + 16 yards was sold, there remained ^ + 34 yards ? 

Ans. 120 yards. 

26. If I of f of ^jf of a ship be worth ^ of ^f of {\ of the cargo 
and fireight, which are £17,840, and if the frieght be ^ of § of the 
value ra the ship, what is the value of the ship, cargo, and 
freight ? Ans. Ship. £11,150 ; flight, £696}; and cargo, £17,143^. 

27. A common consisting of 10,000 acres is to be divided among 
A, B, and C, in the proportion of 4, 4, and \ respectively ; but B 
bdng in want of money, disposes of his portion to the other two, in 
proportion to their shares, for £56,000. What quantity will each 
receive, and what sum will each pay to B ? 

Ans. A*s share is 6079 .f^ acres, and he pays £32,000 ; Cs share 
is 3920|)§ acres, and he pays £24^00a 
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PRAXIS OF EVOLUTION. 

1. Extract the square root of 75625. Ans. 275. 

2. Extractthesquareroot of 13719616.. Ans. 3704. 
a Extract the square root of '00005476. Ans. •0074. 

4. Extract the square root of 4-7089. Ans. 2*17. 

5. Extract the square root of ||. Ans. *82915 +. 

6. Extract the square root of 7{. Ans. 2 76134 +. 

7. Extract the cube root of 20796875. Ans. 275. 

8. Extract the cube root of 50817457664. Ans. 3704. 

9. Extnust the cube root of 21*024576. Ans. 2-76. 

10. Extract the cube root of 284. Ans. 6*573139. 

11. Extract the cube root of i. Ans. '5848035. 

12. Extract the cube root of 34. Ans. 1*462. 

13. Required the side of a square whose area is 7489 poles. 

Ans. 85*859 poles. 

14. Required the side of a square whose area is equal to that of a 
rectangle whose length is 475 feet and breadth 40 feet 

Ans. 137*8405. 

15. Required the side of a cube whose area is 74896 yds. 

Ans. 42-152. 

16. Find a mean proportional between 64 and 100. Ans. 80. 

17. There are five numbers in geometrical proportion, of which 
the least is 2 and the greatest is 512. What are the others ? 

Ans. 8, 32, and 128. 

18. The reckoning at an inn came to £1, 16s., and each man had 
as manj threepences to pay a» there were men in the company. 
How many were there ? Ans. 12 men. 

19. There are four numbers in geometrical progression, the first 
is 9, and the last 576. What are the other two ? Ans. 36 and 144. 

20. Find five mean proportionals between 2 and 1458. 

Ans. 6, 18, 54, 162, and 486. 

21. The solid content of a globe of 1 inch diameter is *5236 inch. 
What is the content of another whose diameter is 20 inches ? 

Ans. 16 119 cubic inches. 

22. How many dies | inch in the side can be cut out of a cubical 
piece of ivory 6 inches in the side ? Ans. 944. 

23. The national debt of Great Britain amounts to £840,408,440. 
Now, if a sovereign is an inch in diameter, and 20 of them make an 
inch in thickness, what would be the side of a cube of sovereigns 
equivalent to this debt ? Ans. 347*6 inches. 
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DEFINITIONS. 

Algebra is a general method of computation and of investi- 
gation^ in which quantities are represented by letters^ and 
their relations pointed out by characters. 

CHARACTERS EXPLAINED. 

1. + P^*^9 ^ tbc sign of addition ; hs a+b signifies the 
quantity represented hy h added to that represented by a, 

2. — minus, is the sign of subtraction ; as a — b denotes the 
quantity b taken from uie quantity a. 

The sign <^ is employed to denote the difference between 
two quantities^ when it is not known which is the greater ; as 
a^o signifies the difference between a and b : Also a + 6 
signifies the sum or difference of a and 6. 

3. X into, is the sign of multiplication ; as a x 6 represents 
the product of a by b, or of 6 by a. Instead of this sign we 
often use a pointy or write the letters together as in one word : 
thus a.b or ab signifies axb. 

4. -A- by, is the sisn of division ; but it is generally expressed 
by placing the dividend above the line and the divisor below 

it, in the form of a fraction : thus a-^b or-^ signifies a divided 

by^. 

5. : :: : is the sign of proportion ; as a : 6 :: c : c/ is read^ As 
a is to 6, so is c to J. 

6. =: eqiwl to, is the sign of equality : thus a = 6 signifies 
a is equal to b. 

7. j^ -^r^ are signs of greater and less : thus az^b, a is 
greater than b; a.ti::b, ais less than b; the opening of the 
sign being always turned towards the greater quantity, and 
its angular point towards the less. 

8. 7a. A number prefixed to a letter is called its coefficient, 
and shews how often the letter is to be taken ; as here, 7 
times a. When no coefficient is expressed, the coefficient 1 
is always understood ; thu s a and la denote the same thing. 

9. (a+^)XC or a+6x^« A parenthesis enclosing let- 
ters, or a Une drawn over them, is called a vinculum, and 
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points out how many are to be multiplied^ divided^ &c. ; as 
nere^ the sum of a and 6 is to be multiplied by c. 

10. cum. When the same letter is repeated twice, or oftener, 
it is understood to be multiplied as often into itself, and the 
product is called a power of the quantity represented by that 
letter : thus aa is the second power or square of a, aaa is the 
third power of a, &c. ; and in relation to these powers the 
quantity is called the first power of itself. 

11. a^. Instead of repeating the same letter, we generally 
place a figure above it towards the right hand, to shew how 
often it is repeated; as a' is the third power of a, a^ the fourth 
power, a^ the power of a denominated by the number n. 

12. The character placed above is called the exponent or 
index of the power. 

13. The root of any quantity or power is a quantity which, 
if multiplied by itself a certain number of times, produces the 
original quantity or power; and is denoted by t?ie radical 
sign J : thus J^ is the square root of 9> V^ is the cube root 
of 8, iJSl is the fourth root of 81. 

14. A fractional exponent or index is more generally used 
to express the root, and then the upper figure denotes the 

power, and the under figure the root : thus a^ is the third 

root of the second power of a, a^ is the fourth root of the first 
power of a, or of a itself. 

15. A simple quantity is that which consists of but one 
term ; as a, ab, Atabc, && 

16. A compound quantity consists of two or more simple 
terms, connected by the signs + or — ; as o+d, 4a — Sb 
-|-6a^r, &c. If a compound quantity consists of only two 
terms, it is called a binomial; if of three, a trinomial; if of 
four, a qtuidrinomial ; and if it consists of more than four, a 
polynomial or mtdtinomial. 

17. Like terms are those of which the literal parts are the 
same, i. e, consist of the same letters ; as 4a6, ab, 9(ib, &c. 

18. Unlike terms are those which consist of diflPerent let- 
ters ; as 9.ab, 3bc, bed, && 

19. The sign .*. is sometimes used to denote the words 
therefore or consequently. 

Quantities whicn have the sign -|- before them are said to 
be positive or additive, and those which have the sign — ne- 
gative or suhtractive. A quantity which has no sign prefix- 
ed is understood to have -|- . 

The following examples will illustrate these characters, and 
shew their use, in which any values may be affixed to the 
letters:— 
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Leta=12 <? = 2 e = 5 ^ = 25 i = ll 

*= 3 c/=4 /=9 A= 7 ife= 1. 

1. a+b — c+d . . . = 17. 

2. 4a — 56+4C — 7d . . . = 13. 

3. ab — 2cd+4ib€ — 3c/ . . = 26. 

4. Sa^ — 5ab+lOaC'^4bc+4A^ . . = 1224. 

5. 6a' — 4a«6+2a6«— 76' . . = 8667. 

6. 2a«^+3a6«c — 5a^« . . = 1656. 

7. (o_ft)x2c — rfx(6+0 . . = 16. 

8. (a+6)x(^— A)x(2 — ife) . . = 2700. 

a* a 3a 4"- 6d 

9. 2a«c--+^ = 507. 10. ^+1^-^ = 15. 
^^- "d+r+e = 9- ^^- yX-^^X-j =300. 

. = 2. 



13. ?^'+^_^i = ll6i. 
15. (g+c)^+{ai—b^—c)^ 




= 14. 



Note. All the fimdamental (^ntioiis of aleebra depend upon this single 
jninciple, yiz. When a (quantity is to be increased or dinunished hy other quan- 
tities, the same result will be obtained in whaieyer order the procedure is car- 
ried on, provided none of the quantities be neglected. This is manifest from 
the nature of quantity, which nas no relation to order. Thus, if we have to 
add 7 and 6, and to subtract 3^ we may first subtract 3 from 7, and add the re- 
mainder to 5 ; or we may subtract 3 from 5, and add the remainder to 7 ; or 
we may add 7 to 5, and from the sum 12 subtract 3 : the result in every case 
is 9. Aeain, if we have to multiply 12 and 6, and to divide by 3 ; we m^ 
first divide 12 by 8, and multiply the quotient by 6 ; or we may divide 6 by ^ 
and multiply the quotient by 12 ; or we may multiply 12 by 6, and divide the 
product by o : the result in every case is 24 



ADDITION. 



Case 1. When the quantities are alike ; if the signs be 
the same, add the coefficients^ but if not the same, take their 
difference, and to the sum or difference prefix the sign of 
the greater, and annex the common letter or letters. 

Case 2. When the quantities are unlike ; write them one 
after another, with their proper signs and coefficients. 

Note. When there are more than two like quantities, add the 
coefficients of those which have + into one sum, and of those which 
have — into another, and subtract the less sum from the mater. 
The arrangement of the quantities is arbitrary, and must mten be 
altered to bring like quaatitiei under like. 
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I. 3a—5b+4>€—3d'---2e % Sa^d—5ad^—Sabc+4^^ 
6a+Qb'~-7c—4d+8e —2a^d+6ab^— abc—4^^. 

ga^3b—3C'--'7d+ 6e. 

3. 6ab+^ac—3b€+4bd 5. 8a»d— 7a«d« + 4a^'— a* 
—jab-^Sac+ebc+Sbd. 7a^b^—Sab^ + ^^—2a^b 

A flJw '7^flA^i A^^i^fl 6ab^—Qa^—7a^b+5a^b^ 

6. o+(a — 1?)*+ 5 7. o+(a+t?)*+ 5 

2a+ (a — 1?)^— 10. 2a+{a—v)^—10. 

S. a^ + a^ — a 9. I0{a+e)^+ia — e)^ 

10. a^+3a^ + 5+(a — v)^+a+6(a+v)^ 

3a^ — 2a+ 6a^ — 2(a — t?)^ + 10 — 6(a+ 1?)* 
7a_ 5a' — 2a« +4(a+i?)^ — /^+ 8(a — 1?)^ 
8c — 6a« + 4a« — 2(a— 1?^^+7 — 6a 
7a«_8a'+4 — 5(a+t?)2 + Sa— 8(a+i?)i 

Note. If the difference a — h is to be added to 3a, we may first subtract 
h from ff, and then add the remainder to 3a ; or we may subtract b firom 3a, 
and add a to the remainder. Here we first add a to 3a, and then subtract hy 
and it becomes 4a — h. If 2a + 6 is to be added to 3a — 46, we add 2a + 6 
to 3a, and it becomes 6a + & » from which we take 46, and it becomes ha — 36. 



SUBTRACTION. 
Change the signs of the subtrahend from -f to — y or from 
— to +> 2uid then proceed as in Addition. 

]. 8ab^2cd+5ac--7ad 2. lSa^b—12ab€—3ab^ + b^ 
3ab+ 4fcd+ Sac^^ad 6a^b+ 3abc — 4ad« — 3b^. 

Sab — 6cd * — 5ad, 

3. a^z^c—5ax^c^+2a^xc^ 4f.~-3a^b^+2a^bc^—5a^b^c 

3a^x^c+^kxx'c^+2a^xc^. 4^^b^---Qa^bc^~^5a^b^c. 

5. 3bd-^^a ^ (a — 6 + 2)i 

2bd^3a—b. ^- ^ ^^^^ 

7. 2^— lla — rf , /fl_6 + 2\* 

c/+lla-2&. _(_-j-^). 
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8. a' + a^ 9' 6a^—^^+x* 

a^ _ a^. 4a^ — $ai + 2bK 

Note. If we are to sabtract a — from Sa, we may first subtract from 
0, and then sabtract the remainder from 3a ; or we may add c to So, and then 
sabtract a from the som. Here we snbtract the whole a from 3a, and add c 
to the remainder. If a — is to be sabtracted from 8a + 2r, we sabtract a 
as before from 3a, and then add Cy and the remainder becomes 2a + 3c. Now 
all this is performed by changing the 8%ns ci the quantity a — c into — a + e, 
and then addine it 

These consi&rations lead us to perceive how we may add or subtract any 
two terms, without regard to the other terms with which they are connected. 



MULTIPLICATION. 

Multiply the coefficients^ and to the product annex the 
letters of both factors. 

If the sign of the multiplier is + , make the sign of the pro- 
duct the same with that oi the multiplicand. If the sign of 
the multiplier is — , make the sign of the product contrary to 
that of the multiplicand. 

Hence^ like signs produce +> ^^^ unlike signs — . 

If the multipUcand is compound^ multiply each term of it 
separately by the multiplier. 

If the multiplier is compound, multiply first by one of its 
terms^ then by another^ &c. and afterwards add the products. 

Powers of the same quantity are multiplied by adding their 
exponents. 

1. Multiply5a— .4d+Sc — 2J+tf— 1 

by 5a 

25a^ — 20ab+15ac — 10ad+ 5ae — 5a. 

2. Multiply 6a« — 7ab+ 4!ac — b^ + 2bc — c« by 4a6.» 
3 8a — 26 by — ^a+isb. 

4 5a^—3ab+4b^ by 6a'^5b. 

5 a^+ab+b^ by a— 6. 

6 a* — a;* by a* — a;*. 

7 2x^ — 3x2^+6 bySa;« + 3;rj^— 5. 

8 5a^ — 4!ax+3z^ hj 2a^ —3ax—^^. 

• AXSWERS. (2.) 24a* b _ 28a«6» + I6a*bc — 4ab» + 8afi«c — iabo*. 
(a)_^«+ieaA-86«. (4) 30a«— 43a«6+39ai«— 206». (6.) a»— A». 
(ft) a«— 2a*«*+««. (7.) 6jf* — ar»y+8*« — 9*V + 83*y— Sft 
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9. Multiply 2a«a;*-—2aa;+Sa« by3a«ar« + 4aa:— 5a*.* 

10 ar« — ax+^^ by a;«+aa; — ia«. 

11 X — ^a bya?+^a. 

12 x^+xy+y* hjx^ — iry+y*. 

13 2a«— Saa:+4a?« by 5a« —6ar — 2a;«. 

14 3a — 2ft+2c by 9,a — 4A+5c. 

15 a» — 3a«6+3a/^« — ^5 bya«— 2a^+d*. 

16 a5«-sa« + 3a — 1 bya«— 2a+l. 

Note. Since 1x6+1 x64-lx5=:3x5y if as many units be taken as are in 
a, and each of them be mnltiplied by b and the products be added, the sum 
will be ax6 ; but b taken as many times as there are units in a produces b%a ; 
therefore axb is the same with by.a^ or abssbtu In like manner a6c, ac6, bac, 
bca, caby cba^ are all the same, so that the factors may be placed in any order* 

Again, since maasa+a+ffy &c. being repeated m times, 
and mbssib-^-b-k-by &c. bein^^ repeated m times ; 
therefore fna+m6=(a+6)+(a+6)+(a+6) repeated m times, that is, ma 
+m6s=m(a+6). In like manner ma — m6=sfn(a— 6). 

In multiplying a — 6 by c, we may either first subtract and then multiply, 
or first multiply and then subtract The latter is the order in algebra : we 
first multiply a by c, which makes ac, and then b by c, which makes 6c, and 
subtract the latter product from the former to get the just product ao — bcy 
where the signs are the same with those of the multiplicand. 

In multi[Jying a — 6 by c — r/, we first multiply a — 6 by c as before^ and 
it produces ac — be ; then we multiply a — 6 by </, and it produces ad — bdy 
which we subtract from the former product, or change its sig^s, and it be- 
comes — ad-\- bdy where the s^s are contrary to those of the multiplicand. 

The first and last terms shew that quantities with like signs produce +, and 
the other two terras shew that those which have unlike signs produce — • 



DIVISION. 

Whbn the divisor is a simple quantity, write it under the 
dividend in the form of a fraction, then cancel like quantities 
in them, and divide the coefficients by their greatest common 
measure. 

When the signs are alike, the sign of the quotient is + ; but 
if they be unlike, it is — .t 

Powers of the same quantity are divided by subtracting the 

• Akswers. (9.) 6a*** + 2o»*« — «♦*« — 8a«*« + 22a»jr — ISa*. 

(10.) «♦ — a«*«+Ja**— iV*** (11-) *•— Ja>. (12.) jr*+«V+y*. 
(13.) 10a*— .27a»*+34a«*« — 18a«» — 8jf*. (14) 6a«--16a6+l9a<7 

4 86« — 184c+10c«. (18.) a»~«a*6+10a»6« — 10a«&»+5aA* — 6». 

(18.) a»— «a*+lOa« — 10a«+6a— 1. 

*t* This is evident ; for the divisor multiplied by the qaotient must produce 
the dividend with its proper sign. The whole operation depends u[)on this 
principle, that the inslue ooT a quantity is not altered by both multiplying and 
dividing it by the same quanti^. 
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exjponent of the divisor from that of the dividend ; the re« 
mainder is the exponent of the quotient. 

If the dividena be compound^ divide each term of it sepa- 
rately by the divisor. 

Divide the following : 

1. 56a^b'c by Bab^. . . Ans. Toe 

2. 54ay« by 36ar«y. . . . ^. 

3. 6Sa^b^c^^^9.aH^e^ byl4a«i«c«. . 2^ — Sfc. 

4. 24a?»y— 18a:«y« + 15ay« by SOxy^. . ^— ^+|. 

When the divisor is compound^ arrange the terms of the 
dividend and divisor according to the powers of the same 
letter. Divide the first term of the dividend by the first term 
of the divisor to obtain the first term of the quotient, then 
multiply the whole divisor by this term, and subtract the pro- 
duct from the dividend ; bring down as many terms to the 
remainder as is requisite for a new dividual, with which pro- 
ceed as before. 

Note. When the last remamder is a simple quantity, place the divisor below 
H in the fonn of a fraction, and annex it with its proper sign to the quotient 

5. Divide a^ —Sa^b+Sab^ ---b^ by a — ft. 

a — ft)a5— 3a«ft+Saft« — 6'(«"— 2aft+ft«. 

gg gib 

—2a^b+3ab^ 
—2a^b+2ab^ 

+aft«— ft5 

+aft«_ft5. 

6. Ba^^4a^b—6ab^ + 3b^ by 2a— ft. Ans. 4a«— 36«. 

7. Sft5+ Soft* ~4a«ft—4a» by a+ ft. . — 4a« + 3ft«. 

8. a*— ft* bya — ft. . . a^ + a^b+ab^ + b^- 

9. 8a*+2a«ft« — 3ft* by2a« — ft«. . 4a«H-3ft«. 

10. 2a^x^ — 5az+2 hy 2ax — 1. . ax — 2. 

11. ar«— ar+i by a: — i. . . x — ^. 

12. 21a«— 21ft« by 7a — 7ft. 

Ans. 3a^ + 3a^b+3a^b^ + 3ab^ + 3b^. 

13. ar*-ry*+2y«««— ^* bya:«+y«— ««. . a;«— y«+««. 

14. 1+a byl— a. . l+2a+2a«+2a» + 2a*+, &c 
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Ans. 4!X+5y—^6z. 

16. a«— 2a6+6« hja^+b^. . J—ab^—ah + b^. 

17. 6x^^96 hjSx—e. . . 2x' + 4!X^ + 8x+l6. 

18. l+2ar byl— a;. . . l + Sx+3x^ + Sx^ + , 6ic. 



FRACTIONS. 

A FRACTION is one or more parts of a unit The denominator 
expresses the number of parts into which the xmit is supposed 
to be divided^ and the numerator expresses the number of 
these parts of which the fraction consists : thus^ in the frac- 
tion —, n denotes the number of parts into which the unit is 

divided, and m points out the number of these parts of which 
the fraction consists. If the unit had been divided into 9.n 
parts^ then the fraction must have consisted of twice the num- 
ber of these parts^ and would have been ^. In the same 

manner it might be expressed by •— -, — , &c. 

Hence, the value of a fraction is not altered by multiplying 
or dividing both its terms by the same quantity.' 



REDUCTION. 

PROBLEM I. 

To reduce an integer or a mixed quantity to the form of a 
fraction. 

If the denominator be given, multiply the integer by it for 
the numerator, and under the product place the denominator. 
If no denominator is given, place unit for it. 

Hence, a mixed quantity may be reduced to the form of a 
fraction by multiplying the integer by the denominator of the 
fraction, and adaing the numerator to the product for the 
numerator, below which place the denominator. 

1. Reduce 3a to a fraction, of which the denominator is 25. 



2. Reduce a -h- to an improper fraction. 
3 «-!---• 



Ans. 


6a6 
26* 


• 


ac + 6 

• 

c 




ar«+a« 
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4. Reduces; — ^-^ to an imp. frac Ana. — 



9 " m 



5 S—^ '^-^ 

a a 

c oh — a' » ah-\-a* 

6. a jj—* . . -5J-. 

,- a*** Sat — 2x« — a«»« 

7 o-'^— IT- • • fa 

8 a+l-'-=i. . . f*±*=:i±i. 

9 i+^« — ir~- • • 4r ' 

PROBLEM II. 

To reduce an improper fraction to an integer or a mixed 
quantity. 

Divide the numerator by the denominator, the quotient is 
the integer, to which annex the remaining terms, with their 
proper signs, and the result will be the mixed number re- 
quired. 

1. Reduce to a mixed quantity. Ans. b'\ — . 

2 — • — . . . . Z'\ — r"' 

3 — -r^^- • • X — V. 

4 ^lEf-- • • • «*+^+y*- 

f. 12ar«— 18 6 

6. .... ^'-^^ . . . 2 ? 

2x«— « + l 2x« — »+l 

PROBLEM III. 

To reduce fractions of different denominators to others of the 
same value which have a common denominator. 

Multiply each of the numerators into all the denominators, 
except its own, for the new numerators, and all the denomina- 
tors together for the common denominator. 

* When a fraction has the sign — before it, all the signs of the numerator 
are to be changed. Here ab — a* becomes — a6 + a** 
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1. Reduce -7- and r- to a common denominator. 

6 3c 

A 9ac , 2ab 
Ans. -t- and rn-. 
36c Sbc 

2 — —7 and r. . . , ., and r-« 

a + 6 a — 6 a* — b* a* — 6« 

4. .... ^ and i^. ''-^^t^' and^^^^t-^'. 

1^ a-^b m Sd am + ftvij, 3c<f 

o and — . . . . ana — . 

cm cm cm 

^ a c « m adn ben bdm 

^ b' d'^^n ' • ' bibi' bd^' bd^' 

„ 2a 3b n 6c Sad 9bd 20c 

^- • • : • T' T' ^^Sd' ' • 115' 12? 125- 

8 2a and t* • • • -7- and -7-. 

To* a a^» — g* 28a» + 28a«g a^jr+aa?* 4a«» — 4jr« 

^* X ' i' a + « * * 4ax + 4x« * 4ax+ 4ix*' 4ax + 4r* ' 

PROBLEM IV. 

To reduce a fraction to lower terms. 
Divide its numerator and denominator by any quantity 
which measures both. 

The greatest divisor of the coefficients is found as in arithmetic, and 
the greatest simple divisor of the letters is discovered by inspection. 

1. Reduce : — — to lower terms. . Ans. — ; — . 

Q 6g' — Igj* 2o' — 4t« 

^ 3o — 6x a — 2x * 

4a*af» 2a»» 

2ax — 2a*' * * * ' x — a' 

36a *x« 3a: 

24a *jr 2a 

« 9a* — I2ax'^4fx* Sa — 2* 

^ Sao: — 2»» * " ~i * 

To find the greatest compound divisor. 

Divide that term which is of the higher dimensions by the 
other and the divisor by the remainder continually^ till nothing 
remains : the last divisor is the greatest common measure. 
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NoTK. The teyenl diyison must be first divided bj the greatest 
simple quantity which measures all their terms ; and when Uie first 
term of a divisor is not contained an exact number of times in the first 
term of the dividend, the latter must be multiplied hj anjr simple 
quantity that will make the division succeed. Also anv compound 
quantity in a remainder which does not measure the divisor from 
which it proceeds, may be taken out of it And when any of the 
divisors become negative^ they may have all their signs changed 
without afibcting the truth of the result. 

What is the greatest common measure of 
1.4^^=^? . . . Ans. a«+ft«. 

25» . . r • • • •A "^^ ti • 

^- -i — V""^\^ J • • • «*— y". 

*• 12*«— 15ary + 3y« ' * " *~«y- 

- Sbeq + 30mp + ISbc + Smpq ^^ ^ 

7. Reduce "7 to its lowest terms. . i^^. 
ay+y y 

8 °t . *, . . . Divide by a+ar. 

5- — .»+^x°+a' - • • • ''y^+**' 

10 °*~**. ^ ■ . . hja'—x'. 

11 Ba' + 10a*, + Sa'»^ . 

o»* + 2o«ar« + 2o*» + «« J «-r* 

12 ~^- • • • bya« + *«. 

a* — 6* ^ 



ADDITION AND SUBTRACTION. 

Reduce the fractions to a common denominator^ if they have 
difierent ones; then add or subtract their numerators^ and 

* In fractions like this, where a letter is but of one dimension in either the 
numerator or the denominator, divide it into two parts, one of which has tliat 
letter in every term ; then fine the common measure of these two parts, and 
try whether it will divide the other quantity. Here the parts of the denomi- 
nator are ikadq + 24£u/ and — Ifg^'^^g^ and the common measure of these 
is 9 + ^ whicii succeeds. 
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under the sum or the remainder write the common denomi- 
nator^ for the sum or the difference of the fractions. 



1. Add x> T' 5 together. 



2. 
3. 
4. 
5. 
6. 



4' 6' 3 
X — 3 &C-I-2 7x 
"T~^ "~3~' 5* • 

. 3a?* a? + o 
'2a' 3x 

« X 3» 4r . 
a 2a' a 2a' 
a* a— jv 

a? , a •— . 

X c 



A 23a 

Ans. — . 

199g— 5 
• 60~~' 

9x» + 24aa?« + 2aa? + 2a« 



6a+ 



6aj; 

14a _ 13 



20 



«+g. 



« + «+ 



flur<^a"c 



7. From 3a , take a+r-. 

a 3a 



2a — 



17a? 
3^" 



7a? 4a?* 



3a? 2a?« 



46a? 58x* 



o. • . • ^~~ •■"" • vaike ?jr~ •"""■ ■ . • _ *""■ 



V 5v' 7v 17p' ' 7v 85t)* 



9. . . . 



a? — y 



^ take 



«+y 



X — 5y 



10. 
11. 



2a ' 3a 6a 

What is the sum and the difference of 



2 
1 



a^fr 



and 



a + 6* 



Sum X, Diff. y. 
Sum -^5^, Diff ^* 



a« — 6«^ 



a«— 6«' 



12. 2a;+?5 and a:—?^^? 

a 3c 



Sum Sir+?S?=|fi±!f^, Diff. a:+^+ *""-*»• 



3ac 



3ac 



MULTIPLICATION AND DIVISION. 

Multiply the numerators together for the numerator of the 
product^ and the denominators together for its denominator. 
In division^ invert the divisor and work as in multiplication. 

jOy-. . . Ans.—. 

« + a t_ « ax-^a* 



1. Multiply ^ by ^. 



^ by-. 

a4- c -^ a? 
a<I . 4c 



ax + cx' 

s * 
2a 

T 
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5. Divide « by — . . • . Ans. 1|. 



O -rr-, — » oy — ; — • • • — T": — 7-* 






•^ 7zzi^^-r • 



jt* — a* i___«*+fl« a?* + tt* 

a d? 



-1 5 ; — r by • • . 



o o +J? 1 1 o + jy 

^ 6» + 26ar + ar« ^ ft + » * • 6+» 

Note. The four fundamental rules require the aid of those for 
fractions, when any terms of the given quantities, or of those which 
arise in the course of the operation, are fractionaL 

10. Multiply!^ — ^+^ by | — |. . Ans. (? — |)'. 

11 *_l_® \\ ^ ^ a* c* 



Sa , 2c, 3a 2c 9a' 4c« 

ii'^SS^S si' * * Teb^ 9d^' 



13 f! + 3f+!^by*-^. • f!-^. 

a* ' ac ' c* •' a c a* c* 

14. Divide a« + 6« bya+ft. • . a — b+^^. 

^^ i6"""6""*"T ""4""3' • i;"~3" 

^ X* Z* m X z x^ . xz . X* 

16. ... *_Lby- — -. • . -.+rL+» 

a* c* ^ a e a* ac c* 



OP NEGATIVE QUANTITIES. 

If ^ be the difference between a and b, the algebraical ex- 
pression for this is a — b:=c, where a is supposed to be greater 
than b; if it be less, the expression is a — bz=i — c. As, 
however, a greater quantity cannot be taken from a less, the 
expression — c is impossible; so that a negative quantity 
standing by itself has, strictly speaking, no meaning. But if 
it be joined to another quantity, as m — c, the expression is 
proper, and may be subjected to all the operations of algebra. 
The absurdity appears only in the result ; and when it does 
appear^ it pomts out that something impossiHe has been ad^ 
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mitted into the question^ some condition inconsistent with its 
other conditions. We therefore reckon a negative result to 
be a proper algebraical solution of a problem ; for it agrees with 
the preceding steps of the process^ and points out the impos- 
sibility of the conditions^ and thus it has its use in limiting 
the terms of the question. It will therefore be necessary in 
what foUows to attend to negative expressions^ and the forms 
which result from them^ as well as from the positive ones. 
But this should create no hesitation in the operations ; for it 
has been shown^ not only how whole quantities^ but also how 
single terms of them^ may be added together or subtracted 
from one another^ and how they may be multiplied or divided 
by one another with the signs of tlie resulting terms. But it 
is to be remarked^ that these signs do not belong to the terms 
taken as isolated quantities^ but to the relation in which they 
stand to the other terms of the result. When Diophantus of 
old said, " A defect drawn into a defect produces an excess/' 
be did not by a defect mean a simple quantity^ without rela- 
tion to any other quantity : he meant to express by it, what 
one quantity wanted to make it equal to another, and that 
after the sum of the products of the wholes by these defects 
had been subtracted from the product of the wholes, the true 

Sroduct would exceed the remainder by the product of the 
efects, which must therefore be added to the remainder. 
And that this is the case, has been proved before, in the note 
explaining Multiplication. It is therefore improper to apply 
to simple quantities the rules by which the terms of compound 
quantities are connected together ; and much of the obscurity 
of algebra has arisen from this confusion. 

If a — a? be multiplif^id by itself, the product is a^ — 9.ax 
-f-ar* ; and if a; — a be multiplied by itself, the product is the 
same; so that from this product it cannot be determined 
whether a be greater or less than x ; that is, if a — a: = c, 
whether the product has arisen from -f c or from — c, for 
each of these multiplied by itself produces + c*, and therefore 
the square root of + c^ may be either -^c or — c, and of 
course the square root of — c'^ is impossible. This expression 
is in. some instances found useful for promoting the investiga- 
tion of rules. 

The formula a* -^ d® = (a+^) X (a — ft) is useful in every 
branch of the mathematics. Now a* + ft* = a^ — ft* X — 1 
= (a+ftV"^l)X(o— ftV'~I)* This latter expression is 
therefore useful in several investigations. 

The algebraist does not consider the solution of a problem 
to be complete, unless it exhibit all the cases which can occur ; 
and the results which flow from contradictory suppositions can 
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only be exhibited by sucb expressions as have been just now 
explained. 

In the application of algebra to yarious sciences, where posi- 
tion and other states roust be introduced, quantities are often 
found in such opposite states, that when in one of them they 
are' to be added, they roust be invariably subtracted in the 
other. These diflferent states may therefore be naturally 
pointed out by prefixing the sign -f ^ ^be quantity when it 
is in one of them, and the sign — when it is in the opposite 
state ; and this use does not appear to alter in the smallest 
degree the meaning affixed to these signs in the definitions, fur 
here they are prefixed solely for the purpose of subjecting the 
quantity to algebraical processes. 

From the whole it appears, that the meaning of the signs 
-f-and — given in the definitions ought to be steadily adhered 
to, by which means many of the difficulties of bt^inners would 
be avoided. 

In dividing a^ by a*, we either place the quantities in the 

form of a fraction^ —, and expunge like quantities^ which 

gives a' for the quotient, or else we subtract the exponent of 
the divisor from that of the dividend^ a*~* = a'. These two 
methods make the quotients to have in some cases different 
appearances. Suppose a* to be divided by a^. By the for- 
mer method -- = --. By the second a*~* :;=> cT^ : so that 

a~ ' = — • Here the negative exponent does not represent a 

negative quantity, but only shows that the quantity placed in 
the numerator ought to be in the denominator ; but m either 
place it can be subjected with equal ease to all the rules of 
algebra. From this it appears^ that any quantity may be 
removed from the numerator to the denominator^ or from the 
denominator to the numerator^ by changing the sign of its 

exponent Thus ^ = a^hc~*, and ab~^c^ = ^. 



INVOLUTION. 



Involution is the method of finding the powers of quan- 
tities. 

When the quantity is simple, multiply the exponent of each 
letter by the name of the power to which it is to be raised^ 
and prefix the same power of the coefficient. 

If the sign of the quantity be -|- > all its powers are positive; 
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but if the sign be — , its odd powers have — , and all the rest 
have + .* 

In a fraction^ raise its terms separately to the power re- 
quired. 

1. liaise +Sab' to the Sd power. . Ans. +27a'd». 

2. . . . — 2a'a? to the 6th power. . +64a"ar*. 

S. . . • ^ — ^— to the 5th power. . H -— -^ — . 

4. • . . —^ to the Sd power. . iTlT" 

5. • • • H r-j- to the 8th power. • +. — . 

When the quantity is compound^ raise it by actual multi* 
plication. 

6. Thus the powers of a+b are, 
2d, =:a«+2ad+*«. 

8d, =:a'+Sa^b+3ab^ + b^. 

4th, = a* + 4a»6+6a«S«+4a*' + **. 

5th, = a« + 5a**+10a»6« + 10a«S» + 5aft4 + ^5. 

6th, = a« + 6a«*+15a4S«+20a'i5 + 15a«d4 + 6a55 + ^«. 

The powers of a •— 5 are the same with those of a+ 6, ex- 
cept that the signs of the even terms are — , all the rest are -f- • 

Hence it appears, 

1. That the number of terms is one greater than the name 
of the power. 

2. That the exponent of the leading quantity in the first 
term is the name of the power, and that it decreases by 1 in 
each of the following terms to the last, where it is 0. 

3. That the second quantity is not found in the first term ; 
in the second its exponent is 1 ; and it increases by 1 in each 
of the following terms to the last, in which it is the name of 
the power. 

4. That the coefficient of the first term is 1, that of the 
second is the name of the power, and in the following terms it 

* It was shown in Multiplication, that — x x — a sss+a , and + x 

X—.**" a — **". Hence ** raised to the nth power = af^, and — *"• 

raised to the nth power is either + «"** or — ar*"**, according^ as n is even or 
odd. 
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is got by multiplying the coeffident of the preceding term by 
the exponent of the leading quantity in that term^ and di- 
Tiding the product by the number of that term. 

5. That when the signs of both quantities are alike^ all the 
terms have the sign + ; but if the signs of the quantities be 
different, the odd terms have +> <uid the even terms — . 

7. Raise z — t? to the 7th power. 

Ans. z'^ — 7z^v+21z^v' — S5zH^ +35z^v^ — 2lz^v^ 
+7at>« — f?''. 

8. Raise m — n to the 8th power. 

Ans. m^ — Sm'^n + 28w«n« — 56»f*n» + lOm^n^ 

— 56m^n^ +28w«n« — Bmn''+n^. 

9. Raise ad — cJ to the 5th power. 

Ans. a«i« — Sa^b^cd + lOa^b^c^d^ — 10a«6«c'rf» 
+ 5abc^d* — c'^d^. 

10. Raise 2a — Sb to the 4th power. 

Ans. (2a)* — 4(2a)'(3i)+6(2a)«(SS)«— 4(2a) {3by 
+ {3by=il6a^—96a'b+2l6a'b^—2l6ab^ + 81bK 

Note. In this manner care must be taken to distinguish the 
quantities affected by the different exponents^ and to raise them ac- 
cordingly. 

11. Raise 8r« — 5tv to the 3d power. 

Ans. 512rV— 960r«*»f?+600r*'r« — 125*»r'. 

12. Raise z^ — t?' to the 5th power. 

Ans. z'^—Sz^v^ + lOzH^ — 10z*v^ + 5z^v^ — r''. 

15. Raise a^ — 2ab to the 6th power. 

Am. a" — 12a"^ + 60a^%^ — iGOa^b^ + 240a86* 

— 192a'^*«+64a«6«. 

14. Baise ftae — c* to the 7th power. 

Ana. IgSa^c* — 448a«c« + 672a»c» — 560a*c»® + 280a»c" 
— S4o«c" + lioc" — c". 

15. Raise 3x* — 4xv to the 4th power. 

Ana. 81«« — 432ir»» + 864r«»* — 768jp»t»» + 266x*v\ 

16. Baise 5a*c — Sw* to the 3d power. 

Ana. 125o«c» — 225a*c«ff»« + lS5a*cx*v* — 27«»»«. 
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17. Baise a +6 to the nth power. 

Ans. a»» + nar^n + n. 2=la«-«62 + n. 2=1. 5^a'»-34S, &c. or divid- 

ing b/ a»», and putting A, B, C, &c for the preceding terms with their 

ligns, it becomes a-x(l+^ + !l^. ^ + =^. ^ + 2^. ^, Ac) 

where the law of continuation is evident. * 

If the quantity consists of more than two terms, divide the terms 
into two classes, and raise them as if each class were a simple quan- 
tity ; after which the classes must be raised according to the expo- 
nents placed over them, and then connected with one another, and 
with the coefficients by multiplication. 

19* Raise a + & — c to the 3d power. 

Ans. (o + *)• — 3 X (a + 6)»c + 3(a + b)c* _ c» = a» + 3a«4 
+ 3a6» + 6« — 3a«c — 6abc — 36«c + 8ac« +3*c« — c». 

19. Raise o* + 6« — c« to the 2d power. 

Ans. a* + 2a«6« + ft* — 2a«c« — 2A»c* + c«. 

20. liaise a« — 2ab-\-b* to the 4th power. 

Ans. a«— 8a'A + 28a»6«— .56a*6»+70a«6* — 56o»6»+28a*6« 

21. Raise a— 6+c — d = (a — ft) + (c — d)to the 3d power. 
Ans. a* — 3a<6 + Sab* — b* + 3a*c — Sa*d — Babe + 6aba 

+ 36'c_ 36*c£ + 3ae« _ 3&c* — 6ac<2 + 6bcd + Sai^^ — 3M* 
+ c» — 3c»d + 3cd»— . </». 



EVOLUTION. 

Evolution is the method of finding the roots of quantitioB, 
or those firom which given powers have been raised. 

In simple quantities^ divide the exponents of the letters by 
the name of the root required^ and prefix the same root of the 
coefficients. 

If the sign of the given quantity be + , the sign of the root 
is also + . If the sign of the quantity be — , the sign of its 
odd roots is — ; but it can have no even root^ for the square 

of +a, and also of — a, is +tt*«* 

— 

* It was shown in the note on InYolutioD, that a"^*^ is the nih power of 
mn 
af*", therefore, » » is the nth root of «^, and consequently that - is the pro- 
per exponent of the nth root ; also that the nth power of — d?"* is eitlier +«""* 

or tf*"**, according as n is even or odd. Therefore, in the first case, 

nut 
H-# ^ , when n is even, may be either + «*'' cm* — jP « and that in this case 



.» J* n It impossible. 
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1. Required liie 3d root of a ^6'. • Ans. a'b. 
it 4th root of ., , . . ^ , . 

Bla" 3a* 

3 5tli root of 



82o^06»c» ia^b^c 



,\^ 



>SmS 



4J 



4 6th root of , , . . . ^^ 



ce' 



TO FIND THE SQUARE ROOT OF A COMPOUND QUANTITY. 

Arrange the terms according to the dimensions of some let- 
ter in them^ and take the square root of the first term for the 
first term of the root; subtract its square from the given 

Suantity^ and bring down the two next terms to the remain- 
er for a resolyend. Double the root for a divisor, by which 
divide the first term of the resolvend to get another term of 
tiie root ; annex this term with its proper sign to the divisor, 
then multiply the divisor thus completed by it, and subtract 
the product from the resolvend, and proceed in the same way 
with the remainder, as in common arithmetic 

1. Required the square root of x^ — 2a:©+ r*. 

x^ — ^7cv+v*(x — V root. 
x^ ^k 

2x — v\ — 2xv+v^ 

«. V(aJ* — 2«* + l) . . =«« — 1. 

3. ^(^^ — xv+v^) . . =~ — v. 

4. Mj(je^—4a'a+6x^a^—4!xa^+a^) = x^ — 2xa+a^. 

- j/a* 2ax , ^v a 

6. ^^a^ +2ab+d^ +2ac+2bc+c') = a+b + c. 

7. V(4a:*+6«» + ?^* + 15a;+25) = 2x^+^+5. 

8- jJ{x^ + 4>x5+2x^ + 9x'^4>x+4) = x^ + 2x^-^x+2. 

TO EXTRACT ANY OTHER ROOT. 

Arrange the terms as in Division ; take the root of the first 
term for the first term of the root ; raise this root to a power 
less by one than the given power, and multiply it by the name 
of the root for a divisor, by which divide the second term of 
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the given quantity to get another term of the root. Raise the 
whole root thus found to the given power, and subtract it from 
the given quantity ; if there be a remainder, divide its first 
term, by the divisor got before^ to obtain another term of the 
root, and proceed as before. 

1 . Required the cube root of z' + Sx^v + Sxv^ + v^ . 

x^ V 



Sx^)_±Sx^ 



{X'\-vy :=ZX^+SX^V-^SXV^ + V^. 

2. (27a' — 5^^c+S6ac^ — 8c»)^ = Sa — 2c. 

S. (»i» + 6»i«— 40»i' + 96»t — 64)^ =»t« + 2«»— 4. 

4. (16«* — 96a:'y+2l6a;V— 2l6ay» + 81y*)^=2a:— 3y. 

5. (81a*— 4S2a»c+ 864a«c«— 768ac' +256c^)4 =3a— 4c 



' \ ^* ^ 4 2 ^ 16 16 ^ 64/ 

a;— IJ. 



OP IRRATIONAL QUANTITIES OR SURDS. 

Irrational Quantities or Surds are expressions of the roots 
of such quantities as are not complete powers. 

Thus ya* or a* is a surd, because a* is not a cube. 

TO REDUCE SURDS TO A COMMON EXPONENT. 

Express them with fractional exponents, and reduce these 
exponents to a common denominator. This denominator is 
the common exponent of the root, and the numerators are the 
exponents of the powers to which the quantities are to be 
raised. 

Note. An integer may be expressed as a surd by raising it to 
any power, and then making the name of the power the exponent of 

the root : thus a = a^=z a^, also 2 = ^8 s j^32. 

!• Reduce ^3 and iJ/2 to the same expon^it ; here 3' and 2^ 
= 3^ and 2* = ^27 and V^. 
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2. Reduce a and 7^. • Ans. a^ and x*. 

S i/15 and i/9. . 1^3375 and i^Sl. 

4 (a+5)*and(a— 6)i (a+i)^ and (a— .*)'. 

5 (4a)^ and (S6)i . y256a* and ^276'. 

6 a^ and t?*. . . af^ and tf^. 

TO REDUCE A SURD TO ITS MOST SIMPLE FORM. 

If any power of the same name with the surd^ measures the 
quantity under the radical sign^ place the Quotient imder the 
radical, and the root of that power before it for the rational 
part. 

If no such power can be found, the surd is already in its 
most simple form. 

1. Reduce mJ75 to its most simple form. Ans. 5^S. 

2 5/81. . . SlfS. 

3 J/243 and ^16. . . 8^9 and 2^2. 

4 ^9Sa^x. . • . 7aj^2x. 

5 (a?' — ax'y. . . . x(x — a)*. 

6 {a^x+Sa^x^)k , . a^^xx(a+3x)K 

7 (32a» — 96a5a;)^. . . 2a{a^3xy. 

TO ADD AND SUBTRACT SURDS. 

Reduce them to the same exponent, and to their most 
simple forms : then, if the quantity under the radical sign be 
the same in them aU, add or subtract the rational partSj and 
to the sum or difference annex the common surd. But if the 
quantities under the radical be different, the surds must be 
added or subtracted as unlike quantities. 

1. Add SjJ2 and 2mJ2. . Ans. 5^2. 

2. . . . (Ul^ and — ^. . • — ^— . 

S. . . . If4>8a'^ and i/6a. . . (2a« + l)»/6a. 

4. . . . 2Va*a; and 3V64«'. • (2a+24a:)V^. 

5. Prom 9aV3 take 2aV3. . 7a^3. 

6. . . . i/Sla take Ji/24a, • S/Sa. 

b2 
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7. From 2^50 take jJ18. . Ans. 7«/2- 

8. . . . jJSOa^x take ^20a'x^. . (4a« — 9.ax)J5x. 

9. Add and subtract 3^—, 4v| • i3>^^^ ^^ H^^^* 

TO MULTIPLY AND DIVIDE SURDS. 

Reduce them to a common exponent^ if they have different 
ones^ and then find the product or quotient of the rational 
parts^ and also of the surds; and the two joined together^ 
with the common radical sign between them^ will give the 
whole product or quotient required. 

Note. When the quantities under the radical signs are alike, the 
product or quotient of the surds is found by adding or subtracting 
their exponents. 

1. Multiply V2 by ^2. . Ans. ^82. 

2 V4 by V5. . . J/20. 

S a* by a*. . . ai/a* 

4. . . . . a« by *?. . . %la^b^. 

5 2^/3 by S;/4. . . 6^432. 

6. Divide V7 by ^7. . . i/l- 

7 ^8 by 5/2. . . i/4>. 

8. .... Jd^ by ahk . . d^dK 

9 25/fc by S^ac. . . |«/^. 

10 10^108 by 55/84. . |^441. 

INVOLUTION AND EVOLUTION OF SURDS. 

The powers and roots of surds are found as those of otlier 
quantities^ by multiplying or dividing their exponents by the 
name of the power or root. 

In some cases it is preferable to raise the quantity under 
the radical to the power or root required^ and then to place 
the radical sign over it 

1. The 4th power of JSa = 9a«. 

2. The Sd power of (a — b)^=za~ b. 
8. The 4th power of i^S = ^- 
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4. The 5th power of ^f * 


"" 243c • 


5. The Sd root of aMc 


= ahKK 


6. The 4th root of *** /* 


ahK 
~ a** 


7. The Sd root of 1^2 


= |V2. 


hi 

8. The 5th root of 

00-9 





TO FIMD THB SQUARE BOOT OF A COMPOUND SURD. 

When a quantity consists of two terms^ a rational and a 
surd ; if it has a root^ the rational part is the sum of the 
squares of its terms, and the surd is the double of their pro- 
duct. 

From the square of the rational term subtract the quantity 
affected by the radical sign, and take the square root of the 
remainder ; add it to the rational term, and also subtract it 
from that term, and take the halves of the sum and remainder 
for the squares of the two terms of the root. 

1. (6 — V20)*=:V5 — 1, for VS6— 20 = Vl6 = 4, and 



y 






2. (136—96^2)^ =6^2 — 8. 

8. (51 — lOV^)* =5^2 — 1. 

4. (14 — 6^5)^ =:8^J5. 

5. (5 — 2V6)* =zJS — J2. 

6. (76 — 42VS)* =7 — 8^3. 

7. (19+8V8)* =4+ VS. 

8. (12 — 2 VS5)* = V7 — V5. 

9. (7+4V3)* =2 + VS- 

10. (7 — 2^10)* = V5 — V«- 

11. (89— 6V80)* s=zJSO—S. 
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EQUATIONS. 

When two expressions are equal to one another, they are 
written with the sign = of equality between them, and the 
whole is called an equation. Thus x — a = 6 + cisan equa- 
tion; X — a is called the left side, and b+c the right side of 
the equation. 

An equation which contains only the first power of the 
unknown quantity or quantities is called a simple equation. 

BESOLUTION OF SIMPLE EQUATIONS CONTAINING ONLY ONE 

UNKNOWN QUANTITY. 

The resolution of simple equations containing one unknown 
quantity consists in separating the unknown quantity from 
the other quantities with which it is connected, and making 
it stand alone upon one side of the equation, and the known 
quantities upon the other side. This is performed by the 
rollowing rules taken in their order : 

KuLE 1. If a term be divided by any quantity, multiply 
every term by the divisor. 

In this way the equation may be cleared of fractions. 

KuLE 2. Any term may be transposed from one side of 
the equation to the other, by changing its sign from -|- to — , 
or from — to+. 

In this way the terms containing the unknown quantity 
may be brought to one side of the equation, and the known 
terms to the other ; after which they may be collected by 
addition. 

Cor. If a term be found on both sides with the same sign, 
it may be erased from both. 

KuLE 3. If the unknown quantity be multiplied by any 
other, divide both sides by the multiplier. 

In this way the value of the luiknown quantity is found, 
when there are no surds nor powers. 

KuLE 4. If the equation have a surd in it, after bringing 
it to one side by itself, take away the radical sign, and raise 
the other side to the corresponding power. 

KuLE 5. If one side of the equation be a complete power, 
take the corresponding root of both sides.* 

* It is evident that the operations prescribed in these rules do not render 
the two sides of the equation unequal, for they are both increased or diminish- 
ed in the same deg^ree. Thus, in the first operation, both sides are multiplied 
by the same quantity ; in transposition the same quantity is subtracted fnnn 
both sides ; in tlie tnird both sides are divided by the same quantity ; in the 
fourth tliey are both raised to the same power; and in the last the same root 
18 taken of both sides. 
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Let the equation be 2x 7- = -7-+4 

Multiply by 4, . . 8ar— 19 = 3ar+l6 

Add 19 — Sx to both sides, Sx—3x = l6+19 

And collecting, • . . 5x=:35 

Divide by 5, . . . « = 7 

So that 7 is the value of z. 

In the second line the equation is cleared of fractions, and 
in the third line the quantities 19 and 3x are transposed with 
their signs changed ; and it is evident that the two sides of the 
equation have been kept equal to one another in every line. 

Let the equation be (Sar+ 1)' -|- 5 = 10 

By transposing 5, (Sx+ 1)* = 10 — 5 = 5 

Square by rule 4, 3x+ 1 =25 
Transposing 1, . . 3xz=25 — 1 = 24 
And dividing by 3, . a: = 8. 

The removal of the sign from the radical is equivalent to the 
raising of it to the power. 

Let the equation be . 9x^+9=z8x^+ 63 

By transposing, . 9x^ — 3x^=63 — 9 

Collecting, . . . 6x^ = 54 

Dividing by 6, . . a:« = 9 

Taking the square root, . z z=z3. 

Any analogy or proportion may be changed into an equa- 
tion l^ making the product of the first and last terms equal 
to the product of the two mean terms. 

Let 2 + a::6 — xi: 15:9 
Then 9(^+x) = 15(6— a? 

Or 18 + 9a: = 90 — 15a; 

Transposing, . 9a?+l6a: = 90 — 18 
And collecting, . 24ar = 72 

Dividing by 24, . x =z 3, 

Again, let a: — 5 : 2a: : : 5 : 20 
Then 20x(a:— 5) = 5 x2a? 

Or 20a:— 100 = 101; 

Transposing, 20a: — 1 Oa; = 1 00 

And collecting, . 10j:=100 

Dividing by 10, . a: = 10. 

RESOLVE THE FOLLOWINO EQUATIONS : 
EQUATIONS. ANSWERS. 

1. 5j:+3 = 2a:+15. . . a: = 4. 

2. 24 — 2x=z3x — 6. . . jr = 6. 
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EQUATIONS. 

5. 15a: —26=120: +16. 

6. 4a? — 8 = 3j; + 20. 

7. 40 — 6ar — 16 = 120 — 14ar. . 

8.^+1+1 = 11. 



9. aa:+2ad = Sc«. 
10. 5ax — 3b=:2dx+c. 



1. 2x— -+l = 5a:— fi. 

2. a:i_2 = 6. 

3. (4j?+16)* = 12. 

4. 5a: — 15 = 2a:+6. 

5.f+|+f=l0. 

6. So:* — j: = 8j:+a?«. 

7. a: — a = 



d? — a 



8. (2a?+S)i + 4 = 8. 

9. (|)*+5 = 7. 



20. ^-s-^+^ = 20 — 



8 



l+or 1— a? 



2 



23. zi+{a+zp=: 



2a 



(«+«) 



i* 



24. (12+a:)*=2+a:^. 



ANSWEBS. 

a:=14. 
a; = l6. 



X 
X 

X 

a: = 

a: = 



28. 
12. 

6. 

2d. 

a 

36 + c 



a: = -. 



5a — 2/ 

6 

7* 



X 
X 

X 
X 
X 



64. 

32. 

7. 

= 4i. 
a 



a: = 30^. 
xz=:Q, 



xz=, 



0? = 



251. 



22. r+(a«+j:«)i = — ?^!— r. . a: = 



a: = 



a 
a 



ir=4. 
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BQUATIONB. ANSWERS. 

25. (a^ +z^)i = (6* + z^)k . z = (*ll=^)i 

26. bz^+c+3 = 2bz^+l. . x = (^\i. 

27. 4a?— ^=^=a?+?^^+24. . z=:n. 

6 3 a * 8a6— 3a*c--36 

SI. 5az—2b+4>6z=z2z+5c. a:=r-^lt!* . 

5a + 46 — 2 



RESOLUTION OF SIMPLE EQUATIONS CONTAINING 
TWO OR MORE UNKNOWN QUANTITIES. 

When there are several unknown quantities, there must be 
as many independent equations involving them : and from these 
an equation must be deduced^ which contains only one of the 
unknown quantities. 

This may be performed by any of the following rules : 

Rule L Find a value of one of the unknown quantities 
in each of the equations, supposing all the rest to be known. 
Make these values equal to one another, and from them find 
die value of another unknown quantity. Make again these 
values equal, and find another unknown quantity, and so on, 
until an equation be obtained containing only one unknown 
quantity, which is to be resolved by the preceding rules. 

Rule II. Find a value of one of the unknown quantities 
in that equation in which it is least involved ; substitute this 
value and its powers for that unknown quantity and its pow- 
ers in all the other equations, and proceed in the same way 
with these equations to get rid of other unknown quantities. 

Rule IIL Multiply the equations by such quantities as 
will make the coefficients of one of the uiuaiown quantities^ or 
of its highest power, the same in all the equations ; then, if 
the signs of these equal terms be like, subtract the equations, 
but if the signs be unlike, add them, and new equations will 
arise, wanting that unknown quantity or its hignest power^ 
and these equations are to be treated in the same way. 
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Note. The first method seems to be the most r^^ular ; the se- 
cond is shorter than the first, but the reductions are more intricate; 
the third is the most simple and expeditious. 

Let tlie equations hex+ y = 12^ l.*^^ ^^ ^^^ Talues of 

and 5x+3y=2 50 f x and y. 

By KuLE I. 
From the 1st equation xi=12 — y, and firom the 2d x=: "7 ^ 

12 — y = — -r-^» clearing this equation of 

fractions 60 — 5y = 50 — 3y, transposing and collecting 

10 = 2y or y = 5, and a; = 12 —y = 7. 

By Rule II. 

From the 1st equation a; = 12 — y ; substituting this var 
lue for x in the 2d equation, we have 
5(12— y) + Sy = 50 
Or 60 — 5y+Sy = 50 

10 = 2y, or y=z 5, and x=zl2 — y = 7- 

By Rule III. 

1st Equation multiplied by 5, 5x+5y^^60 

2d Equation, . . . 5x+3y=:50 

By subtraction, . . . 2y = 10 

.-. y= 6. 

Let the equationsbe x+y +z = 53 \ To find the va- 

x+2y+3z=:105 > lues of x, y, 
x+3y+4a=zl3^ I BXkdz. 



By Rule I. 

From the 1 st equation x=z53 — y — z, from the 2d a: = 1 05 
— 2y — 3z, and from the 3d a; = 1 34 — 3y — ^z; whence 

53 — y — z = 105 — 2y — 3z 
53 — y — z = 134 — 3y — isZ, 
and these equations^ by transposing and collecting, become 

y+2z = 52 
2y+3z = 81. 
Now from the 1st of these y=z52 — 2z, and from the 2d 

81 — 3« 1. ,r« « 81— 3a 

y= — 5 — ; whence 52 — 2«=: — - — > an equation con- 
taining only one unknown quantity, which, by clearing of 
fractions, transposing and collecting, gives a; = 23; hence 
y = 52 — 2« = 52 — 46 = 6, and a; = 53 — y — z=z53 — 29 
= 24. 
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By Rule II. 

From the Ist equation a: = 53 — y — z, and this value 
bstituted for x in the 2d and Sd equations gives 

53 — y — z+9,y+Szz=.l05,OT y+2zz=z52 (A), 
and 53 — y — z+3y't4a=:zl3^, or2y+3^ = 81 (B). 

ow from equation (A) y=.52 — 9.Z, and this substituted for 
in equation (B) gives 2(52 — 2;2;)+3;r = 81, an equation 
ntaining only one unknown quantity ; whence^ by transpos- 
g and collecting, we obtain z = 23, and the values of x and 
as before. 



By 


Rule III. 


2d Equation, . 
1st Equation^ 

By subtraction. 


• 
• 


x+Zy+3z=il05 
a;+ y+ zzrz 53 

y+2z=z 52 (A). 


3d Equation, 
2d Equation, 

By subtraction^ 


• 


x+3y+4a=zl34i 
«+2y+3^ = 105 

y+ z=z 29 (B). 


Equation (A), 
Equation (B)> 

By subtraction^ 


• 
• 
• 


y+2;c = 52 

y+ « = 29 

z = 23. 


EQUATIONS. 




ANSWERS, 


2. 5x+ 8y=124 
3x — 2y= 20 


} 


J a? = 12 

• 1y= 8. 


S. 5z — 3y= 90 
2a;+5y=l60 


} 


Ja: = 30 
• ly = 20. 


4. X — y = 2 
8y+5ar—6y = 120 


} 


Jx = m 
• 1^ = 15?. 


*• 1+1 = 16 

f— *= 2 
5 9 


} 


Jx = 20 

• \y=i8. 


6. X +y zna 
x^ — y« = b 


} 




7. 4cr+Sy=:31 
3x+2y=: 22 


} 


ra: = 4 
• 1y = 5. 


8. 5a?— 4y = 19 
4a:+2y = 36 


} 


' 1y = 4. 
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EQUATIONS. ANSWERS. 



7 +3 = 4 



9. Sx+7y = 79 \ fx = 10 

2y— f = 9 I • ly= 7. 

10. i±*+l=6 ^_ ,^^„ 




7 

~3 *iy— - r fa; = 11 

2£-^, „_23 r • \y=: 1, 



^^- 3 — 5 L J 

8-^^ = 6 f • 1 



IS. iP+y=lS ) (ar=:6 

y+ar = 15 ) lz = S. 

14. 2a:+Sy+4« = 29 ) (a: = 2 
Sz+2y+5z=z32 y . -Jy = S 
4cr+3y+2;2;=:25 ) (2f=:4. 

15. « + 100= y+;2; ) {«= 9tT 
y+100 = 2a;+2;8 > . -?y = 45/x 
« + 100 = 3»-f3y I (;2; = 63yV 

16. a;+y=90— « ) ix=z35 
2a:+40=Sy+20 V . -{y = 30 
X +20z=2;2;+ 5 ) {z = 25. 

17. x+y=za J ) a + c^b 

I *c = = • 



18. ix+iv+iz = 62 ") ix— 24 

h+\v+iz-4n V . ^i?= 60 



QUADRATIC EQUATIONS. 

If> after all the unknown quantities, except one, are exter 
nated from an equation, both that unknown quantity and 
square are found in it, the equation is called a Quadratic. 
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BBSOLUnON OF QUADRATIC EQUATIONS. 

Having cleared tlie equation, and brought the terms in- 
Tolying the unknown quantity to one side of it by themselves, 
divide by the coefficient of the square of the unknown quan- 
tity, if it have one ; then add to both sides the square oi half 
the coefficient of the unknown quantity, which will complete 
the square of the side c(mtaining the unknown quantity ; after 
which extract the square root of both sides, and the equation 
will be reduced to a simple one, which may be resolved as 
before. 

Note 1. Since the square root of x* — 2ax + a* is either a — t 
or « — a, die root of the known side of the equation must have both 
the signs + and — before it. Sometimes both these give proper so- 
lutions, and at other times only one of them. 

Note 2. The root of the side involving the unknown quantity 
consists of that quantity, and of 4 its coefficient with its sign.* 

Let the equation be 3x^ + I2x = 96 
By dividing by 3, . z^ + ia =32 
Add the square of 2, a;* + 4a:+ 4 = 36 
And taking the root, . x+2 = it 6 
And transposing, . . x=z ±6 — 2 = + 4 or — 8. 

Here the positive value of the root only is proper. 

Let the equation be 2a:* — 8a: =90 
Dividing by 2, . x^ — 4a: =45 
Completing the square, jp* — 4a: + 4 = 49 
Taking the root, . x — 2 =±7 

Transposing, . . . a: = ±7+2=+9or— .5. 

Here also the root 7 is greater than ^ the coefficient of x ; 
therefore the positive value only is proper. 

Let the equation be 15a: — a:* =54 

Or x^ — 15x = — 54 

Completing the square, x^ — 1 5a:+-7- = "7 ^^ = + t 

Taking the root, . . x r- = it « 

Transposing, . . . a:= + Ylt2=+9or +6. 

* Quadratic equations assnme one of these three forms, viz. d?' + od? =s + 6 • 
x^ — aar=s + 6; or dr*— ajr:= — 6; and when they are resolv ed by th e 

nJ& the valne of x assumes one of these forms, x =s ° — ^° ; 

2 

^2 > « 3 

If a positive answer is required, the saga of the radical in the fint two forms 



44 ALGEBRA. 

Here both the roots are proper. But it is to be remarked, 

that if 54 had been greater than —t-, the known side would 

have been negative^ and its root impossible ; in which case t 
would have had no value in numbers. 

Note. To avoid fractions, instead of dividing by the coefficient 
of r*, and then addine the square of \ the coefficient, multiply the 
equation by 4 times uie coefficient of x*, and then add the square of 
the coefficient, which x had before multiplying. 

Let the equation be ?«* — 20a; = 32 

Multiplying by 4 x 7 = 28, 196«« — b&^ = 896 

Adding 400 = 20«, . 196a;« — 560a:+ 400 = 1296 



Taking the root. 

Whence .... 


14a; — 20 =±36 
X = + 4or— 1}. 


EQUATIONS. 


ANSWERS. 


1. ar«+ 6a:=z27. . 


a;=+S. 


2. a;« + 10a; = 56. . 


a; = 4. 


S. x^ — 4a; = 60. 


a;=10. 


4. a;«— 6a; = 72. 


a; = 12. 


5. 8+a;« — 6a; = 80. 


a; =12. 


6. 8a;— 20 = 70— 2a;«. . 


x=>5. 


7. Zx^-\-^^Sx\b\. 


Xz=L\ix\. 


8. |+42|=^+20i. . 


a; = 7. 


9. Sa;«— 9 = 76— 2ar. 


X'^.b. 


10. a;« — ar = 210. 


ar = 15. 


n. ia;« + 7i = ia;+8. . 


a; = li. 


12. 4a;« — Sa; — 85. 


X'=.6, 


,s. f_n=|. . . 


x=i3. 


14. 5j:« + 4a; = 27S. . 


x = 7. 


15. -l-+? = 5. 
ar + 1 as 


^_2+Vl4 



most be -f , but in the third it may be either + or — . Tliere is, howeTer, a 
limitation in this case, for 4b must not be ^eater than a', otherwise the qnan- 
tity below the radical sign would be negative, and its root impossible. This 
happens when the absolute term b is greater than ^a^, the square ot' j the oo> 
efficient oijck 
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EQUATIONS. ANSWEBS. 

1ft ^+- = 5J. . . a; = 25orl. 

17. r^ — ^=«— 9. x=\0. 

18. z^ + 6ax=zc^. . « = (c«+9rt*')^ — 3a. 

19. -+- = -. . . . «=lztVl— a«. 

a X a 

NoTK. If the equation contain two powers of the unknown quan« 
tity, and the exponent of the one is double that of the other, it may 
be resolTed like a quadratic. 

20. Let the equation hex^ — 6x^ = l6 
Completing the square, x^ — 6x^ + 9 = 25 
Taking the root, . . x^ — S = it 5 
Transposing, . . . «' = 3 it 5 = 8 
Taking the cube root, • . 2; = 2. 

i 

EQUATIONS. ANSWEBS. 

21. 2a;* — «« = 496. . a; = 4. 

22. z^+2ax^=zb. . . a: = (Va« + d — a)^ 

23. z — 8x^ = 9. . . a; = 81orl. 

24. X — a;* = a. . . x = a+i zt N^a+i- 

25. i;r— J«^ = 22J. . a; = 49or 



26. (1+a:)* — 2(l + a;)i = 4. a; = 55 ±24^5. 

27. S«2n_2^--25. . x=zQ^j^y 



1 



28. «" — 6a:^=«. . . a; = (18+«±:6Vi+9)'^ 

29. 4a;r*-&r«=:.. . . ^ = (*±^fl±l!)i 



SOLUTION OF QUESTIONS. 

When a question is proposed, the analyst ought to form a 
dear idea of its nature, and then attempt to express its terms, 
and the relations of its parts, in algebraical characters, putting 
the letters x, y, z, &c. for the unknown quantities in it; and 
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in this way he mu&rt deduce as many independent equations 
firom the conditions of the question as there are unknown 
quantities in it^ which he can always do when the question is 
properly limited ; after which, these equations being resolved 
by the preceding rules, will give the answer or answers. 

Put X for the greatest unknown quantity, y for the next, 
z, V, &c for the lesser ones in their order. 

Suppose it to be a condition of the question, that 

The two quantities together, or their sum, amounts to 18. 
This condition may be expressed thus, . a: + y = 18 

Their excess, difference. Sec. is 6, . x — y = 6 

Their product, rectangle, the one into the 
other, or multiplied by it, is 72, . . xy=^ 72 

One of them taken out of the other, divided * — o 

by it, applied to it, or their quotient, is 2, y ~ 

The greater is ta the less, or their ratio is as 

4 vO /if • • • • • X • V I • 4 • aS 

And this proportion, by multiplying the 
means together, and also the extremes, be- 
comes an equation, • . . Qx^ity 
The sum of their squares is 180, . x^ +y* = 180 
The difference of their squares is 108, x^ — y« = 108 

And in a similar way may any other relations of the quan- 
tities be expressed in equations. 

When the relation of one unknown quantity to another is 
simple, a letter may be taken for one of them, and an expres- 
sion for the other deduced from the relation between them, 
which will abridge the work, and render it more elegant 
Thus, if their difference be 3, takey for the less, andy-f 3 
will be the greater. 

It will often abridge the work, if letters are taken not fbr 
the unknown quantities themselves, but for their sum^ difier- 
ence, or any other relation from which the quantities may be 
easily foimd. 

QUBtSTIONS PRODUCING SIMPLE EQUATIONS. 

1. To find such a number, that, if it be multiplied by 5, 
and also by 3, the former product shall exceed the latter by 
26. Let X = the number required, then the first product is 
5x, the second 3x, and their difference 5x — 3a; = 26, or 2x 
— 26.-. a;=13. 

2. To find a number, to which if 27 be added, the sum 
shall be 10 times the number required. Let a; = the num- 
ber required, tiien 10« = x+ 27, or 9a; = 27 .*. a; = 3. 

3. To find a number, from which if 4 be taken, and the 
remainder multiplied by 8, the product shall be twice die 
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number sought Let a; =r the number required^ then (x — 4)3 
= 2a:,or3a; — 12 = 2a:; whence 3;i; — 2a; = 12, or a; = 12, 

4. To find a number of which the fourth part exceeds the 
fifith part by 13. 

^ — 1=13. Ans.260. 

5. To find a number, to the half of which if 7 be added, 
the sum shall be equal to twice the number with 20 taken 
from it. Ans. 18. 

6. To find a number, of which the square shall be equal to 
4 times the number, together with 5 times the same number. 

Ans. 9* 

7. To find a niunber, to which if its halfi its third, and its 
fourth parts be added, the sum shall be equal to the square of 
that number. 

^' = ^ + 1 + 1 + 1' ^^8. 2 j'j. 

8. To find a number, from which if 3 be taken, and the 
remainder multiplied by 3, and then 4 added to the product, 
the sum divided by 5 shall give half the number sought. 

Ans. 10. 

9* To find a number of pounds, to which if 3 be added, 

and the sum multiplied by 12, the product shall be equal to 

the number of shillings in the value of the pounds, diminished 

by as many crowns as there are pounds required. 

(af + 3])12 =20a:— 5a:. Ans. £l2. 

10. To mid two numbers, of which the sum is 133, and 
their difierence 47* Ans. 90 and 43. 

11. To find two numbers, of which the sum is 84, and their 
qtiotient 13. Ans. 78 and 6. 

12. To find two numbers, of which the difierence is 104, and 
their quotient 9. Ans. 117 and 13. 

13. To find two numbers, so that 3 times the greater added 
to twice the less shall make 54, and 4 times the greater with 
3 times the less shall make 75. Am, 12 and 9* 

14. To find two numbers, so that the greater with half the 
less shall make 25, and the less with half the greater shall 
make 23. Ans. 18 and 14. 

15. To find two numbers in the ratio of 4 to 3, so that if 
one be added to each of them, the sums shall be in the ratio 
of 9 to 7. 

3aj = 4y, (a?+l)x7 = (y+l)X9. Ans. 8 and 6. 

16. To find two numbers, of which the difierence shall 
be 9* and the difierence of their squares 351. 

Ans. 24 and 15. 
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17. To divide the number 36 into two parts^ so that the 
square of the greater part shall exceed that of the less by S60. 

Ans. 23 and 13. 

18. To divide the number 72 into two parts^ so that three 
times the greater shall exceed twice the less by 121. 

Ans. 53 and 19. 

19. To divide the number 56 into two parts^ which shall be 
to one another as 4 to 3. Ans. 32 and 24. 

20. To find a number^ so that its half added to its third 
part shall be greater by 6^ than its double divided by 5. 

Ans. 15. 

21. To find a number^ from the double of which if 22 be 
taken^ the remainder shall exceed 100 as much as the number 
itself is below 100. 

2z — 22 — 100 = 100 — X. Ans. 74. 

22. A person being asked his age^ replied^ that ^ of his age^ 
multiplied by J of his age^ would produce his age. How old 
was he ? Ans. 30. 

23. A general sends out ^ of his army^ and 1500 men more^ 
and he retains ^ of his army, and 1200 men more. How 
many men had he in his army ? Ans. I62OO. 

24. A gentleman distributing money among some poor 
people, found that he wanted 10s. to be able to give 5s. to 
each of them ; he therefore gave each 4s., and then he had 5s. 
left. How much money had he, and how many poor were 
there? Ans. 65s., 15 poor. 

25. To find two numbers in the ratio of 3 to 2, so that 
their sum shall be the sixth part of their product. 

Ans. 15 and 10. 

26. There were 6 children in a family, whose ages differed 
by 2 years, and each received a guinea for every year of his 
age, the money they received amounted to 72 guineas. Re- 
quired their ages? Ans. 7 youngest, 17 eldest. 

27. A and B inherited equal estates ; but A spent annually 
£60 more than his income, while B saved jKSO annually ; in 
consequence of which, at the end of 12 years, B was twice as 
rich as A. Eequired the value of their estates ? 

(a; — 60 X 12)2 = a;+ 80 x 12. Ans. £2400. 

28. A says to B, If you will give me £25, I shall have as 
much money as you shail have left. Says B, If you give me 
£30, I shall then have twice as much as you will have re- 
maining. How much had each ? 

Ans. B £190, A £140. 

29. A farmer has 15 more cows than horses, and as many 
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scores of sheep as horses and cows together ; the number of all 
the three is 051. How many has he of each kind ? 

Ans. 8 horses^ 23 cows^ 31 scores sheep. 

30. Two merchants join in company with a capital of 
£2000. A's share was 1 1 months in trade, and B's 9 months, 
and their shares of the gain were equal What was the stock 
of each ? Ans. B's £l 100, A's £900. 

31. A field was sown with wheat at 35s. per boll, and pro- 
duced 9 returns : the crop was sold at 30s. per boll, and, after 
paying for the seed, there remained £293, 15s. How much 
wheat was sown ? Ans. 25 bolls. 

32. A merchant laid aside £200 annually for his expenses^ 
and increased his capital annually by ^ of what was not thus 
expended. At the end of three years his capital was double 
of what he began with. What was it at first ? 

^^x-^^4^-^0^1^-12800^2;^ Ans. £2960. 

33. Five persons have money divided among them. The 
share of the first was £lO more than that of the second ; the 
share of the second was £l6 less than that of the third; the 
share of the third was £5 more than that of the fourth ; and 
the share of the fourth £l5 less than that of the fifth: also 
the shares of the two last were together equal to the sum of 
the shares of the other three. What was the share of each ? 

Ans. £21, £11, £27, £22, £37. 

34. Two travellers set out at the same time to meet one 
another, from two places distant 390 miles : the first travels 
30 miles in a day, and the other 22 miles. In what time will 
they meet? Ans. 7 J days. 

35. A privateer, sailing at the rate of 9 miles in an hour, 
discovers a merchant vessel 18 miles distant, sailing at the 
rate of 7 miles in an hour. In what time will the privateer 
overtake the other vessel ? Ans. 9 hours. 

36. A woman bought some apples at 3 for a penny, and as 
many at 2 for a penny, and sola them all again at 5 for two- 
pence, and foimd that she had lost sixpence. How many of 
each kind did she buy? Ans. 180. 

37. A hare, 40 of her leaps before a hoimd, takes 4 leaps 
for the hound's 3, but 2 of the hound's leaps are equal to 3 of 
the hare's. How many leaps must the hound take before he 
catch the hare ? 

-— — -— = 40. Ans. 240 hound's leaps. 

2 3 ^ 

38. A son asked his father's age. The father replied^ 

c 
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7 years a^ I was 3 times as old as you were ; but if we live 
together 7 years longer^ my age will be the double of yours. 
What were their a^ ? Ans. 49 and 21. 

89' An army bemg drawn up in a square^ there were 79 
men over ; but in attempting to enlarge each side of the square 
by one man^ there were 80 men too few. Required the num- 
ber of men ? Ans. 6320 men. 

40. The paving of a square courts at 8d. per square yard, 
cost as mucn as the enclosing of it at 5s. the yard. Eequired 
its extent } Ans. 30 yards each side. 

41. A person lost j of his money by gaming^ and then won 
4s. Again he lost ^ of what he then had^ and afterwards won 
3s. The third time he lost ^ of what he then had ; and after 
that^ he had remaining ^ of what he began with. How much 
money had he ? 

^+4-g_l+3_|_2=| An8.40s. 

42. A cistern can be filled with water by one cock in 12 
hours^ and by another in 8 hours. In what time will it be 
filled if both run together } Ans. 4f bours. 

43. The tail of a fish weighed 9 lb., the head weighed as 
much as the tail and half the body, and the weight of the 
body was equal to that of the head and tail. What was the 
weight of the fish ? Ans. 72 lb. 

44. A gentleman's two horses with the harness cost him 
£l20 ; the value of the worst horse with the harness was 
double that of the best horse, and the value of the best horse 
with the harness was triple that of the worst horse. What 
was the value of each ? 

Ans. £50 harness, £40 and £30 horses. 

45. A master with his apprentice can perform a piece of 
work in g days, which the master alone could do in 12 days. 
In what time could the apprentice do it ? 

46. Three men can do a piece of work, the first in 50 hours, 
the second in 60 hours, and the third in 75 hours. In what 
time will they do it, all working together ? Ans. 20 hours. 

47. A and B together can do a piece of work in 12 hours, 
A and C together in 20 hours^ and B and C together in 15 
hours. In what time will they do it, all working together, 
and in what time will each do it separately ? 

jg+— + — =2. Ans. Together in 10 hours, A alone in 30 
bours^ B alone in 20 hours, and C alone in 60 hours. 
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48. A labourer engages to work l60 days^ on condition that 
he should receive half-a-crown for every oay that he wrought, 
and should forfeit lOd. for every day he was absent from work. 
At the end of the stipulated time he had nothing to receive nor 
to pay. How many days did he work ? 

Ans. Wrought 40 days. 

49* To find three numbers^ so that the first with } of the 
other two, the second with j^ of the other two« and the third 
with ^ of the other two, shall each be equal to 34. 

Ans. 10, 22, and 26. 

50. To find a number consisting of three places, of which 
the digits have equal difierences in their order, and if the 
number be divided by the sum of its digits, the quotient shall 
be 48 ; and if 198 be subtracted from the number, the digits 
shall be inrerted. 100^+ ^Oy+z the number. 

a:+«=2y,48 xSy=number, 99« — 99« = 19«. Ans. 432. 

QUESTIONS PRODUCING QUADRATIC EQUATIONS. 

51. To divide the number 100 into two parts, so that their 
product shall be 2100. Ans. 70 and 30. 

52. To find two numbers, of which the difierence shall be 8, 
and their product 240. Ans. 20 and 12. 

5S, To find two numbers, of which the diff^ence shall be 12, 
and the sum of their squares 1424. Ans. 32 and 20. 

54. To find two numbers, of which the sum shall be 30, and 
tlieir product 224. Ans. l6 and 14. 

55. To find two numbers, of which the product shall be 108, 
and the sum of their squares 225. Ans. 12 and 9. 

56. A gardener and his lad digged each a square piece of 
ground, of which the side was as manjr feet long as the worker 
was years old. The difference of their ages was 12 years, and 
the number of square feet digged by both was 1040. Required 
their ages? Ans. 28 and I6. 

57* An oblong pond was surrounded by a terrace-walk 7 
yards broad, the pond measured 15000 square yards, and the 
walk 3696 square yards. Eequired the length and breadth 
of the pond ? 

xy = 15000, and 14iK+ 14^^+ 196 = S6^6, 

Ans. 150 and 100 yards. 
58. To find two numbers of which the sum is 13, and the 
sum of their cubes 637. Ans. 8 and 5. 

5% To find two numbers, of which the product shall be 
120, and the product of the greater, increased by 8, multi- 
plied by the less, increased by 5, shall be 300. 

Ans. 12 and 10, or 16 and 72* 
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60. To divide 125 into two parts^ so that the sum of their 
square roots shall be 15. 

Vy + (125 —y)^ = 15. Ans. 100 and 25. 

61. A grazier bought a number of sheep for £60, and, 
reserving 15 to himself^ he sold the remainder for £54^ and 
gained 2s. on each of them. How many sheep did he buy, and 
what did each cost ? Ans. 75 sheep at l6s. 

62. Sold an ox for £24, and gained as much per cent as 
the ox cost. What was paid for him ? 

^+ ^ = 24j- Ans. £20. 

6S, A person bought some oxen for £80 : if he had got 4 
oxen more for the same money^ each of them would hare cost 
him £l less. How many did he buy ? Ans. l6. 

64. A number of bees alighted upon a tree : at the first 
flight the square root of \ of them went away, and at the 
next % of them, and then only two bees remaineo. How many 
alighted on the tree } 

Vi«+-g-+^ =a:* Ans. 72 bees. 

Q5, A person bought doth for £33, 15s., which he sold 
again at £2, 8s. per piece, and gained as much as a piece cost 
him. Required the number of pieces? Ans. 15 pieces. 

6Q, A and B set out at the same time for a place at the 
distance of 150 miles. A travels 3 miles an hour faster than 
B, and arrives at his journey's end 8^ hours before him. At 
what rate per hour did each person travel } 

Ans. A 9 miles, B 6 miles. 

67. There are two numbers, of which the product is 120: 
if 2 be added to the less, and 3 subtracted from the greater, 
the product of the sum and difference will be also 120. What 
are the numbers? Ans. 15 and 8. 

68. A and B distribute each £l200 among some poor per- 
sons : A relieves 40 persons more than B, and B gives £5 
a-piece to each person more than A. How many persons were 
relieved by A and B ? Ans. 120 by A, 80 by B. 

69' A person bought some sheep for £57, but he lost 8 of 
them, and then sold the remainder at 8s. a-head profit ; and 
thus he neither gained nor lost by the bargain. How many 
sheep did he buy ? Ans. 38. 

70. To divide the number 18 into two factors, so that the 
sum of their cubes shall be 243. Ans. 6 and 3. 

71. There is a number consisting of two digits, the left-hand 
digit is 3 times the other : and if 12 be subtracted from the 
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number^ the remamder will be the square of the left-hand 
digit. What is the number ? Ans. 9^« 

72. A^ travelling to London^ overtook at the 50th milestone 
a flock of sheep^ proceeding at the rate of 3 miles in 2 hours ; 
and 2 hours afterwards met a waggon moving at the rate of 9 
miles in 4 hours. B^ travelling at the same rate^ overtook the 
sheep at the 45th milestone^ and met the waggon 40 minutes 
before he came to the 31st milestone. Where would B be when 
A reached London P 2; = distance between them^ y = rate of 

their travelling per hour, -^ — 5 = a:, 50 — 2y ^'\ — ^ 

= 31 + ^ — z. Ans. z = 25, ^;= 9. 



OP RATIOS. 



Ratio is the relation which one quantity bears to another of 
a similar kind with respect to its magnitude. 

The magnittide or value of a ratio is estimated by stating 
how often one quantity contains or is contained in an- 
other. Thus, in comparing the number I6 with 2, we ob- 
serve that it has a certain magnitude with respect to 2 which 
it contains 8 times; and if we compare I6 with 4 we observe 
that it has a different relative magnitude, for it contains 4 
only 4 times. Hence I6 is less when compared with 4, than 
it is when compared with 2. 

The general method of expressing the ratio which one 
quantity bears to another is by placing two points between 
them. Thus 

The ratio of 12 to 4 is expressed by 12 : 4 

of 17 to 9 by 17 : 9 

of a to 6 hj a:b. 

The first term of a ratio is called the Antecedent, and the 
last term the Consequent, The antecedents in the preceding 
ratios are therefore 12, 17^ and a, and the consequents 4, 9^ 
and 6. Ratios may also be represented in the form of frac- 
tions, by making the antecedents the numerators, and the 

consequents the denominators : Thus—, — , and - express 

the ratios of 12 to 4, of 17 to 9, and of a to b, 

A ratio is said to be a ratio oi greater inequalitt/ when the 
antecedent is greater than the consequent, a ratio of equality 
when it is equal to the consequent, and a ratio of less in^ 
equality when it is less than the consequent : Thus 
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The ratio of 8 : 4 or a+ 6 : a is a ratio of greater inequality. 

of 8 : 8 or a : a of equality. 

of 8 : 12 or a : a+b ... of less inequality. 

Note. It is evident that a ratio of equality may always be re- 
presented by unity. 

COMPABISON OF RATIOS. 

1# If the terms of a ratio are both multiplied or both divid- 
ed by the same quantity^ the ralue of the ratio is not altered. 

The ratio of a : 6 is expressed 1^ the fraction -. Let both 

terms of this fraction be multiplied l^ n, and it becomes 

-7 ; now since the value of a fraction is not altered by multi- 
no •' 

plying both the numerator and denominator by the same 

quantity - = -^^ or the ratio of a:b is the same as the ratio 

oinainb where n may be any number either integral or frac- 
tional: Thus 

The ratio of l6: 12 (^vid. by 4) is the same as the ratio of 4: 5. 

of 5: 8 fmult. by 3) of 15:24u 

of a*:a5(di\dd.bya) * of aib. 

II. Ratios are compared together by reducing the fractioiu 
which represent them to a common denominator. 

Thus the ratios of 7 : 9 ai^d 10 : 13 are rq>reflented by the 

fractions - and —, which are equivalent to j-z and jj^ ; and 

si^ce rrr^ is RTeater than — -, we infer that the ratio of 7: 9 
117 ° 117 

is greater than that of 10 : 13. 

When the antecedents or consequents are the same in two 
or more ratios^ we may immediately compare those ratios to- 
gether^ by expressing them in a fractional form : Thus since 

17 17 

•J is greater than ~, the ratio of 17 : 5 is greater than that 

of 17 : 9 ; and since -^i w less than ?, the ratio of a : a-l-^ 

O + o 

is less than that of aid, * *' 

III. A ratio of greater inequality is diminished^ and a ratio 
of less inequality is increased, by adding the same quantity 
to both of its terms. 

Let J represent any ratio^ and add n to each of its terms, 
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then these two ratios will be j and r-r--, which are equiva- 
lent to 777 — ^ and ... . . ; now if a ::^ 6, then 7 is a ratio of 

6(6 + n) 6(6 -f n) 6 

. • f. 1 06 + an a6+6n a • %• ••i t 

greater inequahty^ and 7^ /. - is diminished 

by adding n to each of fts terms ; again, if a.^b, then ^ is a 
ratio of less inequality, and ,,^ . v -^ ^., . ^ /. r is m- 

* " 6(6 + «) 6(6«t-n) 

creased by the addition of n to both its terms. 

COMPOSITION OF BATIOS. 

I. Ratios are compounded by multipl3ring their antecedents 
together to form a new antecedent, and their consequents to 
form a new consequent, and the resulting ratio is odled the 
sum of the compounding ratios. Thus 
The ratio of a : o is compoimded with the ratio ofcidhy mul- 
tiplying the antecedents a and c together for a new antece* 
dent, and the consequents 6 and d together for a new con- 
sequent, and the resulting ratio oi acibd is the sum of the 
oompoundins ratios a : b and c : d. 

It the ratios 4 : 7> ^ : 11^ and 7 : 9> are compounded toge- 
ther, the resultingratio is 4x6x7: 7x11 X9 or 168:693, 
which, reduced to its lowest terms by dividing both terms by 
21, becomes the ratio of 8 : 33. 

IL When any ratio a : 6 is compounded with itself twice, 
thrice, or any number of times, denoted by n, then the re- 
sulting ratios are a® : b^, a^ : 6', a** : 6**, or twice, thrice, and 
n times the ratio of a : ^. 

The ratios a^ : 6^ a^ : b^, a* : b^, &c are also called the 
dupliccUe, triplicate, quadruplicate, &c. ratios of the pri- 
mitive. 

As the indices or exponents 2, 3, and n, express the num- 
ber of times the ratio of a : 6 is compounded with itself, they 
are called the measures of these ratios. 

IIL Since the index may be any quantity either inte- 
irral or fractional, let it be a fraction, as -, -, ~, -, &c, then 

o ' 2 3 4m' 

The ratio of a^ : ^' is ^ the ratio of a : ^. 

a^ : ^3 is J of a : 5. 

a^ : ^* is i of a : 6. 

i i. 1 
a^ib^ is -th . . . . of a : ^. 
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The ratios of cfl : b^, a^ : bK «* : b*, Sec are also called 
the subduplicate, stibtriplicate, suhquadrupliccUe, &c. ratios 
of the primitiye. 

rV. The sum of any number of ratios^ of which the conse- 
quent of the preceding ratio is the antecedent of the succeed- 
ing one^ is the ratio of the first antecedent to the last conse- 
quent. 

Let the ratios h^ ai b, b : c, c i d, d i e, e if, &c.^ then the 
resulting ratio is axbxcxdxeibxcxdxexf, or the 
ratio of abcde : bcdef, which, reduced to its least terms, by 
dividing both its terms by bcde, becomes the ratio of a: f, or 
first antecedent : last consequent. 

V. Any ratio compounded with a ratio of greater inequa- 
lity is increased, and compounded with a ratio of less in- 
equality is diminished. 
Let a+b:a represent the ratio of greater inequality, 
and a : a+b of less inequality. 

Then the ratio of a+b:a, compoimded with that of cid, 
gives ac+bc: ad, which is evidently greater than the ratio 
of c: d; and the ratio of a:a+b, compounded with that of 
c : d, gives (ic:ad-\-bd, which is evidently less than the ratio 
of c : S. Hence the ratio of cxdis increased by compound- 
ing it with the ratio of a+bxa, and diminished by com- 
pounding it with the ratio of a: a+b* 

APPROXIMATION OF RATIOS. 

The ratio of the powers or roots of two quantities, whose 
difference is small with respect to themselves, is found very 
nearly by multiplying that diflference by the index or expo- 
nent of the power or root. 

Let x-\-z and x be two quantities, whose difference is z ; 

Xx"~^«'+&c.j hence the ratio of {x-\-zY:3f^\s that of «r" 
+»M^-'«+^^^=^ a^-^^^H- ?(!L=iI^=!) a«-3«3 + &c. : x\ 

and dividing by a;""^ this ratio becomes that ot x+ nz 

«(,-l>. .(,-l)(.-2).. 
^ 2jc ~ 2x3ar« ^ 

Now U z\% very small with respect to x, the fractions — 

and ^ must also be very small; and when n is not very large, 
the fractional terms of the series which forms the antecedent 
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will also be very small with respect to the integral part 
x+nz; hence the ratio of x+nz:x will be a near approxi- 
mation to the ratio of (x+zY : «*, which is the rule. 

Let it be required to approximate to the ratio of 1 000* : 999' • 
Here x = 999^ z=zl, and n^=z3 ,; the ratio of x+ nz : x 
is that of 1002 : 999^ which is true to three places of deci- 
mals very nearly; since 1000' : 999' : : 1002 : 998*997. 
Let it be required to approximate to the ratio of J/^SO: if 477 • 
Here x = 477, z=:3, and n = J /. the ratio of x+nz: x 
is that of 478 : 477, which is true to three places of deci- 
mals very nearly; since ^480 : ^477 : : 478 : 477*002. 

EXERCISES. 

1. Reduce the ratio of 375 : 420 to its lowest terms. 

Ans. 25 : 28. 

2. Reduce the ratio of a* — a'^b+a^ :a^ to its lowest 
terms. Ans. a* — a^+ 1 : 1. 

3. Show that the ratio of 18 : 13 is the same as that of 

162:117. 

4. Show that the ratio of 1 7 : 2 1 is less than that of 1 53 : 1 68. 

5. Which is the greater ratio^ that of a + 6 : Ja + 9, or that 
ofa+9:ia+10? ^ Ans. That of a + 9: Ja+ 10. 

6. Is the ratio of 13 : 18 increased or diminished by adding 
7 to each of its terms ? Ans. Increased. 

7. Is the ratio a:a—'b increased or diminished by adding 
c to each of its terms ? Ans. Diminished. 

8. Approximate to the ratios of 740* : 738* and of 
V740 : V738, and show to how many places of decimals the 
approximation is true. Ans. 742 : 738 and 739 : 738, 
the farmer being true to three and the latter to four places 
very nearly. 

9. What is the sum of the ratios of 8:11, 9 : 13, 5 : 7, 
and 21 : 23 ? Ans. 1080 : 3289. 

10. What is the sum of the ratios of a^—z^ : a«, a* +x^ : b^, 
a — x:by and b:a — x} 

Ans. a^ + a'x^ — a^x^ — x^ : a^b^. 

11. Is the sum of the ratios of 5a — 1 :4a+l, 3a+6:2a 
-|-4, and 2a+ 1 : 3a — 1, a ratio of greater or less inequa- 
lity ? Ans. A ratio of greater inequality. 

12. Show that the sum of the ratios of a+ 6: a:, a — biy, 

and V : ^^-^ — > is a ratio of equality. 

13. Find in its lowest terms the sum of the duplicate ratio 
of 8 : 11, the triplicate ratio of 5 : 4, and the ratio of 22 : 15. 

Ans. 50 : 35. 
fi 9 
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14. Tell extempore the sum of the ratios of 4 : 3^, 3* : 5', 
55 : 7^ and 7^ : 9- 

15. Of what two simple ratios is the ratio of 9:2^ com- 
pounded ? Ans. Of the ratios of 1 : 2 and 3 : 4. 



OF PROPORTION. 
Proportion consists in the equality of ratios. 

Thus if the ratio of a : 5 is equal to that of c:d, or - = ^; 

then a, h, c, d, are said to be proportionals. The numbers 3, 
12, 4, 16, are proportionals for /g = J, and ^^ = ^. 

Tliis equality of ratios is expressed by writing the four 
quantities, thus a:d::c:d, and read a is to 6 as c is to £?. 
In Algebraic investigations the quantities are generally ex- 
pressed like fractions, thus t = ^- 

In the proportion a : b: : c : d or -r^: ^ a and d are the ea?- 

tr ernes, and b and c the means. The first term is likewise 
called the first antecedent, the second term the first conse- 
quent, the third term the second antecedent, and the fourth 
term the second consequent 

If, in a series of proportional quantities each consequent be 
identical with the next antecedent, these quantities are said 
to be in continued proportion : Thus a:d::b:c:: cidiid 
z e::e:/y &c. ; the quantities a, b, c, d, e,/, &c. are said to 
be in continued proportion ; when the second and third terms 
of a proportion are identical, as in the proportion aibiibic; 
then b is said to be a mean proportional between the ex- 
tremes a and c, and c is called a third proportional to a and 6. 

Prop. I. If four quantities are proportional, the product of 
the extremes is equal to the product of the means, and con- 
versely. 

Let a : 6 : : c : fl? or - = 4 Multiplying both by bdy we ob- 
tain ad:=ibc. 

Conversely, If the product of any two quantities is equal 
to the product of any other two, these four quantities con- 
stitute a proportion, the fiictors of either of the products being 
made the extremes, and the factors of tde other the means. 

Let ad = be. Dividing both by bd, we obtain | = ^ or 
T = r ; whence a\b:ic:doT cdiiaib. 
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Pbop. II. If three quantities are in continued proportion^ 
the product of the extremes is equal to the square of the 
mean^ and conversely. 

Let aib\ibic; then axc=^bxb or acr=zb^. 

Conversely. If the product of any two quantities is equal 
to the square of a third, the third is a mean proportional be- 
tween the other two. 

Let etc = b^t and^ dividing both by be, we obtain ^ =r - or 

a : 6 : : 6 : c. 

Pbop. III. Of four proportionals^ any three being given^ 
the fourth may be found. 

Let aibiicid ; then ad=ibc* 

Hence a = -7 .•. if 6, c, d, are known, a is also known. 

a 

....6 = — • » <i,d% Ci b 

c 

6 

....</=—. , ciyb, Of d 

a 

Hence of three proportionals^ any two being given, the 
third may be found ; for ad =z b^ .*. b = J ad, a =1-^9 and 



d 

a 



Pbop. IV. Quantities which have the same ratio to the 
same quantity are equal to one another, and conversely. 

Let a:b::c:b ; then ~ = p and, multiplying each by b, 

we obtain o = c. 

Conversely^ Quantities which are equal to one another 
have the same ratio to the same quantity. 

Let a'=iCi and let 6 be a third quantity ; then, dividing 

both by 6, we obtain r = ^ .*. a : 6 : : c : ^. 

Pbop. V. Ratios that are equal to the same ratio are equal 
to one another. 

Let a\b\\e\f, and c:d::e :fj then also a:b::c:d* 

Since j = ^and j= ^ .•. | = j or a : 6 : : c : fit 
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Pbop. VI. If four quantities are proportionals, they will 
also be proportionals invertendo, that is, the second will hare 
the same ratio to the first that the fourth has to the third. 

Let a:b::c:d; then also b:a::d:c. 

Since (Prop. I.) bc:=iad, and, dividing by ac, we get 

- = - ,• hence b:a:: die, 

a c 

Prop. VII. If four quantities are proportionals, they will 
also be proportionals alternando, or the first will have the 
same ratio to the third that the second has to the fourth. 

Let a:b::cid; then also a:c::b:d; since r = ^ i»^- 

tiply each by -, and we obtain - = ^ .*. a : c : : 6 : cf. 

Prop. VIII. If four quantities are proportionals, they will 
also be proportionals componendo, or the sum of the first and 
second will have the same ratio to the second that the sum of 
the third and fourth has to the fourth. 

Let a:b::c:d; then also a + b:b::c + d: d; since 

? = ^ add 1 to each of these, and we obtain -+ 1 =z -;+ 1 or 

b a b d 

^^-r- = ^-T- .'. a4-b:bi :c+d:d. 

b a 

Prop. IX. If four quantities are proportionals, they will 
also be proportionals dividendo, or the difference between the 
first and second will have the same ratio to the second that 
the difference between the third and fourth has to the fourth. 

Let a:b::c:d; then also a — b : b:: c — d: d ; since 
-7 = -J subtract 1 from each of these, and we obtain - — 1 = j 

b a b a 

— 1 or "7 = ■ "7 •'• ^ — bibiiC'—'did. 
b a 

Prop. X. If four quantities are proportionals, they will also 
be proportionals convertendo, or tne first will have the same 
ratio to the sum or difference of the first and second that the 
third has to the sum or difference of the third and fourth. 

Let a:b::c:d; then also a : azizb : : c : c±d ; since 

T^=^y and by Prop. VIII. and IX. ^^-=- = -^^> invert these 

fractions^ and we have -qpr = -q^ ; and, multiplying the 
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d 



one by t a^<l ^^c other by -;, we obtain — p- x r = — r—. X -. 

"a '•it* o c^d d 

or ° ■ = — ^ .*. a : arb ^ : •' c •* c+c?. 



Pkop. XI. If four quantities are proportionals, the sum of 
the first and second has the same ratio to their difference 
that the sum of the third and fourth has to their difference. 

Let aibiicid ; then also a+b: a — 6: ; c-^d: c — d. 
For taking VIII. and IX. cdternando, a+b:c+d::b:d 
and a — b: c — di : ^rcZ/hence (V.), a+6: c+diia — b :c 
— rf (and altemando), a+b:a — b : : c+d: c — d. 

Prop. XII. In any number of proportionals any antecedent 
has the same ratio to its consequent that the sum of all the 
antecedents has to the sum of all the consequents. 

Let aibiici d: leif:-. g\hy &c. ; then also aibiia 
+ c+^4-^+ &c.:6+fl?+/+A+ &c. 
Since (ib=:ba, adznbc, af =. be, ah = be/, &c., we have 

a(J) + d+f+h+ &c) = b{a+c+e+g+ &c.); whence ^ 

+A+ &c. In like manner it may be shown that c:d::a 
+ c+e+g+ &c : b+d+f+h+ &c 

Prop. XIII. In two or more ranks of proportionals the 
products of the corresponding terms are also proportionals. 

Let a:b::c :d ) 

e\f\\g\h > Then also aei : bfk ::cgl: dhm, 
t :k::l :m ) 

Since ^=H, !-f, «=i,. then ~=:^ .: aei: bfk: 

h d' f K k m bfk dhm -^ 

:cffl:dhm. 

Prop. XTV. If there are any number of quantities more 
than two, and as many others, which, taken two and two in 
order, are proportionals; then ex cequo are the extreme 
terms in the former series, proportional to the extreme terms 
in the latter. 

Let a, b, c, d, be any number of quantities, 
&iicL e, f, g, h,as many others. 
Let a: b::e:/ 

b : c:: f:.Q V- Then also aidiieih. 
. c 



J, g, n, as ma 
: b::e if \ 
:c::/:g > 
:d::g:h ) 
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Since t = ^* - = -> and ^ = |, we obtain^ by multiplying tlie 
alternate fractions toffether. r4=?7or^ = ?/. orrfrr^iA, 

° bed jgh a k 

'Prop, XV. If there are any number of quantities more 
than two^ and as many others^ which^ taken two and two in 
a cross order^ are proportionals ; then ex cequo inversely are 
the extreme terms in the first rank^ proportional to the ex- 
treme terms in the second. 

Let a, b, c, d, be any number of terms^ 
aiid e, f, g, h,2i& many others ; 

and let a\h\\g\h \ 

h\ c\ ifig > Then also aidiieih, 
c : di lexf ) 

Since t = |> - ='^ ^"^^.,5 ^^7' ^^ multipljdng the alternate 
fractions together, we obtain r-4 = f^ or ^ = | .*. a : (/ : : e : A. 

° bed hgf d h 

Prop. XVI. When four quantities are proportionals, if 
the first and second are multiplied or divided by any quantity, 
and also the third and fourth by the same or any other quan- 
tity^ the resulting quantities wiU be proportionsds. 

Let aibiicid; then also ma : mb ::nc: nd. 

Since r = ^ multiply botli terms of the first by m, and both 

terms of the last by n, and we obtain — 7 = — . .•. ma : mb : : nc 

•' mb nd 

: nd, where m and n may be any quantities either integral or 
fr'actional. 

Prop. XVII. When four quantities are proportionals, if 
the first and third are multiplied or divided by the same quan- 
tity, and also the second and fourth by the same quantity, the 
resulting quantities will be proportionals. 

Let aibiicid; then also ma inhume: nd. 

Since r = ^^ multiply both these by -, and we obtain -r- = -5 

.*. Tna inbiimci nd, where m and n may be any quantities 
either integral or fractional. 

Prop. XVIII. If four quantities are proportionals, the like 
powers or roots of these quantities are abp proportionals 
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Let aibiicid; then also a** : d** : : c^ : rf**. 
Since t = ^ raise each of these fractions to the power ex- 

pressed by m; then f-j =(w) ^^ ^~5» '*• ^'"•^** 

: : c^ : d^, where «» may be any quantity either integral or 
fractional. 

Prop. XIX, Of any number of quantities in continued pro- 
portion^ the first has to the third the duplicate ratio^ to the 
fourth the triplicate ratio^ to the fifth the quadruplicate ra- 
tioj &c. of that which it has to the second^ or of that which 
the second has to the thirds &c 

Let a:biib;ciic:d::d: ei : e :/: : &c. &c. 
Then a: c: :a^ :d^ or in the duplicate ratio of a: b. 
aid: :a^ : b' . .' . . . triplicate ratio of a: b. 

a: e::a* : b^ quadruplicate ratio of a : 6. 

&c. &a &c. &c. 

1st, a:b::b: c, or by Prop. XVIII., a':b^ ::b^ : c« / 
but by Prop. II., b^ = ac .*. a^ :b^ ::ac: c^ ora^ :b^ ::a: cs 
bence a: c::a^ :b^ ; also a^ :ac::b^ :c^ .\aic::b^ : c*. 

2d, ai c : : a* : b^ ; 
but c : d: : a : b 
.*. a : d: : a^ : b^ : : b^ : c^ : : c^ : d^. 

Sd, aid: :a' :b^. 
and d: e :: a : b. 
.*. a: e : : a* : 6^ : : 6* : c* : : c^ : d^ : : d^ : e*. 

KXBRCISES. 

1. There are two numbers which are to each other as 5 : 4, 
and if 5 is added to the greater, and 1 subtracted from the 
less, the sum will be to the remainder as 5 : 3. What are the 
numbers ? Ans. 20 and l6. 

2. Divide the number 120 into two such parts that their 
product shall be to the difference of their squares as 2 : 3. 

Ans. 80 and 40. 

3. The number 45 is divided into two parts, which are to 
each other in the triplicate ratio of 4 : 2. Find a mean pro- 
portional be,tween them. Ans. 14*14213. 

4. The product of two numbers is 48, and the difference 
of their cubes is to the cube of their difference as 37 : 1* 
What are the numbers ? Ans. 8 and 6. 

5. Divide the number 100 into two such parts that 6 times 
their product shall be to the sum of their squares as 24 : 17- 

Ans. 80 and 20. 
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6. There are two numbers whose product is 15, and the 
difference of their squares is to the square of their difference 
as 4 : 1. What are the numbers ? Ans. 5 and 3. 

7. Let a;* : y* : : 49 : 36 and ^x — y : a:+ 6, in a ratio com- 
pounded of the ratios of 2' : 2^ and 2 : 5. Required the ya- 
lues of X and y, Ans. ar = 14, and y =z 12. 

8. There are two numbers in the triplicate ratio of 4 : 1 
whose mean proportional is 32. What are the numbers ? 

Ans. 256 and 4. 

9. li dx=:cy and x:y m the triplicate ratio of a:b ; 

show that the ratio of a : 5 is that ofljc+xi l/d+y. 



OP VARIABLE QUANTITIES. 

Quantities which alter their values are called Variable 
Quantities, and they are often so related to one another, that 
when one of them is increased the others are increased or di- 
minished according to a constant rule. 

Thus if a body mores uniformly, the space it describes in- 
creases in the same ratio with the time. * 

Let S and s be two spaces, T and t the times in which they 
are described, then S : T : : * : / or S : * : : T : ^ where S is said 
to vary directly, as T, and this relation is written S oc T. 

If the relation between S and T is such, that whilst S by 
increasing becomes s, and T by diminishing becomes t, in sudb 

11 
a manner that in all cases S : * :: ^ : T or S :*:: = :- ; then 

S is said to vary inversely , as T, and is expressed S oc ;=. 

If three quantities, S, T, V, are so related to one another, 
that when S is increased to *, T x V is also increased to ^ x t?, 
so that in all cases S : * : : TV : tv ; then S is said to vary, 
as T and Y jointly, and is written S oc TV. 

If the three variable quantities are so related to one another, 
that when V is increased to v, S is also increased to 8, and T 
diminished to t, so that in all cases V : t? in the ratio com- 

poimded of the ratios of S : * and 7=^ : - or V : t? : : — : ' / then 

V is said to vary directly, as S, and inversely, as T, and is 

S • . 1 

written V oc 7=. In this case, if S is constant, V a 7=^ or V 

is said to vary inversely, as T. 

These are called general proportions ; and if the values 
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of the variable quantities can be determined at a given period 
of their increase or decrease^ they may be reduced to deter- 
mined proportions. 

Prop. I. If S a T, and T a V, then S cc V. For 8 : * 
: : T : ^ and T : ^: : V : t? .-. S : * : : V : t?; hence S a V. 

Prop. II. If S a T, and T o: ;i, then S a ~. For S : * 
: : T : ^and T : ^: : t?:V: :=:-.•. S : ^ :: = : - ,- hence S oc ==. 

y V y V V 

Prop. III. If S cc V and T cc V, then S±T a V. For 
S: s::V:v and T : t: :V :v .\ S: s: :T : t, or altemando^ 
S : T : : * : /, componendo^ S±T : T : : szilt : t, and alternan- 
do, S±:T:s±t:T:t, but T:t::V:v .-. S±T:^±/ 
::V:v; henceS + TccV. 

Prop. IV. If « cc V, and T o: V, then V oc VST. For 
8:s::V:v and T:t::V:v .-. ST : st: :V^ : v^ ; hence 
VST : a/St : : V : t? or V o: V ST. 

Prop. V. If S cc T, and V cc X, then SV o: TX. For 
S : * ; : T : ^ and V :v::X:x .'. SV isv:: TX : tx ; hence 
SVocTX. 

Prop. VI. If S oc T, then S oc nT, where n may be any 
number either integral or fractional. For S : * : : T ; / .*. mul- 
tiplying the last ratio by n, we get S : * : : nT : nt ; hence 
SanT. 

Cor. If S oc T, then S = T multiplied by some constant 
quantity. For S : * : : T : /, or altemando, S : T : : * : ^ / hence 
in every state of the quantities the ratio of S : T is the same. 
Let it be that of w : 1, then S : T : : n : 1 .-. S = wT or 

S 
n = =^; hence the value of n will be known, if the corre- 
sponding values of S and T at any period of their variation 
be known. 

Prop. VII. If S oc T, then S" oc T^, where n may be any 
number either integral or fractional. For S : * : : T : / .•. by 
Prop. XVm. of Proportion, S** : «« : : T" : T ; hence S" cc T«. 



Prop. VIH. If (V+T)«a (V — T)«, then V« + T« 

a VT. For (V-|-T)« : (t?+0* : : (V — T)« : (t? — 0* or 

V-|-T)«;(V— .T)«::(«?-|-0*: (t?— 0^ a^^ by Prop. 

"L of Proportion, 2V« +2T« : 4VT : : 2t?« + %t^ : 4t?/, dl- 



s 
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Tiding by 2, we get V«+T« : 2VT : : v^+t^: 2trf or V« 
+ T« : »«+/«: : 2VT:2vt: : VT: vt; hence V«+T« oc VT. 

Prop. IX. If V a T, then SV a ST, and ~ a 1. For 
V:v::T:t and S : * : : S : * .•. SV : *r : : ST : ^, also 
-=-:-:: -5 : - ; hence SV cc ST and -^ oc « . 

Prop. X. If there are two ranks of quantities, S, T, V, && 
and X, Y, Z, &c. related in such a manner, that S oc X, 
T (x Y, Vo: Z, &c.; then will STV, &c.a XYZ, &c For 
S : * : : X : ar, T : / : : Y : y, V :v::Z:z, &c. .•. by Prop. 
XIII. of Proportion, STV, &c. : stv, &c : : XYZ, &c. : xi^ 
&C. ; hence STV, &c a XYZ, &c 

Prop. XI. If S depends upon T, V, X, in such a manner, 
that S a T, when V and X are constant ; S cc V, when T 
and X are constant ; and S a X, when T and V are constant; 
then S oc TVX, when they all vary. For let the respective 
values of S be ^, a, 6 ; then when all the quantities vary, we 
hare S: s :: T : t 1 Hence, by composition of ratiosi, 8:b 
s :a::V:v > : : TVX : tvx or S cc TVX, whi(^ must 
a: b::^: X j be true, whatever be the number d 
quantities. 



LITERAL ANALYSIS. 

When the known quantities are expressed in numbers, these 
numbers disappear during the progress of the operation, and 
the answer, when obtained, does not exhibit the process by 
which it has been deduced from the assumed data. This mode, 
though generally adopted in the solution of practical exercise^ 
does not exhibit sufficiently the true difference between arith- 
metic and algebra, but rather confounds them. The essential 
character of algebra, taken in its most extensive meaning, is, 
that the results of its operations do not give the particular va- 
lues of the quantity or quantities sought ; they only represent 
the operations which ought to be made upon the given quan- 
tities, for obtaining the values of those sought, according to 
the conditions of the problem ; so that the principal object of 
al^bra is the investigation of theorems ana the exhibition <^ 
nues for the arithmetical or geometrical solution of problems. 
For accomplishing these purposes, it is necessary to represent 
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the known quantities by letters^ as well as the unknown ones. 
The former are represented by the first letters of the alphabet^ 
a, bf c, &C. and the unknown ones by the last letters^ x, y, z, 
&C. The question is translated into equations^ and these equa- 
tions are resolyed by the preceding rules ; and then the values 
of the unknown quantities will be expressed in a eeneral way 
from their relations to those which are given in Uie question. 
Consequently^ if this general expression be transferred from 
algebraical diaracters mto common language, it will give a 

gmeral rule for the solution of all questions of the same kind, 
ut the expressions will answer the same purpose as accurately 
in algebraical characters, and then they are called Theorems. 

1. Gtiven the sum s, and the difference d, of two quantities 
z and y y to find the quantities, x+y = s, and x — y z=id : 

by adding these equations we get 2a: = *+ cf, whence x = -r- ; 

and by subtracting the equations we get 9.y:=.8 — d^ and 

y = T* ■ These values, expressed in common language^ give 

the following rules, viz. 

To find 3ie greater, add the difference to the sum^ and 
divide by 2. 

To find the less, subtract the difference from the sum, and 
divide by 2. 

2. Given the sum Sy of two quantities x and y, and the dif- 
ference of their squares D ; to find the quantities. x-{-yz=s, 
luid x^ — y^ = D ; and dividing the latter by the former, we 

get a? — y = — ; whence, as before, a: = |-|- — and y = | — — , 

or z=z—- — and v = — 5 — . 

8, As exercises, the student may investigate the following, 
viz. Of two quantities, their sum, difference, product, quo- 
tient, sum and difference of their squares, any two being given ; 
to find all the rest The operations wUl be similar to those 
used in the two last questions ; and the results, except for the 
sum and difference 01 their squares, are given in the following 
Table, in which x and y are the quantities, s = their sum, 
d = their difference, p = their product, q = their quotient^ 
Z = the sum of their squares, and D = the difference of their 
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The use of this Table is plain. Suppose the sum of two 
numbers to be 277, and their difference to be 115 ; then the 

greater number is (t±£) = (?II±Hf ) = ^ = 196. 

Suppose again the difference of two numbers to be 10^ and 
their product II9. 

The greater number is ^ + (^-^4- 4.)* ^ 10 + (100 + 476)* 

__ 10 + ^576 _ 10 -f 24 _ ., ^ 
— 2 -— ^— -17. 

Suppose the sum of their squares to be 250, and the differ* 
&ice of their squares to be 88. 

The greater number is (^)* = (?^2±^)i = ^169 

""The less is (^)i = (?^«)i = ^si = 9. 

4. Given the sum s, of the products of two quantities^ by 
known multipliers m and n, and also the sum of their products 
Cj lyy other Imown multipliers p and q, to find the quantities. 

Here mx+ny=zs, and pz+qif=:c; multiplying the 
former equation by p, and the latter by m, they become 
pmx+pny =zps, and mpx+may=:mc; subtractings we 
get npy — mqtf =zps — mc ; ana dividing by np — mq, we 



— ^ *_ • "iTi fViA ooTviA Ttraxr rtra nnA />• ^— _A 



nc 



obtain y = ; in the same way we find z = 

5. Given the sum s of the quotients of two quantities by 
known divisors m and n, and also the sum c, of their quotients 
by other known divisors p and q; to find the quantities. 

Here -+^ = *, and *+? = <:, whence nz+my = mns, 

m n P 9 

and qz + py = pqc ; which, resolved as the last, give 
^ _ y«(«»-?f) and y = "?(""- P') 

6. Given the values m and n, of two ingredients ; to find 
the quantities which must be taken of each, to form a given 
quantity a, of a compound of a given value e. 

Here x+y = o, and mx+ny = ae. 



Ans. a; = a , and i/ = a- 

an ^ ^ •• •' a* 



7. Given the times m and n, in which two agents could 
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produce the same effect separately ; to find the time in which 
they could do it jointly. 

Here-4-- = l. Ana. a:=-^. 

m n m + * 

8. Given the times m, n, and r, in which three agents can 
perform the same work separately ; to find the time in which 
they can do it jointly. 



Here*+- + - = 1. Ans. «=: 



vinr 



m n r win -J- nir + nr 

9. Given the times m, n, and r, in which every two of 
three agents can perform the same work ; to find the time x, 
in which they can do it jointly, and also the times y, z, and 9, 
in which each of them can do it separately. 

TT X . X , X - . 2mnr 2mnr 

Here - H — — =2. Ans. a:=: — ; — -,y = 7 — ; — r , 

TO n r mn + mr + nr *^ {m + n)r — aiit' 

z = 7 — r-x- » and V = 



(to 4- ryn-^-va^ (n + r)OT — nr 

10. Given the specific gravities m and n, of two ingredients, 
and the quantity a, of the mixture, with its specific gravity r; 
to find the quantities of the ingredients. 

Ans. X = —r" r, and y = -7^^^ ^, 

r{m — ») ^ r{m — ») 

11. Given the first distance d, of two moving bodies, and 
their velocities m and ny to find the time of their conjunction. 

Ans. z = , where the upper sign must be used when 

they move in opposite directions, and the under when they 
move in the same direction. 

12. Given the sum 2*, of two numbers, and also the sum of 
their squares, of their cubes, of their fourth, or of their fifth 
powers, &c. ; to find the numbers. 

Note. If their difference be 2x, the numbers will be « + r and 
$ — X ; and then the sum of their squares will be ?«' + 2x*, the sum 
of their cubes ?#■+ 6*jr*, the sum of their fourth powers 2** + 12»*x' 
+ 2x*, and the sum of their fifth powers 2#* + f.Ot*x^ + IGax*, all of 
which are of the quadratic or simple form, and may be resolved as 
before ; but the sums of the higher powers exceed the quadratic 

Let z = sum of their squares, c = sum of their cubes, q = 
sum of their fourth powers, and/7 = sum of their fifth powers; 

= (-S.«±V]?+8?)* =(-.>±V 4+^)4 
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IS. To find two numbers of which the product is given p, 
and also the product P^ of the sums when each is increased by 
a given number (a and 6). 

14. To find two numbers such, that their sum, their pro- 
ducty and the difference of their squares, shall be all equal 

Ans. y = —^ , and z = "i^ . 

15. Given the sum a, of two numbers, and the sum of 
their square roots 5 y to find the numbers. 

Ans. a; = ia ± i6V2a — b^. 

16. Given the excess of the product of two numbers above 
their sum a, and also the sum of their squares 6 / to find 
the numbers. 

Ans. Thegreater='-±^^^f=^,aiidtheles8=?=^^ 

where s and p are their sum and product, and can easily be 
obtained from the question. 

17. Given the sum 8, of three numbers, of which the square 
of the greatest is equal to the squares of the other two, and 
also the continued product p, of the three numbers ; to find 
the numbers. 

Ans. The greatest is — ^* "~ — ^; the sum of the two 

lessiB^*±^;;-igg; and their product is " ± ^'l " '^'^ 

18. Let/? be the given product of the two lesser numbers, 
the rest as before ; to find the numbers. 

Ans. The greatest is * "T" ^, the sum of the two less is 

!l±«?, and their difference is (♦--!»«> + *?•)*. 

19* Lety as before, the square of the greatest be equal to 
the squares of the other two, and the square of the middle one 
equal to the product of the greatest and least, and let the sum 
8 of the three be given ; to find each of them. 

Ans. The greatest = ^(^5+1 — V2V5 — 2). 

20. Suppose still the square of the greatest equal to the 
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sauares of the other two^ and let the difference of the squares 

of the two least be equal to the product of the greatest by a 

given multiplier m, also the difference of the two least is giyen 

z=dj to find the numbers. 

jj 

Ans. The greatest is = — z, or putting n" = 2d* 

— !»*, it is = — , the next is = ^ > ^^^ *^® ^^^ ^ 

n zn 

___ (m — n)d 
"" 211 • 



PROGRESSIONS. 

A SERIES of quantities, which increase or decrease by a 
common difference, is called an Arithmetical Progression ; aa^ 
2, 5, S, 11, &C., or 88, 85, 82, &c 

A series of quantities, which increase by a constant multi- 
plier, or decrease by a common divisor, is called a Geometrical 
Progression; as, 2, 8, 32, 128, &c., or 567, 189, 63, &c 

The greatest and least terms are called the Extremes, and 
the other terms the Means. 

ARITHMETICAL PROGRESSION. 

If a represent the least term, y the greatest, d the common 
difference, and n the number of terms, any arithmetical pro- 
gression may be expressed thus : a,a-\-d,a+ 9.d, a -f- Sd, &c. 
ascending ; or y^y — d,y — 9.d, y — Sc?, &c. descending. 

From these expressions it appears that the coefficient of d 
in any term is less by 1 than the number of that term. 

Prop. I. The difference between the extremes is equal to 
the common difference, multiplied by the number of terms 
minus one. For the coefficient oidva the »th term is n — 1. 

Cor, Hence y = a + (» — X)dy and a =y — {n — V)d, 

Prop. II. The sum of the extremes is equal to the sum of 
any two terms equally distant from them. 

For any term exceeds the least, as much as its corresponding 
term is less than the greatest. Thus^ if the series ascend from 
a toy, the whole will be a, a+ d, a+2d, &c, y — ^d,y — d, 
y ; where the sum of any two corresponding terms is a-f-y. 

Cor, The double of any term is equal to the sum of any 
two terms equally distant from it. 

Prop. III. The sum of any number of terms is equal to the 
sum of the extremes multij^ied by half the number of terms. 
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For by adding the extremes, and every two equally distant 
from them, we obtain equal sums, of which the number is half 
the number of terms of the series. 

Cor, 1. Hence if * = sum of the series, s = («+y)s. 

Cor, 2, If the number of terms be odd, and m the middle 
one, then 8 = nm ; for 9.m =.a+y. 

Cor. 3. In a series of natural numbers, 1,2, 3, &c. n, the 

sum * = « X —5 — * for w is the greatest term, and n+1 the 

sum of the extremes. 

Cor, 4. In a series of even numbers, 2, 4, 6, &c., s = 
«(«+!); for this series is 2 x(l+2 + S+ &c) 

Cor, 5, In a series of odd numbers, beginning at 1, as 
1, 3, 5, &c, 8=zn^ ; for the sum of the extremes is double 
the number of terms. 

1. Required the 12th term of the series 5, 8, 11, &c. 
Here w = 12, a = 5, d = 3; therefore y =5 + 11 X 3 =38. 

2. Required the 7th term of the series 182, 178, 174, &c. 
Here « = 7,y = 182, d=z4f; therefore « = 182 — 6x4 

= 158. 

3. Required the sum of 12 terms of the series 3, 8, 13, &c. 
Here a=z3, d = 5, « = 12, y = 3+ 11x5 = 58, and 

* = (58 + 3)6 = 366. 

4. Required the sum of 14 terms of the series 89^ 85, 81, &c. 

Here a = 89 — 13 x 4 = 37, and * = (89 + 37)7 = 882. 

From these propositions any two of the five things men- 
tioned may be found, if the other three be given. The theorems 
for finding them are expressed in the following Table :^ 

USE OF THE TABLE. 

1. Let the least term be 7, the common difference 2, and 
the sum of the series 567. Required the greatest, and the 
number of terms. 

/v^(567 X 8 X 2 + 14-.2|«) = V(9072 + 144) = V92l6 =96, 
and — j^ = 47, the greatest term ; and — T" . — =21, the 
number of terms. 

2. Given the least term 5, the number of terms 30, and 
the sum of the series 1455 ; to find the greatest term and the 
common difference. 

14.55x2 r /^a i.1. 4. «4. 1455 — 5x30 « ., ,./. 

— ^ 5 = 92 the greatest, — jj^j^j — = 3 the dif- 
ference. 
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GEOMETRICAL PROGRESSION. 

If a be the least term of a geometncal progression, y the 
greatest, r the common multiplier or divisor, c^led the com- 
mon ratio, and n the number of terms, such a series, if 
ascending, may be expressed thus, a, ay, ar**, ar^, &c., or if 

descending, thus, y, -, ~, •^, &c.; where the exponent of 

r is one less than the number of the term. 

Prop. I. The greatest term of a geometrical progression 
is equal to the least term, multiplied by that power of the 
common ratio, of which the exponent is the number of terms 
minus one. 

For in the nth term, the exponent of r is » — 1. 

Therefore y = af^—^, and a = -35. 

Hence if a = 1, y = t^~^. 

Required the 8th term of the series 2, 6, 18, &c. 

Herea =2, r = 3, » = 8 ; therefore 2x5'' = 4374. 

Prop. II. The product of the extremes is equal to the 
product of any two terms equally distant from them. 

For aXf/ = arx- = ar^ x —^y &c 

Cor, 1. The square of any term is equal to the product of 
any two terms equally distant from it. 

Cor, 2. If there be four terms, the product of the means, 
divided by either extreme, gives the other ; and if there be 
three terms, the square of the mean, divided by either extreme, 
gives the other. 

1. Required a third proportional to ^b and 425. Ans. 2125. 
2 a fourth proportional to 18, 54, l62. . 486. 

Prop. III. If the sum of a geometrical progression be 
multiplied by the common ratio, and the series be subtracted 
from the product, the remainder will be equal to the excess of 
the product of the highest term by the ratio, above the least 
term. 

For the whole series, except the least term, will be included 
in the product Thus, if a'\'ar-\-ar'^, &c+4+-+y = * 

be multiplied by r, it becomes ar + ar^, &c. + -+y +yy =*r/ 
and subtracting the original series^ we obtain yr -— a =«r— -«» 
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Whence s = ^^ ^ =: — — ^^^V-.* 

r — 1 r — 1 

Cor. 1. The difference between any two adjacent terms is 
equal to the less multiplied by the ratio^ wanting one. 

Thus, ar^ — ar* = ar* x (^ — 1). Wherefore, if the dif- 
ference of the extremes be multiplied by the greatest term but 
one, and divided by the difference between the two greatest 
terms, the quotient will be the sum of all the terms except the 
greatest. For the divisor is the product of the multipher by 
r—1. 

Cor, 2. If the common ratio be 2, the difference of the 
extremes is the sum of all the terms except the greatest. 

Cor, 3, If a descending series be interminate^ the least 

term may be considered =: 0, and the sum = ^ , 

1. Required the 8th term of the series 4, 8, l6, &c. 

4x2'^ = 4X128 = 512. 

2. Required the sum of 12 terms of the series I, S, 9i 
27, &c £1z:l! = *-?11^ = 265720. 

3. Required the sum of 8 terms of the series 1^ ^ ^^ 

&C. blJl'-/'l 1 \ 3__6560 3_ 3280 

1 — i "~V 6561 / -^ 2 "" 6561 '^ 2 ■" 2187* 

4. Given the extremes a and y, and the sum of the series s, 
to find the common ratio and the number of terms. 

Ans. r = . Having found r, r^~^ = -. And in 

logarithms, where R, Y, and A represent the logarithms of 
r,5(, anda, (/i — 1)R = Y — A, and »=:X^=A±5:. 



• In this formula r may represent any quantity, intend or fractional, ex- 
cept unity. If r = I, there could be no progression ; for every power of 1 is 

1, and therefore the formula would be .' = , a very improper ex- 

pression. When a is multiplied by a quantity less than 1, the product is less 
than the multiplicand ; and the less that the multiplier is taken, the less will the 

Sroduct be ; so that a x = 0, or less than any quantity. Again, when a is 
ivided by a quantity less than 1, the quotient is greater than a ; and the less 

that the divisor is taken, the greater will the quotient be : therefore ~ will be 

infinitely great, or greater than any quantity. To avoid this absurdity, divide 
first by tiie denominator, and then affix values to the quantities. If m^ — « 
be divided by r — 1, the quotient is ar^~^ +flr"~*-j-or^'~^+&c; and if 
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QUESTIONS ON PROGRESSIONS. 

1. To find four numbers in arithmetical progression, such, 
that their sum shall be 56, and the sum of their squares 864. 
Let the numbers be x, x+y, x+2y, x+3y, then their sum 4-x 
+ 6y = 56y or 2a: -f- 3y = 28, and the sum of their squares 

4a;*+ 12ay+ 14^** = 864, from which subtract 2a:+%|' 
^28S or 4a:* + 12ary+9y^ = 784; the remainder gives 
5y* =: 80, or y = 4, and ar = 8 ; and the numbers are 8, 12, 
16,20. 

2. To find three numbers in arithmetical progression, such, 
that their sum shall be 9^ and the sum of their cubes 153. 
Let the numbers be ar — i/, x, x+v, then their sum 3x = 9* 
and the sum of their cubes Sx^ "^^^Jl^ == ^^^' 

Ans. The numbers are, 1, 3, 5. 

3. To find three numbers in arithmetical progression, such, 
that their sum shall be 15, and the sum of the squares of the 
extremes 5S. Ans. 3, 5, 7- 

4. To find four numbers in arithmetical progression, such, 
that the sum of the extremes shall be 8, and the product of 
the means 15. Ans. 1, 3, 5, 7- 

5. To find four numbers in arithmetical progression, such, 
that the sum of the squares of the means shall be 52, and the 
sum of the squares of the extremes 6S. Ans. 2, 4, 6, 8. 

6. A traveller goes 9 miles a-day : after 7 days another sets 
out after him, and travels 4 miles the first day, 5 miles the 
second, 6 miles the third, and so on. In what time will he 
overtake the first } 

Here ^ a: = (a;+7)9. . Ans. 18 days. 

7. To find three numbers in geometrical progression, such, 
that their sum shall be 1, and the sum of their squares 21. 
Let Xi y, z, be the numbers. 

Then xz = y«, x+y+z=2 7, x^ +y^+z^ = 21. 

Ans. 1, 2, 4. 

8. To find four numbers in geometrical progression, such, 
that their sum shall be SO, and that the greatest shall be 
equal to the sum of the means multiplied by 1 ^. 

Let X, xy, xy^, xy^, be the numbers. Ans. 2, 4, 8, 16. 

r 3= 1, it will be a( 1 + 1 + 1 + 1+ &c) = noy which, tliough not a geometri- 

j»a ^2 

cal progression, is a determined q^iantity. In like manner would be 

m If dr were ^ a ; but if we divide first, the quotient will be <r + a, which is 
^ 2a, when x^a. And many other cases may occur like these. 



I 
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9. To find three numbers in geometrical progression, such, 
that their product shall be 64, and the sum of their cubes 584. 
Let X, xy, ;ry*, be the numbers. 

Then ar'y ' = 64, ar' x ( 1 +y ' +y « ) = 584. Ans. 2, 4, 8. 

10. To find three numbers in geometrical progression, such, 
that the sum of the first and third shall be 52, and their pro- 
duct 100. Ans. 2, 10, 50. 

11. To find two mean proportionals between 4 and 256. 

Ans. 16 and 64 

12. Given the sum of the squares a, of three numbers in 
arithmetical progression, and the excess of the square of the 
mean above tne product of the extremes 6 / to find the num- 
bers. 

Ans. Comm. diff. Jh^ mean V( ~-^ — )• 

13. Given the product of the extremes a, and the product 
of the means b, of four numbers in arithmetical progression; 
to find the numbers. 

Ans. Com. diff. v(*-=^), least \ { v(?^)_ v(^)}- 

14. Given the number of terms n, of an arithmetical pro- 
gression, their sum a, and the sum of their squares 6 / to find 
the terms. Let the terms be x +y, a?+ 2y, a?+ 3y . . . a?+ wy. 

Then y = ( *^=i^)i and ;r = « _ !i±i(5=i=^\*. 

15. Suppose t^o travellers set out at the same time from 
two places of which the distance is given, p. The miles 
travelled by the first per day form a decreasing arithmetical 
progression, of which the first term is given, a, and the com- 
mon difference d. Those travelled by the second form an 
increasing series, of which the first term is by and the common 
difference c. In what time will they meet } 

Let a+ d = /», and c — d-nzn, 

16. Given the sum 8 of five numbers in geometrical pro- 
gression, and the sum of their squares a / to find the numbers. 

Suppose V =1 sum of the first and third, then t? = - — — , and 
^'^ 2 25 



the second = v(t?* + (^y^)^) 



* — V 
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INTEREST AND ANNUITIES. 

In Simple Interest, the iDterest is computed on the prin- 
cipal only. Let p = principal or money lent, t = time^ 
r =: rate or interest of £l for the time one, $ = interest for 
the whole time, a = amount or sum of principal and interest; 
then r/ = interest of £l for the time /", and l+rt the amount 
of £l, and px{l + rt) =p +prt :=p+iz=za the amount of 
the whole; from which equations the value of any of the 
quantities concerned may be found in terms of the others. 

In Ck)MPOUND Interest, the interest at each term of 
payment is added to the principal, and the amount is the 
principal for the next term. Let R r= 1 + r the amount of 
£l for the first term, it will be the principal for the next 
term, and the interest upon it will be Rr, and the amount 
Rr+R = R(r+ 1) = R* will be the principal for the next 
term. In like manner we find that the amounts at the end 
of the following terms will be R^, R*, &c ; and at the end 
of the time t it will be R', and for the principal p it will be 
joR' the amount, and the interest will hepB.* — p=iiz=za — /?/ 
from which equations any of the quantities may be expressed 
in terms of the rest. 

Op Annuities. If w = principal, which yields £l of 
annual interest at the given rate, then tnR* — m = interest of 
this principal for the time i, which will therefore be the 

amount of an annuity of <£l for that time. But m z= -, and 
therefore the amount will be ; and for any annuity n, 

it will be ^^^-"" = a. And if p he equal to the present 

n 
y^ue of this annuity, then ^^^^ ^p^^t and p = ^R *, 

r 

where :^ is the present worth of £l. 

Op Reversions. When the annuity does not com- 
mence till some time after this, it is said to be in rever- 
sion. The amount, if it were to commence just now, would 

he nx ; but if it commence s years after this, it wiJI 

be ^ X — — - = a, and the presient worth /? = :j^ x ""Jl^ . 

r 
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From these equations any of the quantities may be expressed 
in terms of the others. 

In a Freehold Estate, the value y = - when the rent 

is £l, and it commences just now : and rr^- is its value, when 

it does not commence till s years after this, t/ is called the 
year's purchase or perpetuity, and oy = v the value of the 

estate, of which the rent is a, and ^ is the value in reversion. 

Annuities on Lives. Adopting Mr De Moivre's hypo- 
thesis, that of a certain number born at one time, one cues 
every year until the whole is extinct, a supposition which 
agrees nearly with observation, for ages between 10 and 60. 
An annuity of £l for a given life will be the sum of the 

series ^^^^ — h — -^4-"— -1 — h &c., continued to " ~" ^, where 

nr nr^ nr^ nr* 

n is the complement of the age, or what it wants of the 
age at which the oldest dies, which he supposed to be 
86, and r the amount of i:^l for a year. This sum is 

^ ^ = " ^ ?, supposing ^ to be the present 

n(r — 1)* n{r — 1) 

worth of an annuity of £l for w — 1 years. 

Again, the value of an annuity for two joint lives, of 
which the complements are n and m (the greatest m), 

.,, ,n — 1 m — l,n — 2 m — 2,n — 3^ to — 3.« 

Will be X X — r-H X i-+&C. 

n mr n mr^ n mr* ' 

continued to ^LnJl x ^^^> of which the sum is --f. 

1 X — - — + > or if * = 

mn '^(r— 1)« TOnx(r — 1)» 

value of the oldest life, the value of the two lives is 
■ ^^ ^ — — -" ^wi n) ) ^ ^^jjgj.g p _. perpetuity. 

If a question occur which involves both interest and an- 
nuities, an equation may be found answering to it by com- 
paring with one another the values of the quantities found 
separately. 

1. What will £lOOO amount to in 10 years, at 5 per cent 
compound interest? Ans. £1628, 17s. 9^d, 

2. What principal will, in 15 years, amount to £2000, at 
4 per cent, compound interest? Ans. £1110, 10s. 7jd. 



ALGEBRA. 81 

3. In what time will £200 amount to £318^ l6s., at 6 per 
cent, compound interest? Ans. 8-0016 years. 

4. In what time will a sum of money double itself^ at 
4 per cent, compound interest ? (1"04)' = 2. 

Ans. 17*673 years. 
' 5. Required the amount of £20 annuity for 41 years, at 
.5 per cent.? Ans. £2556, 15s. lid. 

"^ 6. What annuity will, in 7 years, amount to £79^ at 4 per 
cent.? Ans. £100022. 

■ 7« What is the value of an annuity of £20, for a life of 54 
years of age, at 4 per cent. ? Ans. £209*55469. 

8. What is the value of an annuity of £20, during the joint 
liyes of two persons, whose ages are 35 and 25 years, at 4 per 
cent.? Ans. £221-9176. 

9. When 12 years of a lease of 21 years were expired, a 
renewal for the same term was granted for £1000. Eight 
years of that lease are now expired, and it is required what 
gum should be paid for a corresponding renewal of the lease« 
reckoning 5 per cent, compound interest. 

From the first transaction, find the annuity /^ = £ 1 75*029955, 
and from it find p, the present worth of the annuity in rever- 
sion = £5999294. 



OP SERIES. 



A Sbbies is an assemblage of terms, which continually in- 
crease or decrease according to a certain law, as the arithme- 
tical and geometrical series treated of before. 

A Converging Series is that of which the terms continually 
decrease, and a Diverging Series is one of which the terms 
continually increase. 

Series are obtained by division, by the extraction of roots, 
and by various other operations. 

1. Thus, °^ =a:+ — + ~ + — + &c., where the expo- 

nents increase by one. 

2a 2.4a> ' 2.'k6a^ 2.4.6.8a' 



2.A1S0 ^^Sm=^=« + ^~^ + F^ — ?T^^ 



-+ &c. 



2.4.6.8.10a> 



OF THE BINOMIAL THEOREM. 



The Binomial Theorem is a general formula, discovered by 
Sir Isaac Newton, whereby any power or root of a binomial 

d2 
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may be obtained without performing the involution or extrac- 
tion. The power or root found by this theorem is called tbe 
development or expansion of the bingmial. 

The following is the form in which it was first proposed by 
Newton : — 

(P+PQ)5==p"/i+!!!q+~!?=!^Q«+~".!^^ 

^ ' {^ n n zn n zn 3n 

Or 



(P+PQ)5=P^+^AQ+!!^BQ-|J!!=^CQ+^DQ+&c 

Where P is the first term of the binomial^ Q the second term 

divided by the first, - the exponent of the power or root, and 

A, B, C, D, &C. the terms immediately preceding those in 
which they are first found, including their signs + or — . 

This theorem may be applied to any particular case, by 
substituting the quantities in the given example for P, Q, ffh 
and n, in the formula, and then finding the result. 

Note. When the exponent of the binomial is a whole number, 
the series will terminate, but when it is a negative or fractional 
number, the series will not terminate, but proceed on, and become 
more convergent the smaller the second term is with respect to the 
first. 

Required the development of r in a series. 



Here 



-^^r = ar«(«« — y) — i P = x«, Q = — ^ 

(,._y)4 



tn = — I, and » = 2 ; hence 

P" = (a;«)» = (««)-* =i =A. 

^AQ = -lx^X-^, =/j =B. 

n ^ 2 X X* 2x* 

*» — gV Q_ "-l — 4> y 3y« y _ 3.5y» _ j^ 

Sn ^ "■ 6 ^ 2.4«» '^ «• "■ 2.4.6X' "" 



m 



3npQ_ — 1 — 6 3.5y» y _ 3.5.7y* __ ^ 



4» ^ 8 ^ 2.4.6XT ^ gi 2.4.6.8ap« 

&C. &c. &c. 



AJLGBBIUk. 83 

and— ^^^ 3: I y I 3y' ■ 3.5y' 3.5.7y^ 

(»«— )i "^ 2*^ 2-4*' 2.4.6x» + 2.4.6.8X' + *^ 

Required the value of 9^ in su^ infinite series. 
Here 9i = (8 + 1)^ .-. P = 8, Q=i w = 1, and w =3; whence 

P« = 8'» = 83 =2 =A. 

^AQ = |x2xl =^. =B. 

""■n^BO — ?— 1? y — V — — ^ — C 

2n '^ ~" 6 "^ a2« ^2* "" 3.6.2* "" 

«»— gy p — i—gy. L_vi- — -J — D 

3» ^~" 9 "^ a6.2* ^ 2»"^ 3.6.9.2' "" 

44t '^^— 12 -^ a6.9.2'' 2»~" a6.9.12.2^ ~" 

. oi — 24-— — -J— 4--— ^ ^'^ I Szc 

' • ^ — -6 -r 3^2, 3 g 24 T 3.6;9,27 a6.9.12.2»'' ^ 

1. Expand (y* — a?*)* into an infinite series. 

2. Expand f -j^^ — ^^3 into an infinite series. 

S. Develop ( -x^)' in an infinite series. 

4. Develop — ^^;^ — r in an infinite series. 

Ans. a:='(.irr^-t- -_3^^^^^^ ^ a6.9.12x* — *^^ 

5. Required the value of ^7 in an infinite series. 

. _L._— 1_.-J_^ 5.8 ^ 

'^^^^ ^""a2» aw* a6.9.2» aSSaSIF* ®^ 
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6. Expand (1 — ay into an infinite series. 

A , %a 2.3a* 2.3.8a» 2.3A13a* « 

Ans. 1 r-7-- — ^ ,,^ ■■ — ^ , ^ , ^ ^^ — &c. 

5 5.10 5.10.15 5.I0.I5.20 

7. Required the development of (^^ +^) in a series. 

A Ai ^ _ ^* I ^' 3 .5g* . 3.5.7j?g fl 

®* "*"26 2M^ "*" 2.466» 274. 6. 86'"*" 2.4. 6. 8.1 06 » ^ 



OF THE METHOD OF INDETERMINATE COEFFICIENTS. 

This is a general method of obtaining series from fractional 
and other expressions without either performing the division 
or extracting the root. 

Assume a series with unknown^ but constant^ coeflScients, 
and having the exponents of z increasing or decreasing in the 
same way as if the operation was performed at leneth ; then 
make this series equal to the given expression, and, clearing 
the equation of fractions, bring all the terms to one side, so 
as to make the equation = ; next make the first term and 
the coefficients of the several powers of x each = 0,* and 
there will arise as many independent equations as there are 
unknown coefficients, from which their values may be found 
and substituted for them in the assumed series. 

Let it be required to expand - — into a series. 

Assume r-^ = A+Ba:+Ca:* + Da;'+ &c. ; then multi- 

plying both sides by ft + a:, and transposing a, we obtain Kb 
— a+(Bft + A)a;+(C6+B)a:8 + (D6 + C)a;5+ &c. = 0, an 
equation which must be true whatever be the value of x. 

Now, making the first term and the coefficients of the se- 
veral powers of x each = 0, we have Ab — a = 0, or A = ^; 

B6 + A = 0, or B = :^ = — ^; Cft + B = 0, or C = | 

= + ^; Di+c = 0, or D = — = — ^, &c. And substi- 
tuting these values of A, B, C, D, &c. in the assumed series, 



• If the series {a + h)x + (c + d'jx* + {e -h/yv*, &c continued indefinite- 
ly, be always == nothing, whatever be the value of <r, then the coefficient oi 
any one power of j? is = ; that is, a + 6 = 0, c + </ s 0, &c. For if the 
equation be divided by r, then a-^b-^(c + d)je + (e +/)•*' = 0. Here let 
« s= 0, then a + 6 = ; therefore {o + d)x + {e +/)j?» = 0, whatever be the 
value of X ; and proceeding in the same way we find c + 6? s= 0, and so oa» 
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. o a ai . ox* ax* , >, . i_» u 'x • t 

^egetj^ = ^.— ^+^ — -^+&c, in which it is ob- 

yious that the signs are alternately + and — , and the ex- 
ponentSj both in the numerator and denominator^ increase 
continually by 1, that of ;r in the numerator being always 1 
less than that of b in the denominator. 

2. Expand , . ^ into a series. 

Ans. 1 ^ H + &c 



a a' a^ 



S. Expand V(^* — ^*) ^^^^ ^ series. 

Ans. a — — &c. 

2a 8a» 16a» 

4. Expand ^ ^ into a series. 

Ans. l + 3a:+4ar« + 7a:' + lla:* + 18a:5 + &c. 

This is a recurring series, in which each of the coefficients 
after the second is the sum of the two preceding ones. 

5. Expand ^(1 — a) into a series. 

4 ^ a a« 3a »^^ 3.5a* 3.5.7a» „ 

"®' 2 2.4 2^ 2.4.6.8 2.4.6.8.10 

OF THE SUMMATION AND INTERPOLATION OF SERIES. 

The summation of series is the method of finding a termi- 
nated expression equal to the whole series, and interpolation 
is the method of finding any term of an infinite series with- 
out producing all the rest. 

OF THE DIFFERENTIAL METHOD. 

The differential method consists in finding from the succes- 
sive differences of the terms of a series any intermediate term 
or the sum of the whole series. 

Pros. I. To find the several orders of differences. 

Let a+ft+c+fl?+e+ &c. be any series; subtract each 
term from the one following it, and the differences — a +6, 
— ft+^> — c+d, — fl?+«, &c. will form a new series, called 
the first order of differences. Again, subtract each term of 
this new series from the one that follows it, and the differ- 
ences a — 2b +c, b — 2c -^d, c — 2d+ e, &c. will form an- 
other series, called the second order of differences. Proceed 
in like manner for the third, fourth, fifth, &c. order of differ- 
ences, until they at last become equal to 0, or are carried as 
far as is required. 
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Note. When the several terms of the series continually in- 
crease, the differences will be all positive ; but when they decreaBe, 
the differences will be alternately negative and positive. 

Required the several orders of differences of the series 1, 
6, 20, 50, 105, 196, &c 

1, 6, 20, 50, 105, 196, &c the given series. 

5, 14, 30, 55, 91, &c 1st differences. 

9, 16, 25, 36, &C. 2d do. 

7, 9, ll.&c. 3d do. 

2, 2, &C. 4th do. 

0, &c. 5th do. 

2. Required the several orders of differences of the series 

I, 22, 3«, 4«, 5«, &c Ans. 1st diff. 3, 5, 7, 9, 

II, &c.; 2d diff. 2, 2, 2, 2, &c; 3d diff. 0. 

3. Required the several orders of differences of the series 
of cubes 13, 2', 35, 4', 5', &c. Ans. 1st diff. 7, 19, 
37, 61, &C.; 2d diff. 12, 18, 24, &c.; 3d diff. 6, 6, &c; 4tli 
diff. 0. 

Prob. II. To find the first term of any order of differences. 

Let d^, d", d**'y d^^y &c represent the first terms of the 1st, 
2d, 3d, 4th, &c orders of differences; then c/' = — a + d, 
c/'' = o — 2^+c, <;?'" = — + 36 — 3c + fl?, d^^'^a—^ 
+ 6c — 4€i?+e, &c from which it is ohvious that the coefii- 
cients of the several terms of any order of differences are re- 
spectively the same as those of the terms of an expanded bi- 
nomial, and are obtained in the same manner ; for the terms 
which are subtracted are actually added, but with contrary 
signs. Hence we infer that d^y or the first difference of the 
nth order of differences, is 

±arpw6±n.--Y--cipn.--g--.— — e;?±&c. to n + 1 

terms, in which formula the upper signs must be taken when 
n is an even number, and the under when n is an odd num- 
ber. 

1. Required the first of the fifth order of differences of the 
series 6, 9, 17, ^5, ^S, 99, 148, &c 
Here a, 6, c, d, e,/, &c. = 6, 9, 17, S5, 63, 99, &c. andn = 5 

I "("-l)(«- 8)(.-3)(«-*) ._ . . &4 B.4.S. 
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= 494 — 491 =4-3. 

2. Required the first of the sixth order of differences of the 
series 3, 6, 11, 17, 24, 36, 50, 72, &c. Ans. — 14. 

8, Required the first of the eighth order of differences of 
the series 1, 3, 9, 27, 81, &c Ans. 256. 

4. Required the first of the fifth order of differences of the 
series 1, ^, ^, ^, j\, &c. Ans. — ^\. 

Prob. III. To find the nth term of the series a, b, c, d, e, 
/, &c 

Since c?' = — ct+b, therefore b^a+d\ and, in the same 
manner, we find c = a + 2c?'+ef', d = a + 3d'+3d"+d'", 
e = a+4flr+6es?" + 4c?'"+c?'^ &c; whence the nth term 

1. Required the 7th term of the series 3, 5, 8, 12, 17, &c 
Here c?' = 2, cf = 1, d'" = 0, and w = 7 /. a+'^^d' 

z= SO = the 7th term. 

2. Required the 9th term of the series 1, 5, 15, 35, 70, &c 

Ans. 4^5. 

8. Required the 10th term of the series 1, 3, 6, 10, 15, 

21, &c Ans. 55. 

Prob. IV. To find the siun of n terms of the series a, b, c, 
d, e, &C. 

If we add the values of a, b, e, &c as found in the last 
problem, we obtain 2a +fl?'=a+fc 3a+3d^+d"=za+b+c, 
4a+6d'+4fd"+d''' =:a+b+c+d, &c; whence it is mani- 
fest that the sum of n terms must be na 4* n. ^T* df 

Note. When the differences become at last « 0, any term, or 
the sum of any number of terms, can be accurately found ; but when 
the differences do not vanish, the formulae in this and the preceding 
problem eive only an approximation, which will come nearer the 
truth as Uie differences aiminish. 

1. Required the sum of 8 terms of the series 2, 5, 10, 17, && 
Here n = 8, a = 2, cf = 3, £/" = 2, and d''' = ; hence 



88 ALGEBRA. 

na+n.^d'+n,''-^.'^^:^ = 8.2 + 8.|.3 + S^T^ 

= 16+ 84+112 = 212 = the sum of 8 terms. 

2. Required the siun of 12 terms of the series 21^ 56, 126, 
252, 462, 792, &c. Ans. 27125. 

3. Required an expression for the sum of n terms of the 
foiu-th order of figurate numbers, 1, 4, 10, 20, 35, &c. 

Here rf' = 3, fl?" = 3, es?'" = 1, and rf*^ = 0; hence* = « 

, n — 1 -, , n — 1 n — 2 ^i » — 1* — 2n — 3- i- i 
+ W.^-.3 + W.-^.-gp.3 + W.— ^.— ^.— ;^-.l, which, 

reduced, gives *= ^---9— •'^~-"X-> where it may be ob- 
served that the number of factors in the formula, and the or- 
der of differences which become ^ 0, are the same with the 
order of the figurates. 

4. Required the sum of 12 terms of the fourth order of 
figurates 1, 4, 10, 20, 35, &c. Ans. 1365. 

5. Required an expression for the sum of n terms of the 
series of squares (jn^ay + {m ± 2a) * + (»? ± Sa) *, &c 
+ (nizh nay. 

A o_i_ »* + lr. I n4-12n + la 

Ans. nw*itn.— 3— .2»ia+w.— 5— . — - — .a*. 

6. Required the sum of 12 terms of the series 3^+5* 
+ 7* + 9* + &c. Ans. 2924. 

7. Required an expression for the sum of n terms of the 
series of cubes (wia)' + {m± ^ay + (mziz 3ay, &c. 
+ (mziznay, 

A K I «+loO I fl+12«4-l_o I 

« 1 £ 

».(i±!)V. 

8. Required the sum of 9 terms of the series 3^ + 6^ + 9' 
+ 12» + &c Ans. 54675. 

9. Required an expression for the sum of n terms of the 
series of products />y+ (/? — 1) x (q — 1) + (/> — 2) X (g — 2) 
+ (jo — 3)x(y — 3)+&c. 

Ans. — ^|— -^ -> when n^q+1, and the series is 

complete ; but if the number of terms n, be less than q, the 

expression will be npq — n. ^T" {p+q) + n. ^~Z « "7" « 

10. Required the sum of 6 terms of the series 9X8 + 8 
X7+7x6+6x5, &c Ans. 232. 

Prob. V. To find by interpolation any intermediate term 
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of the series a, b, c, d, e, &c. whose terms are equidistant 
from each other. 

Let X he the place in the series, of any term y that is to he 
interpolated, and the first terms of the several orders of dif- 
ferences as before ; then will 

y:=:a + xd' + Z,'^.a'-{'X.'^f-^,d''' + &C. 

Note. In finding the differences, each term is taken from the 
one which follows it, so that, wlien the former is the greater, the dif- 
ference is negative ; hence, in applying the formula to practice, the 
signs of the differences must be carefully attended to. 

1. Required the logarithmic sine of 1° 1' 40", having given 
the log. sines of r 0', 1° 1', 1° 2', and 1° 3'. 

Series. Log. Sines. 1st Diff. 2d DifF. 3d Difl: 
1° & 8-241855 



1 1 8-249033 



7178 _^^^ 



7061 + 4 

1 2 8-256094 ^ —lis 

6948 ^^^ 

1 3 8-263042 

Here a = 8-241855, x = (1° 1' 40" — 1° 0') = 1' 40" = 1? 

= |, c?' = 7178, d" = — 117, and a'" = + 4; whence y = a 

+ xd^ + x.'~hi" + xf^f-^,d'" = a + ld' + |.|.rf" 

— Z'l'ld'" = 8-241855 + 011963 — 000065 — 000000 

o o SI 

= 8-253753 = log. sine of 1^ 1' 40". 

2. Given the log. sines of 2° 4', 2° 5', 2^ 6', and 2° 7', to 
find the log. sine of 2° 6' 30". Ans. 8-565719. 

3. Given the series — -, — •, --, — , — , &c to find the term 

11 2 

which fells in the middle between — - and 7-. Ans. — -. 

42 43 85 

4. Given the natural signs of 88° 54', 88° 55', 88° 5&, 88° 
57', 88° 58', and 88° 59', to find the natural sine of 88° 57' 
50". Ans. -999835. 

Prob. VI. To find any intermediate term of the series a, 
b, c, dy e, &C. by interpolation, when the first difierences of 
any order are small, or become = 0. 
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Find the value of the unknown quantity in the equatioD 
which stands opposite the given niunber of terms in tne fol- 
lowing table^ and it will be the term required. 



1. 

2. 
3, 
4. 
5. 



n. 



a — 6 = 

a — 2ft + c = 

a — 36 + Sc — fl? = 

a — 46 4- 6c — 4rf+ ^ = 

a — 56-t- 10c— 10rf+ 5«— /=0. 

&C. &c. &C. 

• , n — 1 n — 1 n — 2 

a — «6 + tt. - ,c - 



n.- 



n — 1 n — 2 n — 3 



n. 



.e — &c. = 0/ 



.d + 



1. Given the logarithms of 201, 202, 203, and 205, to find 
that of 204. 

Here the given number of terms is 4, and opposite 4 in the 

table stands a — 46+6^ — 4rf+^ = 0, or rf = ^ ^ ^"" . 

Now, using the logarithms of the given terms, we have 

Log. a = 2-303169 ) log. a = 2-303196 

6 log. c = 13-844976 
log. e = 2-311754 

18-459926 = a + 6c+c 
9-221404 = 4 log. b 

4 19-238522 



b = 2-305351 
c = 2-307496 
« = 2-311754 



Log. d or log. 204 = Z'SO^dSO 

2. Given the cube roots of 45, 46, 47^ 48, and 49, respec- 
tively equal to 3-556893, 3-583048, 3*608826, 3-634241, and 
S'659S06, to find the cube root of 50. Ans. 3-6840SS. 

3. Given the logarithms of 60, 6l, 62, 64, 65, and 66, to 
find that of 63. Ans. 1-799341. 

4. Given the logarithms of 101, 102, 104, and 105, to find 
that of 103. Ans. 2-012837. 



REVERSION OF SERIES. 



When an equation is given of this form, x =i az + bz^ 
r^cz^ + dz^+ &C., audit is required to find z in terms ofx, 
the method of doing this is called the Reversion of the Series. 



* It is obvious that this table is composed of the first terms of the 1st, 2d* 
3d, &c. 72th orders of differences ; and when any of these ordv s bbcome = 0) 
any^ intermediate term may be accurately found ; but if the differences do not 
vanish, the result is only an approximation which will come nearer the truth 
the more terms there are in the given series. 
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Assume the equation z= Ax+Bx^ + Cx' + 'Dz^+ SiC, 
substitute this series and its powers instead of z and its pow- 
ers in the given equation, then make the coefficients of the 
like powers of x each ^ 0, and they will give equations for 
finding the values of A, B, C, D, &c 

1 4 l^i lot 

Letx = v+^v'+^v>+^^V + ~v^+&c., and let it 

be required to find v in terms of x. 

Here the assumed equation is v =: Ax+ 'Bx' •i-Cx^ + Dx'' 
+ Ex" + &C. Therefore, 

ir»=+ia;» + |Ba:« + 5:^V + (lD+AB+A"');r»,&c 
lv^= +lf^ + '^Bx^ +(?B«+|c)x».&c. 

And equating the coefficients of the like powers of x, we have 
B+i = or B = -l. C+|b+1 = or C = +jL, 

D+lB«+lc+|B + A=OorD=_3l^&c There- 

fore v = ^-\^' + ^'^' -mo'''+&c.=x-f^+ ^^ 

— * 

|- kc, where the law of continuation is evident. 



i.S.4.5.6.7 



BBVEBT THE FOLLOWING 8EBIES. 

1. a?=y— y«+y'— y* + &c 

Ans. ^=:x+z^+x^+x^+ Sec 

^ 2 ^ 2.3 2.a4 ^ 2.3.4.5 

^- ^-"a 2a»^3a» 4a*^*^ 

Ans. y = ax(^ + ?+ |^+ ,-£5+ &c.) 
4. X = 1f — 1^ + £3:4^ — 2.3.4.5.6a* + ^''- 
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5. a: = ^ + ^+^+&c.(puti> = 2ar). 

Ans. v = t?* — -4- ^ + &c 

J^ •^ 3 '36 170* 

«• ^— y 2 — 8 16 121 «C. 

Ans. yz=.x^^ — ar-*+a;-^ — «-*+&& 



OF LOGARITHMS. 

Logarithms are a set of artificial numbers invented and 
formed into tables for the purpose of facilitating arithmetical 
computations. They are adapted to the natural numbers in 
such a manner^ that^ by their aid^ Addition supplies the place 
of Multiplication, Subtraction that of Division, Multiplica- 
tion that of Involution, and Division that of the Extraction 
of Roots. 

Logarithms may be considered as the exponents of the 
powers to which a given number must be raised, in order to 
produce all the natural numbers. 

Thus, let r be any given number, and let such values be 
successively assigned to x as will make r* = a, /^ = 6, r^' = c, 
&c. ; then x, xfy x'\ &c. are the logarithms of a, b, c, &c. re- 
spectively. 

If a;=: 0, then r* :=. 1, whatever be the value of r; hence 
in every system of logarithms the logarithm of 1 is = 0. 
Hence, also, when a: = 1, it is obvious a will be equal to r. 
The constant quantity r is called the radix or base of the 
system, and in every system it is that number whose loga- 
rithm is 1. 

Since r may be assumed of any value greater or less than 
unity, it is evident that there may be inniunerable systems of 
logarithms answering to the natural numbers ; but since 10 
is the base of our system of arithmetic, it has accordingly 
been assumed as the base of our common tables of logarithms ; 
therefore. 

Let/- =10, and we have 10"^ = i^ ^^"^ = 150* ^^"^ 
= ~, 10° = 1, 101 _- 10, 102 -. 100, 10' = 1000, &c that 

is, the log. of Y^ or -001 is — 3, of — or -01 is — 2, of jj 

or -1 is — 1, of 1 is 0, of 10 is 1, of 100 is 2, of 1000 is 3, &c. 
Hence it is evident that the logarithm of any number falling 



ALGEBRA. 93 

between '001 and -Ol will be — 3 + some fraction ; that of a 
number between '01 and *! will be — 2 + some fraction ; that 
of a number between •! and 1 will be — 1 + some fraction ; 
that of a number between 1 and 10 will be a proper fraction ; 
that of a number between 10 and 100 will be 1 + some frac- 
tion ; that of a number between 100 and 1000 will be 2 -[-some 
fraction^ and so on. 

It is therefore manifest that in this system the logarithm 
of any number^ and that of another 10, 100, 1000, &c. times 
greater or less, consist of the same decimal fraction, and differ 
only in the integral part ; so that all numbers, whether they 
are integers, decimals, or partly integral and partly decimal, 
have the same positive quantity for the decimal part of their 
logarithm: Thus, 

The logarithm of 2746 is 3438701 

. 274-6 is 2-438701 

. 27-46 is 1-438701 

2-746 is 0-438701 

-2746 is 1-438701 

-02746 is 2-438701 

-002746 is 3-438701.* 

PROPERTIES OF LOGARITHMS. 

1. Let a and b be any two numbers, and let r':=a, and 
r^ z=id; then x is the log. of a, and xf that of b. Now axb 
= r* X /-^ = /^ ■*"*', but the log. of /-'+*' is z+z' .-. the log. of 
ai = a? + a/ = log. a + log. b. In like manner it may be shown 
that log. abc = log. a+log. b+log. e. Hence the logarithm 
of the product of any number of quantities is equal to the 
sum of their logarithms. 

2. Again, - = —? = /-»-*',- but the log. of r'-*' = ar^a:' 

.•. the log. of T = « — x^=: log. a — log. b ; hence the loga- 
rithm of the quotient of any two numbers is equal to the dif- 
ference of the logarithms of these numbers, or the log. of a 

fraction - is equal to the log. of the numerator minus that of 

its denominator. If a is less than b, then log. a — log. b is 
negative ; consequently the logarithms of all proper fractions 
are negative. 

* When the index of the Ic^arithm is ne^tive, the sign — is generally put 
above it in order to distinguish it from the aecimal part, which must always be 
considered as + or affirmative. 
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3. Let a — /^ be raised to the nth power, then a^^r^; 
but the log. of r*^ is zn /. the log. of a** = a:« = n times the 
log. of a. In like manner, taking the nth root of a = r*, we 

if f ^ 

have a^zzzf^; but the log. of r" is - /. the log. of a" = - 

=: -2ii^ ; hence the logarithm of the nth power of any num- 
ber is equal to its logarithm multiplied by n, and the loea- 
rithm of the nth root of any niunber is equal to its logaritAm 
divided by n. 

4. Let a, na, n^a, n^a, &c. be a series of numbers in geo- 
metrical progression, such that x is the log. of a, and y that 
of n ; then r* = a, and i^ = n ; and the logarithms of the 
numbers in the geometrical progression will be r*, r*+*', r*^^, 
r*"*"^, &c., which evidently form an arithmetical progression. 
Hence, if a series of quantities are in Geometrical Progres- 
sion, their logarithms are in Arithmetical Progression. 

These principles being of the most extensive use in alge- 
braical calculations, the following examples are given as exer- 
cises to the student : — 

1. Log. (a,b,c,d. . .) =: log. a-j-log. ^+log. c+log. d, . . 

2. Log. (^) = log. a + log. ^+log. c — log. d — log. e. 

3. Log. (a'".^".(J*') = m. log. a+n log. b-\-v log. c. 

-^^ j=:«j log. a+nlog. b — t?log. c — slog.d* 

5. Log. (a« — b^) = log. {a+b) (a-^b)=z log. (a+b) 
+Iog. (a-— d). 

6. Log. {a^^b^)i = i log. ia+b) + i log. (a — b). 

?15 
,. — g. ^v.. .^ )=log.a'-|-|log»«=3log.a4-f log.a=-j- 

log. a. 

m 

8. Log. (a^ — b^y = - log. (a — 6) + - log. (a^+ab 

+ b'), or making (««=a6) =-Jlog. (o — 6) + log. (a+b 
+z)+hg.(,a+b — z)]. 

p. Log. (a* + ft*)', making Soft = z', it becomes log.{(<i 
+ b)» — z'l^ = illog. (a+b+z) + log. (a+b — z)]. ' 

^^' ^«- ^"(l + y =^^'"g- («-*)-S log. (o+ft)]. 
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11. To insert m geometric means between a and y. In 
the equation ^ = ar**^^, page 75, Prop. L, let n=zm+2 ; 

then the ratio r = (^Y^\ and log. y = ^°g' ^""\^g' " y hence 

the several means are ar, ar^, ar^, &c. . . ar^, and their logs. 
are log. a+log. r, log. a + 2 log. r, log. a+3 log. r, &c. log. 
a+m log. r. 

Let it be required to insert 10 means between 1 and 2 ; 
here log. a = 0, and log. r = ^^ log. 2 = 0*02736636 ; hence 
r = 1*065041^ and the logarithms of the consecutive terms 
are 2 log. r, 3 log. r, 4 log. r, &c. The progression is there- 
fore 1, 1-065041, 1-134312, 1*208089, 1286665, 1*370351, 
1-459480, 1*554406, 1*655506, 1*763182, 1*877862, 2. 

Prob. I. To find the logarithm of any given number. 

Let r* = N, then if ar be found in terms of r and N, it will 
be the logarithm of N to the base r. 

Put N= l + fiy and /•= 1 + a; then (1 +a)*= 1 + n; and, 
raising both to the »ith power, we have (l 4-«)'*" = (1 + w)"*> 
whatever be the value of m. Expand both sides of this equa- 
tion and it becomes 

_ , , xm(xin — 1) a I *«»(x»— !)(««— 2) « , ^ 

l+zma-i — ^—5 — ^a^'\ — ^ —^ ^a'+ &c. = 

1 +mn + -^^-5 — ^-n^ + -^ ^ -'n' + &c. 

Now, expunging 1 from both sides of the equation^ and 
dividing by m, we obtain 

(, xm — 1 a I (xm — 1 ) (xm — 2) « . « \ „ i •* "— 1 a 
a H g— a« + ^^ ^1 ^a' + &c.) = w+ -g— w« 

-j. V"*"" oQ "" ^ ^ + ^c. ; and since «» may be of any value, 
2*3 

let us suppose m =: 0, and the equation becomes 

ar(a— ia« + ia' — i«* + &c) = w— ^w« + Jw' — in* + &c 

.•. the W. of (1 + «) = ar = ^ - , , — — ,-r-v-*. 

Substituting in this equation for n and a their values N — 1 
and r — 1, we obtain 
• ^_ (y-l)-KN-l)' + KN-l)»-KN-lV + &c 

=:M{(N— n—i(N— 1)2 4.J(N— .l)5_i(N— l)4 + &c} 
where M is the modtdus of the system 

1 

— (r — l) — l('' — V« 4- i('- — l)' — l('' — !)* + &<'•' 
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Tliis series, therefore, gives us the value of x in terms of r 
and N ; but if N be any number greater than unity, it is evi- 
dently a diverging series, and of little use in the construc- 
tion of logarithms. 

In order to obtain a converging series, let us suppose N = 
n — 1 ; and, resuming the equation. 

Log. (1 + n = — : ,-r-r^ — , ^ . , = M(w — iw^ + 4n' 

— 4^* + &c-)> proceeding as before, we get log. (1 — n) 
= M( — n — \n^ — ^n^ — Jn* — &c.) ; and, subtracting this 
from the former, we obtain log. (1 -f «) — log. (1 — w) = log. 

1 + n 

--^ = 2M(n-f-Jn' + }n* + |n'^-f &c.); and as this equa- 
tion is true for every value of n, 

Let n = :^ , then " = ,, ^ and consequently 

^^S' ^—2 — ^^^ \n_i -r 3(N— 1)» ^ 5(N— 1)* ^ 7(N-1)' 
+ &c]; hence log.N = 2M{^-f3^-jp-f3p^ 

+ ^ + &c.| -f log. (N — 2), which is a series rapid- 
ly convergent, and therefore very convenient for the construc- 
tion of logarithms. 

Before proceeding farther, however, it is necessary to as- 
sign some particular value to M ; and since its value is ar- 
bitrary, let it be = 1, or the value first assumed by Lord 

Napier. Then log. N = 2 {^^ + gp^riyi + J^ZITji 

+ ^ + &c.| -flog. (N— 2); but it is obvious that N 

must be some number greater than 2, and we must therefore 
first find the log. of 2, which may be done, by supposing N=4. 

Hencelog.4 = log.2«=2log.2=2(i+^ + 3ij + ^ 
-f &c) + log. 2 ; and, expunging log. 2 from each side of the 
equation, it becomes log. 2 = 2(i + jjj + ^ + ^ + ji; 

+ ii^n + j^a) = 0-6931472. Haring thus found log. 2, 
and, availing ourselves of the properties of logarithms^ we 
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readily obtain the logarithms of all numbers^ by substituting 
in the formula 1,2, 3, &c. for N : Thus^ 

Log. 1 = • =0*0000000 

2= =0-6931472 

4 = log. 2« = 2 log. 2 . . . =1-3862944 

+ log. 3 . . . . =1-6094379 

6=log. 3 + log. 2 . • . =1-7917595 

'^ = <l + ^^ + 6T^+^) + ^'S'' =1-9459101 

8 = log. 2»=3log. 2 . • . =20794415 

9 = log. 3«=2log. 3 . . . =2-1972246 
10 = log. 2+log. 5 . . . =2-3025851 

&c.= &C. . . , . = &C. 

These are called Napierean Logarithms^ from the name of 
their ingenious inventor; but they are likewise commonly 
known by the name of H3rperbolic Logarithms^ from their 
connexion with the quadratiu-e of the hyperbola. 

Prob. II. To find the value of the base r in this system^ 
whose fnodtdus is 1. 

Let log. N or log. {n+ 1) = I, and since M = 1, l=zn 
— ^w* + Jw' — 4^* + &c« ; reverting this series^ we have 

1 + n or N=l + /+^ + gl4-^+ &C.; and since the 
base of any system of logarithms is that number whose log. is 
1, let / = 1, and we obtain the base r = 1 + 1 + « + ^^+ stt 

+ &c = 2-7182818. 

Since log. 2-7182818 = 1 

•7182818) ••^"^* or log. (2-7182818)« = 2 
•7182818)"^**'^ or log. (2-7182818)' = 3 
&c. &c. 

Hence the numbers whose h)rperbolic logarithms are 1, 2, 3, 
4, &c. are decimal numbers^ and therefore inconvenient for 
ordinary arithmetical computations. 

Pros. III. Having given the logarithm of any number to 
the base r, to find its logarithm to any other base s. 
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Let i^ -^.a, or ar = log. a to the base 8 ; then^ using tbe 

giveu logs, to the base r, we have x = ^-^ =. log. a X \ — ; 

hence the log. of a to the base 8 is found by multipl3ring the 
log. of a to the base r by the reciprocal of the W. of « to tlie 
base r. But this reciprocal is the modiUu8 of the system to 
which it belongs^ and is therefore constant in that system; 
consequently if wc suppose « = 10^ the base. of our conunon 
logarithms^ we will obtain the modulus of these logarithms, 

«>' M = hyp. log. 10 = fOTi = •'^3^944819. and 2M 

=: '8685889638. To construct a table of common logarithms, 
therefore^ we have only to multiply the hyperbolic logarithms 
already found by this value of M, or, which is the same thing, 
substitute the value of 2M in the formula whence we derived 
the h3rperbolic logarithms. Thus the common log. of N is 

.86858896 {^ + 3p^^ + ^pj4:3p + &c} + log. 

(N — 2). 

Now, making N successively 1, 2, 3, 4, &c and availing 
ourselves of the properties of logarithms as before, we have 

Log. 1= =0-0000000 

2 =:-86858896(i+^ + 3l, + &c. to 7 

terms) =O-SOlO300 

3 = •86858896(i+5i^ + ^ + &c.to 10 

terms) =0*4771213 

4 = lo§. 2« z= 2 log. 2 . . . =0-6020600 

5 = log. y = log. 10 — log. 2 • =0-6989700 

6 = log. 3 + log. 2 . . . = 0-7781513 

+ log. 5 . . . . =0-8450980 

8 = log. 23f = 3 log. 2 . . . =0-9030900 

9 = log. 3« = 2 log. 3 - . . =0-9542425 
10= =1-0000000 

&c.= dec. . . . . z=: &C. 

(< ■ 

As exercises, the student may calculate the hyperbolic and 
also the common logarithms of the numbers from 10 to 20. 
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Note. To obtain the logarithms true to 7 places of decimals, 
three terms of the series will be sufficient for numbers between 10 
and 29 inclusive ; two terms for numbers between 29 and 400 ; and 
ome term for all numbers above 400. 



APPLICATION OF LOGARITHMS. 

The index or integral part of the logarithm of any whole or mixed 
ninnber, as has already been shown, is always one ten tftan the number 
of kifegral Jiguret of which that number consists ; and, in decimal 
mictions, the index, which is negative, is that number which points 
out the dutance of Vie fir it ^gniflcunt figure from the place of units. In- 
stead of negative indices, their arithmetical complements to 10 are often 
used. Thus if there is no cipher between the decimal point and the 

first significant figure of the decimal, the index is 1 or 9 ; if there is 

one cipher between them, the index is 2 or 8 ; if two ciphers are be« 

tween them, it is 3 or 7, and so on. 

The indices being thus readily found are omitted in the common 
logarithmic tables, and the decimal part only of the logarithms in- 
serted. 

TO FIND THE LOGARITHM OF A NUMBER FROM THE TABLES. 

Look for the three highest figures in the margin on the left hand, 
and running along that line to the column which has the fourth 
figure at the top, you will find the logarithm for these four figures. 
If the number consists of more than mur figures, take the difference 
between the logarithm thus found and the next greater, and multi- 
ply it by the remaining figures, and firom the product cut ofi^ as many 
figures as are in the multiplier ; the rest added to the logarithm for 
the first four figures gives the logarithm required. 

Note. The mean differences given under D in the rifht-hand 
column may be used, except in the first three pages of the table^ 
where they vary rapidly. 

1. Required the logarithm of 73284. 

Look in the margin for 732, and on that line in the column which 
has 8 at the top you will find -864985, the logarithm of 7328, and 
the difference between it and the next logarithm is 60, which, mul- 
tiplied by 4^ gives 240 : therefore, adding 24 to '864985, we have 
4-865009 for the logarithm of 73284, with 4 for an index, because 
the number has five places. If the number had been 732*84, the lo- 
garithm would have been the same, but the index would have been 2* 

2. Hequired thelog. of6-1953. . . Ans. 0*792062. 
3. of 47-5384. . . . 1-677044. 

4. of -003825. . . 3*582631. 

TO FIND THE NX7MBER CORRESPONDING TO ▲ GIVEN 

LOGARITHM. 

If the given logarithm be found in the table, the first three figures 
of the number wiU be found on the same line in the maigin, and the 
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fourth at the top of the column. But if the logarithm be not found 
exactly in the table, take the number answering the next leaa, ind 
subtract this logarithm from the given one, and also firom the next 

greater in the table ; and, annexinff ciphers to the first remainder, 
ivide it bj the other, to get the mth, sixth, &c. figures. The in- 
teger places must be one more than the units in the index, and the 
rest are decimals. 

5. llequired the number corresponding to the logarithm 4*597179. 
The next less logarithm is '597146, and the number answering 

to it is 3955 ; the difference between it and the given logarithm is 
S3, and between it and the next greater in the table is 110. Divide 
330 by 110, and the quotient 3^ annexed to 3955, gives 39553 for the 
number sought. 

6. Hequired the number of log. 3*774240. . Ans. 5946*2. 
7 2*147522. . 140*45. 

8 2*862489. . . 0-0728& 

TO FIND THE ABITHMETICAL COMPLEHSXT. 

Subtract the logarithm from 10^ an integer, or subtract the 
right-band figure from 10, and all the rest from 9* 

9. Thus the arithmetical complement of 3*642754 is 
6-357246. 

10. llequired the ar. co. of 2*749367. Ans. 7*250633. 
11 of 1*360797. . 8-639203. 

TO PERFORM MULTIPLICATION BY LOGARITHMS. 

Add the logarithms of the factors ; the sum is the logarithm 
of the product. 

Note. A negatire index must be subtracted when the logarithm 
is added, and added when the logarithm is subtracted. 

12. Multiply 37-68 log. 1*576111 

by 9-25 log. 0*966142 

Product 348-54 log. 2-542253 

13. Multiply 5-735, 0023, and 56*25 together. 

5-735 log. 0-758533 

0-023 log. 2-361728 
56-25 log. 1-750123 

Product 7-41966 log. 0*870384 

14. llequired the product of 7*542 by '963. Ans. 7-26295. 

15 -00352 by -864. . 0*0030413. 

16 -0925 by 73*5. . 6*79875. 

TO PERFORM DIVISION BY LOGARITHMS. 

Subtract the logarithm of the divisor from that of the divi- 
dend : the remainder is the logarithm of the quotient. 
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Or add the arithmetical complement of the divisor to tlie 
l<)garithm of the dividend : the sum^ with its index lessened 
by 10^ is the logarithm of the quotient. 

17. Divide 9*7128 log. 0^87344 log. 0-987344 

by 0-456 log. 9'65S965 ar. co. 0-8 41035 
Quotient 21-3 log. 1-328379 log. 1-328379 

18. Required the quotient of 9 by 75. . Ans. 0-12. 

19. 8964 by 3-84. . 2334-376. 

20 62-78 by 71*6. . -876814. 

TO WORK PROPORTION BY LOGARITHMS. 

Add the logarithms of the second and third terms together^ 
and from their sum subtract the logarithm of the first : the 
remainder is the logarithm of the fourth term^ or answer. 

Or add together the arithmetical complement of the first 
term^ and the logarithms of the other two : the sum^ with its 
index lessened by 10> is the logarithm of the answer. 

21. First 86 log. 1 556303 ar. co. 8-443697 
Second 144 log. 2-158362 log. 2-158362 
Third 28 log. 1-447158 log. 1*447158 

3-605520 

Fourth 112 log. 2-049217 log. 2*049217 

22. If 17 men do a piece of work in 28 days, in what time 
will 12 do it ? Ans. 39'66667 or S9| days. 

23. If 13^ cwt. be carried 57 miles for £2*568, how far 
Bhould 34^ cwt. be carried for £S'56 ? Ans. 72*971 16 miles. 

TO INVOLVE A NUMBER BY LOGARITHMS. 

Multiply the logarithm by the name of the power: the 
jroduct IS the logarithm of the power. 

24. Numb. 32 log. 1-505150 Numb. -009 log. 3*954243 

3 3 

Sd power 32768 log. 4*515450 -000000729 log. 7*862729 

Note. After multiplying the negative index, the carriage to it 
from the logarithm must be subtracted from the product. If the po- 
sitive index be used, 10 times the name of the power lessened by 1 
must be taken from the index of the power. 

25. Number -0437 log. 2*640481, or 8 640481 

4 4 

4th power -000003649 log. 6*561924 4561924 
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TO EXTRACT THE BOOT OF A NUMBER BY LOGARITHMS. 

Divide its logarithm by the name of the root : the quodeni 
is the logarithm of the root. 

Note. If the given number be a dedmal, and its index positive^ 
prefix the name of the root lessened by 1 to the index, before divid- 
ing. If the index be negative, add to it the least number that will 
make the sum divisible by the name of the root : the quotient is the 
index of the root ; but in dividing the logarithm, the number added 
only is to be considered as the index. 

26. Number 00130321 log. 413115014 log. 37-115014 



I 



Fourth root -19 log. 1-278754 log. 9*278754 

27. Number 926I log. 3 )3'966658 
Cube root 21 log. 1*322219 

28. Required the square root of '5329. . Ans. '73. 

29 cube root of -041063625. . -345. 

SO. .... fourth root of 7. . . 1-62656?. 

EXERCISES. 

1. Req*. the seventh power of 7'142. Ans. 947850. 

2. . . . sixth root of 2. 1*1224625. 
8. . . . ninth power of -0375. -0000000000001466. 

4. . . . eighth root of -02405. -627536. 

5. . . . compound interest of £67*495 for 5 J years, at 

4 per cent. Ans. £ 1 5-7033 = £ 1 5, 1 4s. Of d. 

6. . . . rate of comp. int. at which £136-782 will, in 

5 J years, amount to £173-564. Ans. 4-64. 

7. . . . time in which £53'5 will amount to £76*36, 

at 3^ per cent. comp. int. Ans*. 1 0-342 years. 
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SOLUTION OF QUADRATIC EQUATIONS CON- 
TAINING TWO UNKNOWN QUANTITIES. 

Quadratic Equations^ contaiuing two unknown quantities^ 
when in their most complete form^ are expressed thus : 

ax^ + ^^* + cx^ +dx +ey = »j 
a'x^ + b'y^ + dxy+ d'x+e't/ = m'. 

The general solution of these equations can only be ob- 
tained by means of equations of higher dimensions than qua- 
dratics. There are, however, particular cases which admit of 
solution by the rules formerly given for the solution of qua- 
dratics with only one unknown quantity. 

Case I. When one of the equations is a simple equation. 

Find the value of one of the unknown quantities from the 
simple equation, and substitute for it this value in the other 
equation ; the resulting equation will be a quadratic contain- 
ing only one unknown quantity. 

Let the equations he Sx+^y :=i lS\To find the values of 
BXi<dLX^ + Sxy — ^«=2Sj brandy. 

From the first equation x = — q—^, •.* x^ = ~ — -^ 

Substituting these values for x and x^ in the second equa- 
tion, we have 

^ ^ + 13^ — 2^« — 5^« = 23 

Or 23y« — 65j/ = — 38 

Dividing by 23, ^« «. ^ = - | 

^ , ^ ^, fl 65y, 4225 4225 3496 729 

Complete the square, i^^ " I3 + 2116 = 2iT6 ^ 2116 = ilTe' 

^ , 65 , 27 

Extract the root, y — 46 ~ — 46 '* 

„ 65_, 27 92 38 ^ 19 

Hence 3, = _±_ = ^,or~ =2,or-. 

13 -.2y 13 — 4 13—11 • 
... X = 3-^ = — 3— >or 3-^ = 3, or 3J|. 
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Let the equations be — -~- = 9 f To find the values 

and4ay=280f of;candy. 

From the first equation we hare 

« + 2y = 27 or a: = 27 — 2y. 
Substituting this value for x in the second equation, we hare 

108y — 8y« = 280 
Or 8y« — 108y = — 280 

Divide by 8, ^^ —^ =—35 

n ^ 4. ^i. « 27y , 729 729 560 16» 
Complete the square, y« 2" + le" = l6" ~ l6" = IF 

27 13 

Extract the root, 1/ — — = H- -7- 

27_. 13 ,^ „, 
/. 5^ =-^±- = 10, or Si 

Whence a? = 27 — 2^ = 27 — 20, or 27 — 7 = 7, or 20. 

Let the equations be ;r+2y = I6I To find the values 
and 2a:2 -|_ay+4y« = 152 J of a; and jf. 

From the first equation x =z I6 — 2y, and x^ = 256 — 64y 

Substituting these values of x and x^ in the second equation, 
we have 512 — 128y+8y« — l6y+2^« + 4y«= 152. 

Or 14y« — 144y = 152 — 512 = — 360 
Divide by 14, j^« — yy = ^ 

^ , . ., ^ 72 , 1296 1296 1260 36 
Complete the square, ^^ ^y+lo" = 



Of* f* 

Extract the root. y =- = + - 



7*^ • 49 "~ 49 49 ""49 

6 

7 



••• j^ =y±y = 6, or4f 
Whence « = I6 — 2j^ = I6 — 12, or 16 — 8f = 4, or 7?. 



EQUATIONS. ANSWERS. 

a: = 4 
5^= 2. 



1. a: — j^ =21 ra:= 4 

a:« + j^2 = 20 f ") 
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X +t/ = 6\ jx — 



3. 3x + 1/ = 



f +2y« 






4. a: +5y = 39\ 

2a:« — Say+y« =36/ 



5. 2a: 



fxz=9 
ly = 6. 

a: — 3^ = — 111 Jx = 5 

j« = 5 
\y = 2. 



6. a:+^ : a: — y : : 7 : 3 
x—y^^ 1 



Case II. When x^^ y^, or a:^, is found in every term of 
the two equations, that is, when they are of the form 

ax^ + bxy + cy^ = d 
a'x^ + b'xy + cfy^ z=id'. 

Assume x = vy, then x^ = t?*^*, and substitute these 
values of x and x^ in both equations, then find the value oiy^ 
in both equations, and make these equal to each other, and 
we obtain a quadratic, whence the value of v may be found. 

Let the equations be ar* +a^ = 401 To find the values of 
and Sxy — 9.y^ = 27 j x and y. 

Assume x =i vy and x^ =z v^y^, substitute these values 
of X and x^ in the given equations, and we have 

40 
tj«3^«-f rj^« — 40, ory2 = ^^-^. 

and 3vy^ — 2y« = 27, or y « = gj—. 

Hence equating these values of ^^, we have 

40 _ 27 
t>« + t; ~ 3u — 2 

or 1202? — 80 =27t?* + 27t? 
that is, 27t?^ — 9Sv = — 80 

Divide by 27, t?« — — t? = — — . 



Extract the root, v — ^^ = ±75 



27 

9" ' 324 ~ 324 324 "~ 324" 

18 -^ 18 



^ , . ^, e 31 , 961 961 960 1 

Complete the square, «?«— -^t? + ^ = rr^ -^ ^ = ^. 



1^^ 
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31 . 1 32 30 16 



'^ = 18=^18 = 18''''' 18 = "9"' '''"S- 
tTTU a ^ 40 40 ^^ 9 ,^ 81 

Whencej^«=-^-^ = ^or^ = 40x^,or40X4^ = 

9 '81 

9 or ji .-. y = ± 3, or ± ojj^ 

5 5 I \ 

anda: = ty = ^X ±:S,orgX±: 9^Jq= ± 5, or ±15 

/— . From which it appears^ that, when both of the equa- 
tions are quadratic, each of the quantities has four values. 

Let the equations be 2ar« + 2ary + v« = 424 ) "^^ ^°^ ^^ 
^ and 2x^ + 2/^^ =^^^\lnr. 

Assume a: = «y and ^ = t?*y* ; substitute these values 
for X and x'^ in the given equations, and we have 

424 

2l»« y* + 2J^« +y« = 424, or y» = ^-^-^^^^—^ 

S28 

and Zv'y' + 2y» = 328, ory« = ^^, ^ ^ 
Hence *«* 3«» 



2v* + 2t> H- 1 2d« + 2 

or 1922?« — 656v = — 520 
Divide by 192, ^'—^^ = — M 

Complete the square, v^ -^v+'-^ = l^-'^ = l^ 
^ ^ > 12 ^ 576 576 576 576 

Extract the root, v — il = H- 11. 

24> ~~" 24 

41 , 11 52 30 13 



"" -24=ti4 = 24,or55j=-,or^ 



Whence v« = , ^^^ = -^?_ or ^^ - 328 x ^^ 
"^•5^ 2w« +2— 169 W®"^ 25 16 — ^^^ ^247' 

18 "^ 18 8 ■'■ 8 
er S28X J = |[^, or 64 .-. j( = ± 12^~, or ± 8, and 



7_ 
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± 10. 

EQUATIONS. ANSWERS. 

1. 2x^— y"^ = 461 fa: = ±5 
Sx^ — ^xy = 35 f \y=.±2. 

2. 3x^ + y^=z A^y+ 20) {x — ±4i 
5x^ + 2xy = 8j^2+ 64/ \y = ±2. 

3. 4a:« — .Siry + 6y« = 168 I J« = ±6 
4^2 — 2z — 3xy = — 20 j \j^ = ±4. 

4. 2y^ — 3xy + a?^ = 4) l« = ±2,orip — 

5. 7x^+ X —5xy = 460) J a: = ±10 
3x^— y — 15^« = — 80/ (3^=:+ 5. 

6. 3x^+2xy— ^y^ z=i 1081 /ar = ± 6 
— 7y«_3iry + a:«=— 81/ 1^ = + 3. 

Case III. When the equations are symmetrical^ or when 
the two unknown quantities are similarly involved. 

The most general form in which such equations are ex- 
pressed is 

a {x^ ^'y^) + hxy +c {x + y)-d 
a' (a;« + y^) + Vxy + cf {x •\' y) z=z d'. 

Substitute for the two unknown quantities the sum and 
difference of two other unknown quantities^ and the result 
will be an equation containing the additive quantity and its 
square^ and only the square of the subtractive quantity^ 
wnich^ when eliminated^ leaves a quadratic containing the 
additive quantity^ whose value is easily founds as well as the 
original unknown quantities. 

Let the equations be-+- = 2j I To find the values of 
and x+xy+y = 27- f ^ *"^ ^' 

Assuming a: = i? 4- « and y z=: v — z, and substituting 
these values in both equation s, we obtain 

^^+^ = H 

and t? + « + »• — «« + t? — « = 27 
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t»« 



or by reduction 4t?« + 4.2:« = 5v^ — 5z^, or «« = y (A) 
and 2t? + 1?« — 2:« = 27, or 2:« = t?^ + 2t? — 27 (B). 
Equating these values^ we have 





v^+Qv — 27 = '^ 




Multiply by 9, 


9t?« + 18t? — 243 = t?« 




Or 


8t?« + 18i? = 243 




Divide by 8, 


fl L ^ 243 




n \ ^ 4.1. a i ^ • 81 1944 , 81 
Complete the square, t?« + ^+g^= ^^ +54 = 


2025 
64 


Extract the root, 


,9 _, 45 
^ + 8 = ±8 





_, 45 9 9 27 

••• " = ±-8— 8=2'"*— T- 

Substituting these values of v in equation (A) we have 

.« = (|)%9,or(-!I)%9 

that is, «« = 7, or — . 

4 10 

_i_3 ,9 

••• « = Zt g. or ± ^. 

Now since x z=: v + z, and y z=z v — 2:, we have from these 
values 

X = g±g, or — -j±: ^ = 6, 3, — 4^, or — 9. 

^ = i + 2' ^^ +TH-4 = 3^ ^' — 9> ^^ — ^5- 

From the manner in which we obtain the values of x and 
y from the values of v and z, it is manifest that the first 
value of ^r must s^ways be equal to the ^^c^m;^ value of y, and 
conversely, and that when v and z have two values, the third 
value of X must be equal to the fourth value of y, and con- 
versely. In short, since the nature of these equations is such 
that X or x^, and its sign, may always be substituted for y or 
y^y it follows that each has rour values in appearance (mly, 
two and two of each being identical. 

Let the equations bea;+ y = 61 To find the values of 
and 9m — ay+2y = 4j ^andy. 



ALGEBRA. 109 

Assuming x =zv+z, and y =: t? — z, whence x + ^ =: 
2v =:: 6, or V =: 3 from the first equation, and from the second 
equation we have 2v+2z — t?* +«« -f 2t? — 2;?; = 4. 

By substitution^ 12 — 9+2:^ = 4 

that is, «f* = 1 

.-. z = zh 1 
Whence arrzSHzl =4, or 2 
and y = 3 zp 1 = 2, or 4. 

EQUATIONS. ANSWERS. 

1. x+s^=2s) ix = s+ J^^. 
x—y =.9.z\ Z ^ . — t — 

2. x^y=%s\ \x^8^ JI^, 

Szy 

4. 2x^+ 2y^ = 40 I J x =1 ± 4, or zt 2. 

x—2xy+yz=z — 10f ly = ih 2, or zt 4. 

5. x^ +2zy + y^ = 81 1 J a: = zt 6, or zt S. 
x^ —^xy + y^ =:+ 9f ly = zt S, or zt 6. 

5 + V-.151 



y« = 58\ fa? = zt 7, or zt 3. 

= 63 f ly = zt 3, or zt 7. 



6. X + y =z 5\ 

x^ +y4 =97/ ^ ,, _ o Q. ., ^T ^^^^151 



(^=:3,2;or^-±^^ 
|y = 2, 3; or ^^^~ 



Equations which do not come under any of these three 
cases may sometimes be solved by some of those artifices fre- 
quently made use of in analytical operations, and which can 
only be learned from experience. 

Thus, let the equation be 

and xy"^^^ = 120/ "^^ ^°^ ^^® ^*^"®^ ^^^ *"^ ^' 

Multiply the second equation by 2, 2:iy = 240 

Add and subtract this from \x^ + %xy + y* = 484 
the first, and we have /a:* — 2a:y + y* = 4 

Take the root of both and 1 a? + y = zt 22 
we have • . )X — y =±2 
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Add and subtract and we 12^ = it 24, or a; = itl 12. 
have . . . J 2y = ± 20, or y = it 10. 



Let the equations be x'^y-^-xy = 1201 To find the values 
and a:'y-i- ^ = 390 J of a: and ^. 

From the first equation y •=. —^ 



X* •\- X 



390 
And from the second equation y z=, -^ — . 

120 390 



x^ -^ X «» + I 

T^. ... , 30 4 13 

Dividing by -—J, - = -r:^:^ 

Clearing of fractions, 4a:* — 4a: + 4 = 13a; 

Or 4a;« — 17a: =—4 

17 
Divide by 4, a:« — -^x = — 1 

^ , ^ ^, o IT , 289 289 64 225 

Complete the square, a:«-^a:+-gj- = -g;^ — -=gf 

17 15 

Extract the root, x — ~ = + — 

.*. X =yit-g- = 4, ori 

- 120 120 120 ^ 

and y = — — = ^, or -y- = 6, or 384. 

l6" 



Let the equations be ^« - a:« - (y +a:) = 12I J'^^f _?' 
and {y - xy X ^y^x) = 48 J ^^^^^^^^ ^ 

Multiply the first equation by 4, 4{y« — a;* — (y +<*^)} = 48 
Hence 4{y« — a:^ — (i^+a:)} = (3^ — a:)« x (y+a:) 
Divide by y +a:, 4(y — a; — 1) = (y — xy 
Transpose, (y — xY — 4(y — ^) = — ^ 
Complete the square, (y — a:)* — 4(y — a:) + 4 = 4 — 4 = 
Extract the root, (y — a:) — 2 = 

.-. y — a:=2 
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Substitute this value of y — x, in the second equation, and 
we have 4(y + «) = 48 

y + a? = 12 

And since y — ;i: = 2 

We have by Addi- I 9,y = 14, ory = 7 



tion and Subtraction, j ^x ziz 10, or x z=z 5 

equations be a:* +y* =: 52l To find the va 
i 2xy — X — y = 38 J x and y. 



Add the two equations and we have 

x^ + 2xy+y^ — {x+y) = 90 
or {x+yy — {x+y) = 90 
Now let V = x+y, then (x+yy = v^ 

and t?« — V = 90 

Complete the square, v^ — t? + i = -7- + :J = — 

1 19 

Extract the root, v — s = it -g- 

i? = - ± Y = 10, or — 9. 

that is, x+y = 10, or — 9 
••• («+i^)* = x^ + 2xy+y^=zlOO,or 81 
Twice the* first equation, = 2a:« -f 2y* = 104, .. 104 

Subtract a:«— 2ay+ y« = 4,.. 25 

Extract the root, a; — y = ±2, orzfc5 

but a: + y = + 10, . . — 9 



Add and subtract 



{2ar =12, 8,— 14, or— 4 

2y = 8,12,— 4, .. — 14 

X =6, 4, — 7," — 2 

and y = 4, 6,— 2, .. — 7. 



EQVATIONS. ANSWERS. 

1. X' 

X 



+ 2xy+3x+yz=:15\ j x =z 2 

+ 3y +y^ = 6f \y = I. 

2. x^ + 4xy+4>y^ = 256\ j x = 4i 

4y«_a;8 = 128 / \ j^ = 6. 

a?**+j^^+« — j^ =14\ Jxz=3 

(a?— y) x(««+y*)= 13/ ly = 2. 

4. «* — ^fXy+y^ = — 121 j « = 4, 2, — 2, or — 4 
:py = 8j (^=2,4, — 4,or — 2. 



3. 
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QUESTIONS PBODUCINO QUADRATIC EQUATIONS^ INVOLVING 

TWO UNKNOWN QUANTITIES. 

1. There is a certain number consisting of two digits, the 
left hand digit is equal to twice the right hand one^ and if 26 
be subtracted from the number itself^ the remainder is the 
square of the left hand digit. What is the number ? 

Let X = the left hand digit, and y = the other, then the 
number is 10a: + y 

And by the question a: = 2y 

Also 10a: + y — 26 = a:«. 

Substituting the value of z in this last we have 

SOy 4- y — 26 = 4y« 
4y2_2l3^= — 26 

^ a 21 13 

Or y« — -j3^ = — Y 

- , ^ ^, a 21 , 441 441 416 25 

Complete the square, y« - -y +— = ___ = ^. 

21 5 

Extract the root, y — — = zt - 

21 .5 26 16 ' 

Here it is evident that if S\ be taken as the value of y, it 
will not fulfil the conditions of the question ; therefore 2 is the 
proper value, and since x =: 2y, a: = 4, and the number is 42. 

2. What two numbers are those whose sum multiplied by 
the greater makes 54, and whose difference multiplied by the 
less makes 9 ? 

Let X = the greater and y = the less. 

Then {x+y)x = a:« +ay = 54 ) g . Question 
and \x^y)y = xy-^-y^ = gf ^^ ^^^ question. 

Assume x z=: vy, then t?«y« + ty* = 54, or y« = ^^* - 



and vy^ — y* = 9, or y« =: 

.. 54 9 
Hence -tttt = t 
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Or 54t? — 54 = Qv^ + Qv 

TransposiDg^ &c. 9*'* — 45t? = — 54 

Divide by 9, v^ ^^ 5v =: — 6 

25 25 24 1 
Complete the square^ r* — 5t? + -j- = x — T ~ a 
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Extract the root^ v 



4 

2—2 



«? = g ± 2 = S, or 2. 

On trial we find that v =: 3 will not answer the conditions 
of the question ; therefore taking i? = 2 we have 



9 



i'' = ;r--T = 9 



and x=:vy=z2xSz=:6. 

3. What two numbers are those of which the sum is 8^ 
and the sum of their fifth powers 3368 ? 

Let the greater x =z v+z, and the less y znv -^z, then 
by the question 2t? =: 8, or t? =: 4 ; hence 

ar«=:(i?+2:)« = v^ + bv^z+lOv^z^ + lOv^z^+Bvz^+z^ 
y^'={f)—zY=:v^ — 5v^z+l0v^z^'—\0v^z^'^5vz^ — z^ 

Then, by the question. 2t?^ * +20v^Z^ * +10VZ^=336S 

Or since t? = 4, 2048 + 1280z^ + 40^* = 3368 
Divide by 8, 256^- l60z^+ 5z^ — 421 
Transpose, 5z^+ 160;2;«= 421 — 256= l65 

Divide by 5, z^+ 32z^= 33 

Complete the sq. z^ + 32z + 256 =e 33 + 256 = 289 
Extract the root, «« + 16 = ± 17 

.-. ;r« = 17 — 16=1 
and z z=i 1 
Whence z := v + z =4+1 = 5 
and y = i? — z =4 — 1=3. 
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4. A rectangular bowling-green is of such dimensions, that 
had it been 5 feet longer and 6 broader, it would have con- 
tained 590 square feet more, and had it been 6 feet longer 
and 5 broader it would have contained only 570 square feet 
more. Required its length and breadth. 

Ans. 60 feet long and 40 feet broad. 

5. What number is that which being divided by the pro- 
duct of its two digits the quotient is 3, and if 18 be added to 
it the digits will be reversed ? Ans. 24. 

6. What number is that which being divided by the sum 
of its two digits the quotient is 7^ and when divided by the 
difference of its digits the quotient is one-half of the number? 

Ads. 4S. 

7. There are three numbers whose sum is 4/6, the diflfer- 
ence of their differences is 4, and the sum of their squares is 
836. What are the numbers? Ans. 8^ 14^ and 24 

8. What three numbers are those whose sum is 29, whose 
continued product is 576, and the difference of their differ- 
ences is 2 ? Ans. 4^ 9^ and I6. 

9. The sum of four numbers in arithmetical progression is 
20, and the sum of their squares 120. Required the numbers. 

Ans. 2, 4, 6, and 8. 

10. The sum of three numbers in geometrical progressioD 
is 28, and the sum of their squares 3&). Requirea the num- 
bers. Ans. 4> 8^ and 1& 

11. There are three numbers in geometrical progression 
such that their sum is 14, and the sum of their squares 84 
What are the numbers ? Ans. S, 4, and 8. 

12. The fore- wheel of a carriage makes 6 revolutions more 
than the hind-wheel in going 120 yards; but if the peri- 
phery of each wheel be increased 1 yard, it will make only 
4 revolutions more than the hind-wheel in going over the 
same space. Required the circumference of each. 

Ans. fore-wheel 4 yds. hind-wheel 5 ycl& 

13. What two numbers are those whose sum multiplied 
by the greater is 700, and whose difference multiplied by the 
less is 75 ? Ans. 15 and 20i 

14. Required two numbers such that their product shall 
be equal to the difference of their squares, and the sum of 
their squares equal to the difference of their cubes. 

Ans. ^^5 hud\{5 + ,J5). 

15. A and B engage to reap a field for £4, 10s. ; and as 
A alone would reap it in 9 days, they promise to complete it 
in 5 days. They found, however, that they could not do it 
in this time, and were obliged to call in C, an inferior work- 
man^ to assist them for the two last days, in consequence of 
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which B receires 38. Qd, less than he otherwise would have 
done. In what time could B and C alone reap the field ? 

Ans. B alone in 15 days^ and C alone in 18 days. 

16. A person bought two cubical stacks of hay for £41^ 
each of which cost as many shillings per solid yard as there 
were yards in a side of the other, and the greater stood on 
more ground than the less by 9 square yards. What was the 
price of each ? Ans. the greater £25, and the less £l6. 

1 7. A and B put out different sums to interest, amounting 
together to £200. B's rate of interest was one per cent more 
than A's, and at the end of 5 years B's accumulated simple 
interest wanted only £4: to be double of A's. At the end of 
10 years, A's amount was to that of B as 5 : 8. Required 
the sum put out by each and the rates per cent. 

Ans. A's principal 80, and B's £l20; A's rate per cent. 
5, and B's 6. 

18. Two detachments of foot being ordered to a station SQ 
miles distant, began their march at the same time, and the 
one by marching a quarter of a mile per hour quicker than 
the other, arrived there an hour sooner. Required their rates 
of marching. Ans. 3\ and 3 miles an hour. 

19* Required four numbers in geometrical progi'ession 
such that their sum shall be 40, and the sum of their squares 
820. Ans. 1, 3, 9, and 27. 

20. Required two numbers such that the square of the 
first added to their product shall be 65, and the square of the 
second minus their product shall be 24. Ans. 5 and 8. 

21. Required two numbers whose sum is 5, and the sum 
of their fifth powers 275. Ans. 2 and 3. 

22. Required two numbers whose difference is 2, and the 
difference of their fourth powers 1040. Ans. 4 and 6. 

23. A gentleman gave £l2 to be distributed among some 
poor people upon his estate ; but before the distribution took 
place four adaitional claimants appeared, by which means the 
former receifed 2s. a-piece less than they would have other- 
wise done. What was the number at first ? Ans. 20. 

24. Find four numbers in arithmetical progression such that 
their common difference shall be 3, and their continued pro- 
duct 1944. Ans. 3, 6, 9, and 12. 

25. A grocer sold 80 lbs. of mace and 100 lbs. of cloves for 
£65, and found that he had sold 60 lbs. more of cloves for 
£20, than of mace for £lO. What was the price of a pound 
of each ? Ans. Mace 10s. per lb., and cloves 5s. per lb. 

26. Find four numbers in arithmetical progression, the 
product of whose extremes is 40, and the product of whose 
means is 48. An«. 4, 6, ^, «xA\^« 
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27. Find five numbers in arithmetical progression whose 
sura is 30 and whose product is 3840. 

Ans. 2, 4> 6, 8, and 10. 

28. A company at a tarern had £lO to pay for their reck- 
oning ; but four of them having no money^ the remainder had 
to pay 13s. ^d. a-piece more than their just share. What 
was the number of the company ? Ans. 10. 

29. There are two numbers whose sum, product, and dif- 
ference of their squares are all equal to one another. What 

are those numbers ? Ans. ^ + a/t> and - + ^-. 

30. When the price of brandy was three times the price 
of British spirits, a merchant made two mixtures of brandy 
and British spirit, and the prices per gallon were in the ratio 
of 9 to 10. He afterwards mixed twice as much brandy with 
the same quantity of British spirit in each case> and the re- 
lative price was the same as before. Required the ratio of 
the quantities mixed. 

Ans. the 1st mixture was in the ratio of 3 to 1^ and 2 to 
1 ; the 2d mixture was in the ratio of 3 to 2^ and of equality. 



OF CUBIC AND HIGHER EQUATIONS. 

In considering equations, it is supposed that all the terms are 
brought to one side, or the equation made = 0, and the terms 
arran<^ed according to the powers of the unknown quantity, 
the highest being placed on the left hand, and the others m 
their order ; and the absolute term, or that into which the 
unknown quantity does not enter, being placed last, or on 
the right hand. 

If any number of simple equations be multiplied together, 
an equation will be formed, or which the highest index is the 
number of simple equations ; thus x — a =1 Oxx+b =0 
XX — c = produce x^+x^(b — a — c)+xx {ac — ab 
— be) + ctbc. Hence every equation is understood to be 
composed of as many simple equations as there are units in 
the highest exponent. 

In a complete equation, all the powers of the unknown 
quantity are found, and the number of terms is one greater 
than the highest exponent. 

When the coefficient of the highest term is 1, the coeffi- 
cient of the second term is the sum of all the roots or values 
of the unknown quantity ; the coefficient of the third term is 
the sum of all the products of the roots taken two by two ; 
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the coefficient of the fourth term is the sum of all the pro- 
ducts taken three and three, &c. ; and the absolute term is 
the continued product of all the roots. 

A quadratic equation, as has been already shown, contains 
two values, a cubic equation contains three values, a biqua- 
dratic four values, and an equation of n dimensions contains 
n values of the unknown quantity and no more. 

When an equation contains both positive and negative 
roots, it will have as many positive roots as it has changes of 
the signs from -f to — , or from — to -f* > ^od as many nega- 
tive roots as it has continuations of the same sign -f-to-f-> or 
— - to — , among its coefficients ; thus, in the equation x^ + 
9a:' + 9a;" — 41a; — 42 = 0, there is but one change of the 
signs from -f- to — , and three continuations of the same sign, 
namely two from + to -|-> ^^d one from — to — ; and the 
equation has therefore one positive and three negative roots, 
namely, 2, — 1, — S, and — 7. 

If one or more roots of an equation be known, it may be 
divided by the equation which contains these known roots, 
and the quotient will be an equation which contains the rest 
of the roots of the original equation ; thus if the cubic equa- 
tion x^ + 9^* + 23a; — 15 =: 0, one of whose roots is + 1> 
be divided by a; — 1 = 0, the quotient is x^ — 8a:+ 15 = 0, 
a quadratic equation whose roots are 4 + 1, or S and 5, the 
three roots of the original equation are therefore 1, 3, and 5. 

TRANSFORMATION OF EQUATIONS. 

I. To change the signs of the roots. 

All the positive roots of an equation may be changed into 
negative, and all the negative into positive ones, by changing 
the signs of the 2d, 4th, &c. terms of the equation ; for the 
coefficients of these terms are combinations of an odd number 
of the roots. 

Note. Impossible roots are here supposed to be either positive 
or negative. 

Thus the roots of the equation x^ — 2a:' — ISx^ + S8a: — 
24 = are+ 1^+ 2, + S, and — 4, and by changing the signs 
of the 2d and 4th terms we have x^ + ^x^ — I3x^ — 38a: — 
24 = 0, whose roots are — 1, — 2, — 3, and-|-4. The roots 
of x^ — 5x^ — 70a:' -|- 230x^ + 789a: — 9^5 = 0, are+1, 
— 3 + 5, — 7, and + 9, and by changing the signs of the 2d, 
4th, and 6th terms, we have x^ + 5x^ — 70a:' — 2S0a:* + 
7S9x+94>5 = 0, whose roots are— 1,+3, — 5, + 7, and — 9. 

II. To take away the second term. 

Divide the coefficient of the second term by the highest 
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exponent of the unknown quantity^ and annex the quotient 
with its sign changed to another unknown quantity, and sub- 
stitute the amount and its powers for the original unknown 
quantity, and its powers, m the gi^en equation, and a new 
equation will arise wanting the second term. 

Transform the equation x^ — 9x^ + 26a: — 34 = mto 
another wanting its second term. 

9 
Here a: = y + 3 = y]+ S 

= y'+9y« + 27y+27 

Ana^ ^^„ +2^+78 

— 34. 



1- 



i 



y3 • — y — 10 = 0. 

where y^, the second term of the equation, is wanting. 

Transpose the equation a;* + 4a;' — 34a?* — 76a: + 105 
= 0, into another wanting its second term. 

Here x =z y — 7 = y — 1 

ar* = y* — 4y' + 6y^ — 4>y+ 1 

4a:' = + 4y' — 12y« + 12y — 4 

And •{ — S4a;« = — S4y« + 68y — 34 

— 76a: = — 76y + 76 

-H 105 = + 105 

y4 » _ 4qya • + 14,4 =: q. 

Transform the equation a:' + Qdx* —6 = into another 
wanting its second term. 

Here x=.y — -^'=-y — Sa 

i a:^ = y' — 9«y« + 9,1 a^y — 27a' 

And < 9ax^ = + 9«y* — 54a«y + 81a' 

(— 6 = —b 

y3 * _ 27a«y + 54a' — 6=0. 

1. Transform the equation a:' — 3x^ + 3a: + 12 = 0, 
into another wanting its second term. 

Ans. y' + 13 = 0. 

2. Transform the equation x^ — 15a:^ + 81a: — ^243 = 0, 
into another wanting its second term. 

Ans. y' + 6y — 88 =z 0* 
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3. Transform the equation x^ + 6^* + 4;r — 27 = 0, 
into another wanting its second term. 

Ans. y^ — 8 y — 19 = 0. 

4. Transform the equation x^ — 5x^ — lOx^ + 230ar^ + 
7 Spa; — Q^5 = 0, into another wanting its second term. 

Ans. y* — 80 y' -|- 1024y = 0. 

5. Transform the equation x^ + Sar* — 23a:' — 27a;* + 
l66a; — 120 = 0, into another wanting its second term. 

Ans t/5 133y» 468y« gUAgy 7001g8 _ 
Ans. y ^ ^.— -_-|.__- 3125" -0. 

6. Transform the equation x^ — 2a;' — lSa;* + 38a; — 24 
= 0, into another wanting its second term. 

Ans. y* — 14-75y« + 2375y — 8-4375 = 0. 

III. To clear an equation of fractions^ and to make the 
coefficient of the highest term unity. 

Any equation may be cleared of fractions by multiplying 
all its terms by the least common multiple of the denomina- 
tors of the fractions^ as already shown in simple equations^ 
when, if the resulting equation be of the form ax^ — bx^ + 
cx^ — dx -\- e := 0, the coefficient of its highest term must 
be made unity, before proceeding to its solution ; to accom- 
plish tfais^ 

Assume a; = - and substitute - and its power, instead of 
x and its powers in the given equation, and we obtain ^ 

^ +^ + e ^ 0; multiply this by a' and we 

have y* — hy^ -f acy^ — a^dy -f- a'^c = 0, an equation in 
which the coefficient of y is unity, and whose roots are a 
times the roots of the original equation. 

Transform the equation Sx^ — 13ar*-|- 14a;4- 16 = 0, into 
another in which the coefficient of the highest term is unity. 

Here a = 3 and ^ = ^> and substituting this value of x 

and its powers in the given equation, we have ~j — — -f- 

14y 

-~ -|- l6 = 0, and multiplying this by 3* or 9> we have y' 

— 13y* -f 42y -|- 144 = 0, an equation in which the coeffi- 
cient of y is unity, and its roots 3 times the roots of the ori- 
ginal equation. 
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Transform the following equations into others whose coeffi- 
cients shall be integral^ and that of the highest term unity. 

EQUATIONS. ANSWERS. 

1. a;»— ^a;« + |a?+l=0. y' — 3y« + 24y+ 216 = 0. 

2. ar'— 3a:«+Y«— 1 = 0. y'— 6y«+lly— 6 = 0. 

3. 5a;' + 7a;« — 24<r — 35 = 0. 5f'+7y*—120y — 785 = 0. 

4. 7a;* — 3z^ — 27;r« + 15a: _ 44 = 0. 

Ans. y* — 3j^5 — 18S[y« + 735y — 15092 => 

3x» 2 3 

5. a;' — -2- + 3a;— ^ = 0. 

Ans. ^' — I8j^« + 96y — 1296 = 0. 

6. ra:* — px^ + 7a;* — ra; + * = 0. 

Ans. y* — jcy' -I- vqi/^ — t?*ry + t?'* =0. 

BOLUTION OF EQUATIONS OF ALL DEGREES WHICH HAVE 

RATIONAL ROOTS. 

Find all the divisors of the absolute term^ and substitute 
them with the signs + and — in the given equation^ instead 
of the unknown quantity^ and all those which make the equa- 
tion equal to are roots of the equation ; thus^ in the equa- 
tion a;' — 3z^ — 13a; + 15 = 0, the divisors of 15, the ab- 
solute term, are 1, 3, and 5 ; suppose then «== + !, the 
equation will be 1 — 3 — 13 + 15 =: 0, so that -h 1 is a 
value of a;. Again, suppose z =z — 3 and the equation will 
be — 27 — 27 -f 39 + 15 = 0; hence — 3 is also a value 
of a;. Lastly, suppose z z= + 5, then the equation is 125 — 
75 — 65+15=:0; therefore + 5 is also a value of a;. 

To find the values of z in the equation a;* + 8a:' — 49z* 
— 8a; + 48 = 0. 

To find all the simple divisors of the absolute term 48, 
divide it by 2 as often as possible, then divide it by 3 as often 
as possible, and in like manner by 5, 7> &c. Here all the 
simple divisors are, 1, 2, 2, 2, 2, 3, the composite divisors are 
found by multiplying any two or more of the simple ones, and 
are 4, 6, 8, 12, I6, 24, 48. The whole of these divisors must 
now be tried with the signs -|- and — . 

When the divisors of the absolute terms are very nume- 
rous it becomes then a work of great labour to try them all. 
Those to be tried may however bis reduced to a small num- 
ber by the following rule. 
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Substitute for the unknown quantity successively three or 
more terms of the progression 2, 1, 0, — 1, — 2, and find all 
the divisors of the result!^, then select from them all the pro- 
gressions^ in a vertical direction^ of which the common differ- 
ence is unity; and the roots of the equation will be such 
terms of these progressions as arise from the substitution of 
for the unknown quantity^ and they are positive if the pro- 
gressions increase from the top to the bottom^ or negative if 
they decrease. 

If the number of progressions be still too numerous, they 
may be farther limited by substituting more terms of the 
progression 2, 1, 0, — 1, — 2, &c. 

Required the roots of the equation x^ — 2«' — 25x^ + 
26x + 120 = 0. 



Sappose 


Results. 


x = + 2 


+ 72 


x = + l 


+ 120 


X =: 


+ 120 


a:«— .1 


+ 72 



DiTisors. 
1, 2, 3, 4, 6, 8, 9, 12, 18, 24, 36, &c. 
1, 2, 3, 4, 5, 6, 8, 10, 12, 15, 20, &c 
1, 2, 3, 4, 5, 6, 8, 10, 12, 15, 20, &c. 
1, 2, 3, 4, 6, 8, 9, 12, 18, 24, 36, &c. 



Progressions. 

1, 4, 3, 6 

2, 3, 4, 5 

3, 2, 5, 4 
4^1,6,3 



Here the numbers standing in the same line with in sup- 
positions are 3, 2, 5, and 4 ; these are therefore to be taken 
and substituted in the given equation, when we find that — 
2, + 3, — 4, and -|- 5 are its four roots. 

Required the roots in the equation x^ + 3x^ + 2x^ — lOar 
+ 28 = 0. 



Sappose 


Results. 


ar=: + 2 


+ 56 


ar = + l 


+ 24 


X = 


+ 28 


Xz=: — 1 


+ 38 



Divisors. 
1, 2, 4, 7, 8, 14, 28, 56 
1,2, 3,4,6, 8, 12, 24 
1, 2, 4, 7, 14, 28 
1, 2, 19, 38 



Progression. 
4 

3 

2 

1 



Here the number 2 standing on the same line with is to be 
tried with a negative sign, as the progression decreases, but 
upon trial it is found not to succeed ; the equation has there- 
fore no rational root.* 



* In all cases where progressions are found among the dJTisors, which do 
not succeed as roots of uie equation^ it will be found uiat the first projp'ession 
2, ], 0, — 1, &c. has not been earned far enough ; thus, in the present equa- 
tion, had another term been taken in the first, there would have been no pro- 
gression among the divisors, and, consciquently, we should at once h^ve seen 
that there was no rational root to the equatloQ. 



122 ALGEBRA. 

Find the ralues of x in the following equations. 

EQUATIONS. ANSWERS. 

1. x^ — z^ — 10a; -f 6 = 0. a; = — 3, the only ra. 

tional value. 

2. ar'—3ar«— 46a:— 72 = 0. a: = — 2, — 4,+9. 
.3. ;r3— 2a:«— 33a; + 90 = 0. a:=: + 3,+5, — 6. 

4. a:4+2a:'— 41a:« — 42a:+360 = 0. a; =+3, — 4,+5,-6. 

5. «* — 6a:'— 8a:« + 51a; — 308 = 0. a; = — 4, + 7- 

6. a:5 — lla;* + 5a:' + 131a;« — 102a: a:=— 1,+2,— 3,+4, 

— 216 = 0. +9. 

7. 3:5+3:*— 14a;'— 6a:« + 20a;+48 a: = + 2,+ 3, and - 4, 

= 0. the only rational values. 

8. a:* + a:'— 29a:«— 9a:+180 = 0. a; =+3, + 4,-3, -5. 

GENERAL SOLUTION OF CUBIC EQUATIONS. 

I. Of Pure Cubic Equations. 

A cubic equation is said to be pure when the cube of the 
unknown quantity is equal to a known quantity^ in which 
case the equation is 

x^ — a = 0, — x^ — ^. = 0, or a:' — 64 = 0. 

It is manifest, that^n order to find a value of x, we have 
only to extract the cufee root of the equation. Thus a:' — 
343, or x^ = 343, giv'es x =.1, one of the roots of the equa- 
tion. 

It has, however, been already shown that an equation of 
the third degree has three roots ; in order therefore to find 
the other two roots of the equation, divide it by :r — 7 = 
and we have 

X — 7)a:' — 343(a:« + 7a:+ 49 

x^ — 7x^ 



+ 7x^ 
-f 7a:« 


— 343 

— 49a: 






+ 49a;- 
+ 49a: — 


343 
343 



but a:* + 7a: + 49 is a quadratic the two values of whi jh are 

7 , , 147 , 7 ,147 
a: = — -+V J-, anda: = — g — V i"* 
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Let the equation he x^ — 8 = 0, one of the roots here is 2 ; 
Hence x — 2)x^ — 8(^« + 2x + 4 

a;3 — 2aj« 



2x^ — 8 

2a;« — 4ix 



4a; — 8 
4a:— 8 

and the two values of the quadratic a;^ + 2a; + 4 are a; = — 
1 ^. V — 3 and — 1 — V — 3. 

Let a;' — 27 = 0. 

A « 3 . / 27 3 / 2T 

Ans. ^ = 3,-- + y--^,-^-^-_. 

Let a;' -f 125 = 0. 
Ans. 

Let x^ — 512 = 0. 

Ans. a; = 8, — 4 +V — 48, — 4 — V — 48. 
Let a;' + 2l6 = 0. 



- = -'.|+n/-?.|-v/^- 



Ans. a; = — 6, 3 + V — 27, 3 — V — 27- 

II. Solution of Oomplete Cubic Equations, 

If the equation has all its terms, the second must he taken 
away, and the coefficient of the highest term made unity ; it 
will then be of the form, x^ -^Sqx+^r = 0, where the sign 
+ denotes that the term is to be added with its proper sign. 

Assume x zn v+z and q = vz, substituting these in the 
equation x^ + Sqx + 2r = 0, and reducing we obtain t?® — 
2r»* — 5^5 = 0, a quadratic, which being resolved, gives v = 



l/i — ^+ Vr^ + 5''), and z =: 1/ — a; — Vr« + q^ ; there- 



fore a; = V{( — «+Vr« + ^3) + ^ (_a;— x/r«+$r»)}, or 

because a; = ^, then ar= V(- r+Vr«-f g^- »/_r-!v;H^ )' 

If q is negative, and r^ less than q', then the quantity 
under the radical sign ^ becomes negative, an^ \t& toqV. vav- 
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possible, though in this case x may have three real roots ; s* 
that this formula fails> except only when x has two imagi- 
nary roots.* 

Find the value of y in the equation y' + 3y« +9s/ — 15 
= 0. 

Assume x — 1 =: y, and substitute this value of y and its 
powers in the given equation, and we obtain x^ -^-ox — 20 
= 0, an equation wanting its second term, where -|- ^^ = + 2 
and + r = -- 10. 

2 



Therefore x z= i^{ + 10+ VlOO+8}- ^^^^0^^(^OO^g) }. 

J/(10 +10-3923) - ^(,o^?o>3923) = ^"^^^^^ ^ '^^^^^ = ^' 
hence y = x — 1=2 — 1 = 1. 

Dividing the given equation byy — 1 we obtain y* + 4y + 
13 = 0, a quadratic the two roots of which are y = — 2 ± 
J — 9; the three roots of the equation are therefore 



1 , — 2 + V — 9, and — 2 — V — 9, the two last of which 
are imaginary. 



Find the value of x in the equation «' — 6x — 9=0* 

9 
2 



9 
Here + y = — 2 and + r = — ^; therefore 



.1 

Dividing the given equation by « — 3, we obtain x' + Sz 

3 3 

+ 3, a quadratic whose roots are a; = — s dz «/ "~ 7 > ^^ 

* The formula, which is usually called Cardan^s Rule, is, if ar* -f at = ^ 
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3 / 3 

three roots of the equation are therefore 3, — ^ + a/ — - , 

3 /33 

~2~\/ 4- 



and 



Find the value of x in the following 

EQUATIONS. 

1. x^ —6x + 9=iO. 

2. a?' — 15a? — 4 = 0. 

3. x^ + 24a; — 587914 = 0. 

4. a:' — 6a?« + l&r — 22 = 0. 

5. af» + 2ar« — 23af — 70 = 0. 

6. ar' — 9a?« + 26a? — 24 = 0. 

7. a?* — Sar* — 2a? — 8 = 0. 

8. x^ '-'Sx — 33074i556 = 0. 

9. a?5 — 5a? — 1 = 0. 

10. a?' — 12a? + 15 = 0. 

11. a;' + 7a? — 2 = 0. 

12. a?' — 125a? — 412500 = 0. 

13. a?» — 9i«? + 28 = 0. 

14. a?' — 6a? + 4 = 0. 

15. a?' — Sa? — 4 = 0. 

16. ar' + 2a? — 12 = 0. 

17. a?5 — 6a?2 — 7a: + 60 = 0. 

18. a?' — 5x^ + 2a: + 12 = 0. 

19. z^ — 17a:2 + 54a? — 350 = 0. 

20. a?5 — 15a?« + 71a? — 297 = 0. 

21. 8x^ + 24a? — 32 = 0. 

22. a;' — 5a?« + ^ — 1 = 0. 



a? 
a? 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



equations. 

ANSWERS. 

= — 3. 
= 4. 
= 83-6773. 
= 2-3275. 
= 5-1 340. 

= 2. 

= 2. 

= 321. 

= 2-33005874. 

= 2-396475. 

= 0*28249374. 

= 75. 

= — 4. 

= 2. 

= 2-2. 

= 2. 

= 4. 

= — 3. 

= 14-954068. 

= II. 

= 1. 



a?= 1. 



SOLUTION OF CUBIC EQUATIONS BY A TABLE OF NATURAL 

SINES. 

It has been formerly stated^ that the formula of Cardan 
fails^ except when a? has two imaginary roots ; but the value 
of z may in all. cases be determined by the Use of a table of 
natural sines ; thus^ in the equation 

a?' + 3qx + 2r = 0. 
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Find the square root of q, and dinde the absolute term 2r 
by twice the cube of this root, that is by 2qi, and id a table 
of natural sines find the quotient and take the arc of which it 
is the cosine ; then take the natural cosine of | of this arc 
and multiply it by twice the square root of q, that is by 2^, 
and it will give one of the values of x. 

To find the other two values of x, add 120'' and 240° to \ 
of the arc formerly found, and multiply the natural cosines 
of the sums by twice the square root of q. 

Let the equation be ar' ^- 19a; — 30 ^ to find the 
value of X, 

19 r r 

Here q =: -^, 2r =: 30 and -|-j = ^^ = 0-941115 theco- 

sine of 19° 45' 37*2", and J of this is 6° 35' 12-4", to which 
add 120°, and 240°, and we have 126° 35' 12-4", and 246° 
35' 12'4" for the other two roots ; the three cosines are there- 
fore + '9934, — '5960, and — '39736, and these multiplied 
by 2Jq = 5*033224 produce the three roots or values of z, 
namely, a; = + 5, — 3, and — 2. 

Find the value of x in the following equations. 

EQUATIONS. ANSWERS. 

1. a;' — 91a; + 330 = 0. x =: + 5, + 6, and — 11. 

( 30641 776 

2. a;5 — 12a; + 8 = 0. « = \ 3-7587704 



3. a;5 — 2a; + 2 = 0. x 



\ o- loot iUt 

{ -6945928. 
I — 1-7693 



•411474 

4. a;5 — 9ic + 9 = 0. a; = hJ _ 2-226682 

184792. 

'879385 

5. x^ — 3a;— 1 =0. a; = < — 1-532089 

347296. 

2-3274 



6. a;5—6a;2 + 18a? — 22 = 0. 



— 2-i 
-1-] 

={-■ 

( — 0. 

( '89260 
a; z= < 



7. a;5 — , 12a; + 10 = 0. ^ = ■{ 2-93048 

( — 2-82305. 
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SOLUTION OF BIQUADRATIC EQUATIONS. 

Fhe eeneral form of biquadratic equations^ or those of th e 
irth degree, is 

z^ + ax^ + bx^ + cz + dz=:0. 

But before proceeding to the resolution of the general 
lation^ we shall show the method of resolving pure biqua- 
itic equations of which the form is 

x^ — a = 0. 

Since x^ is the square of x^ we have z^ = ^a and z = 

I. 

Let the equation be ar* = 625 to find the value of x. We 
re first x^ = J625 = 25 and x = ^25 = 5, which is 
t of the roots of the equation^ but we have already stated 
it an equation of the fourth degree has four roots. 

Elesuming the equation x"^ = 625 we have not only x^ = 
but also z^ =z — 25, whence from the first of this value 
have X =z 5 and z = — 5, and from the second z •= J 
25 and z z=. — tj — 25, which are equal to 5 J — 1 and 
5»J — 1, and these are the four roots or values of ;r in 
given equation. 

[jet the equation be a;* = 4096. 
Here a:* = it 64 

z = ± 8, or ± 8V — 1 
at is, the four roots are 8, — 8, SJ — 1, and — 8^ — 1. 

biquadratic equations wanting the second and fourth 
ms, or such as are of the form z^ + bz^+d = 0, may be 
^ed by the rules for quadratic equations ; thus, putting z^ 
y we have 

y^ + by + d=zO 
Ory' + bff + -^=^-d 

••• y +i=±\/T-'' 

Ory =--^±^--.d= =-2 

1 since «« = y, ar = ± ^ -* ± Vt' - id ^ ^^^^^ ^^^ 
ble signs + point out the four roots of the e<yu»,tiou. 



i 
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SOLUTION OF COMPLETE BIQUADBATIC8. 

From complete biquadratics we must first take away the 
second term, and the equation will then be of the form 

X* + ax^ + CX + d = 0. 

Suppose this equation equal to (x^ + nx + r) X {x^ — m 
+ P) > performing the multiplication we have x^ — (/> + '" 
— n^) x'' + (pn — rn) x+pr and comparing the coefficients 
of this with those of the former we observe that /?+#• — «" 

= a, or/? + r = a + n*;/?n — m =i c, or p — #•■=-. 
hence j» = i(a+»« + ^), and r = i {a-{-n^ — -); there- 
fore pr =1 d :=\ "J (« + «*)* — ^ f > ^° which putting v 

= n* and reducing, becomes v^ + 2at?* + (a« — 4rf) v — 
c* = 0, a cubic equation, from which v and consequently/? 
and r may be found and substituted in the two quadratics 
x^ ^^nx + r and x — nx + p, which when resolved give 
the four roots of the given equation. 

Find the four roots of the equation x^ — 25a:* + 60z — 
S6 = 0. 

Here jd = ^ (n« + ^ — 25) ; r = ^ (n« — ^ — 25), and 

rpzn d = \ Un^ — 25y —~\ = — 36, putting i; 

= »2 and reducing, we have t?' — 50i?* -f 76'9t? — 3600 
1= 0, a cubic equation, of which the roots are rational, viz. 
9, l6, and 25. Taking v = 25, then n := 5, r =z — 6, and 
jO = + 6, hence the two quadratics are x^ + 5;r — 6 = 0, 
and x^ — 5x '\- 6 = 0, from the former we obtain a: = 1, or 
— 6, and from the latter ar = 2 or 3. 

It is a remarkable fact, that the other two values of v 
give the same values of x, but not in similar pairs. Thus, 
if 1? = 9, then n = 3, r z=: — 18, and /? = 2, hence the 
two quadratics are x^ + 3x — 18 = 0, or ar = 3, or — 6, 
and j:« — 3af + 2 = 0, or ar = 1 or 2. Again, if t? = l6, 
then » = 4', r=: — 12 and jo = 3, hence the two quadra- 
tics are x^ + 4!X — 12 = 0, or ar = -f 2, or — 6, and z^ — 
4a;+3 = 0, or ar = 3 or 1. It is therefore necessary to find 
only one of the roots of the cubic equation to obtain all the 
four values of a; in the biquadratic 



re- 
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I the four roots of the equation a?* — 4a:' — 8x + 

itituting y + 1 ^or :r we get rid of the second term and 

I — 6y« — I6y + 21 =0 ; here r+p — n^=—6y 

r =z n^ — 6, also n {p — ^ = — l6, orp — r = 

hence/? = ^ (n* — 6 — — , r = i (n« — 6 H j, 

= + 21 = i {(n« — 6)« — (^)' |, therefore 

we have »• — 12n* — 48n* — 256 = 0, or sub- 
\gv = n^, v^ — 12v^ — 4fSv — 256 = 0, in which 
n we find v = l6> and consequently n = 4^ whence 

3 and r =z + 7, therefore the two quadratics are y* 

-7 = 0, ory = — 2 ±: V — 3, andy« — 4y + 3 
ry = 2itl=3orl, consequently x = y + 1 = — 
f .-« 3, 4, and 2. 

Find the value of x in the following equations. 

EQUATIONS. ANSWBES. 

-2a:'— a:+2 = 0. «: = 1,2,— i + V"^ 

and — ^ — V— f 
-2a:' — 7x^ — 8a:+ 12 = 0. a: = 1, 2, — 2,and— 3. 

IjW^J 1--V33 
2 '* 2 • 

18a:'+98a;«+l62a:+81=0. a? = — 1, — 9,-4+ 

V7, and — 4 — ^7. 

^ 3a:« — 4<r — 3 = 0. a: = ""^^^^ and 

1±V3 
2 

-27a:« — 14a:+ 120 = 0. a: = 2, 5, —3, & — 4. 

-3a:«+6a;+8 =0. a: = — 1, — 2, and 

¥•1 
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8. z^ — Sx^ + l4a:^ + 4a: — 8 = 0. a: =:3± ^5, andll 

9. x^ — lla?»+41ar« — 6lz+30=0. x =: 1, 3, 5, and 2. 

RESOLUTION OF EQUATIONS BY APPROXIMATION^ OR THE 
METHOD OF SUCCESSIVE SUBSTITUTION. 

First Method. Find by trials the nearest integral value 
r of the root x^ and substitute for x its equal rit: y in the 
given equation^ and a new equation will arise involving only 
y and known quantities ; then since y is a fraction^ its square 
and higher powers are small when compared with itaell, and 
may therefore be expunged from the equation^ which will 
leave a simple equation^ whence an approximate value of jf 
may be easily obtained^ and consequently a nearer value w 
the root. By substituting this value of r in the simple 
e<|uation^ another value of y will be found, which will give a 
still nearer value of the root, and so on, to any degree of ac- 
curacy that may be required. 

Required the value of x in the equation x^ — I5x^ +6$x 
— 50 = 0. 

By a few trials we find that x lies between 1 and 2, but 
nearer to 1. Let therefore 1 = r and a: = r + y. 

r^ + 3r«y + Sty^ 

Then ^ - I'f' = - iT'-fjy- '^y' 

63r + 63y 
50 

And by expunging the terms y', 3ry*, 15y*, we have r' — 
15r^ + 63r+3r^y — 30ty+63y — 50 = 0; therefore 

_ 50 — r» + 15r« — 63r _ 50 — 1 4- 15 — 63 _ 1 _ .^. 
^ ^ 3r« — 30r + 63 "" 3 — 50 + 63 ""36" '' 
and X = r027 nearly. 

Now, substituting 1 -027 for r in the last equation, we ob- 
tain 

_ 50 — l'083g 4- 15-8209 — 64'701 _ *0367 
y "^ 3-1642 — 30-81 + 63 "" 35-3542 ~ '00103, and 

.-. l-027 + -0010S = l-02803,astillnearervalueof«. Again, 
substituting 1*028 for r, we have 

_ 50 — 1-086373952 4- 15-85176 — 64-764 _ -00138 6048 _ 
^ "" 3-170352 — 30-84 +63 ~ 35-330352 "* 

•000039231 ; conscauently x = 1-028039231, which is true 
to the ninth place of decimals. 
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Second Method. Assume two numbers^ differing only by 
mity in the last figure^ as near the root as possible^ and sub- 
ititute them separately in the given equation instead of the 
inknown quantity ; then collect the terms according to their 
igns^ and mark the errors when in excess +, and when in de- 
bet — . Multiply the less error by the difference between 
he assumed numbers^ and divide tne product by the sum of 
lie errors when they are unlike, but by their difference when 
hey are alike. Add the quotient to the assumed number, 
vhose error was multiplied when the assumed number is too 
mall, otherwise subtract it, and the result will give the true 
cot nearly. 

To obtain the root still nearer, assume that last found, and 
.nother number differing from it only by unity in the last 
igure, and proceed with them in the same manner as before 
o get another correction, and so on, as far as is necessary. 

Required the value of x in the equation z' — 15a;* + 63a: 
- 50 = 0. 



Assume 1 and 1*1 as the 
rial numbers ; then 



St Sup. 
1 



. . . . 



X 



• • • • • 



2d Sup. 
1-1 



63 . . . 63« .... 69*3 

- 15 . — 15jr* . — 18*15 

X • . • . . X • 

49 sums 
50 

- 1 errors 

•1 
2-481 1 



. . . 1-331 

52-481 
50- 

+ 2-481 



3-481)-10000( -03 cor. 
1-00 

lence x nearly =1-03 



Again, assume 1-03 and 1*02 as the 
trial numbers ; then 

1st Sup. 2d Sup. 
1-03 X 1-02 



64-89 63ji: . 

—15-9135 ... — I5x» 



• • • Mb 

sums 

errors 

•069227 

•01 



. . 64-26 
— 15-6060 
. . . 1061208 

49-715208 
50 

— -284792 



1-092727 

50-069227 
50 

+ -069227 

— •284792 

•354019)00069227(-00196 correct. 

Hence a: = 1-03 — ^00196 = 1-02804, 
stiU more nearly. 



Lastly, assume 1*02804 and 1*02803 as the trial numbers ; then 
1st Sup. 2d Sup. 

1-02804 X 1*02803 

64*76652 6Sx 64*76589 

— 15*8529936240 . . . . — 15a;'' —15*8526852135 

1*0865007710 x* 1-0864690653 

sums 



50-0000271470 
50* 



49*9996738518 
50* 

— -0003261482 



+ -0000271470 errors 

•0000271470 
— •0003261482 -00001 1 02804 

-0003532952)*000000000271470( -0000007684796 
Hence x very nearly » l*0280392S16t04 
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When one of the roots of an equation has been thus fouDd, 
the rest may be founds thus : 

Divide the given equation by x minus the root founds and 
the quotient will be an equation depressed a degree lower; 
then find a root of this new equation^ and the number thus 
obtained will be a second root of the given equation. 

Depress the second equation a degree lower by dividing 
it by z minus the root last founds and then find a third 
root^ and so on^ till the equation is reduced to a quadratic, 
the two roots of which^ with those before fouMd^ will be all 
the roots of the original equation. 

Thus in the equation x' — 15a?* + 63x — 50 = 0, we 
found, by the second operation^ one of the roots = 1*02804, 
hence x — 1-02804) a?' — 15x^ + GSx—SO (a;« — 13'97l69x 
+ 48-63627 = 0^ and the two roots of this quadratic when 
resolved in the usual way> are found to be 6-57653 and 
7*39543^ which are also roots of the given equation. 

As formerly remarked^ when the coefficient of the highest 
term is 1^ the sum of all the roots is equal to the coefficient 
of the second term^ and therefore we find that 1*028044- 
&57653 + 7'3954i3 = 15. The sum of the product of the 
roots taken two by two is equal to the coefficient of the third 
term. Hence 7-39543 x 6-57653 + 7*39543 x 1*02804 + 
6*57653 X 1-02804 = 63. And the continued product of all 
the roots is equal to the absolute term^ thus : 

7-39543 X 6-57653 X 1 02804 = 50. 

The root of a cubic equation^ after the first figure is found 
by trial, may be readily found by extracting the cube root of 
the absolute term, taking care to add the coefficient of x ac- 
cording to its sign to the first and second trial divisors, 
thus: 

Let x^ + 225x — 750 = 0, here the root is soon found to 
be between 3 and 4, therefore 
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+ 225)x3a 

<3+225s252 
91 

25291 X 1 » 
1 


750 
702 
48000 

25291 


)3*1891712a:r 
6 

91 X 1 s 91 
2 

938 X 8 s 7504 
16 


25383 
7504 

2545804 X 8 : 
64 


22709000 
= 20366433 


9549 X 9 a 85941 
18 

95671 X 1 ar 95671 
2 


2553372 
85941 


2342568000 


956737 X 7 » 6697159 
14 



255423141 X 9 = 2298808269 
81 

255509163 43759731000 
95671 

25551011971 X 1 a 25551011971 

1 

25551 107643 18208719029000 
6697159 

25551 1 746 1 459x7a 17885822230213 
49 

2555124158667 322896798787000 

9567511 

255512425434211x1b255512425434211 



9567511 xls 9567511 



67384373352789000 



Let «' — 7ar + 7 = 0. Here the root is between 1 and 
therefore 



— 7 


(1*35689655 « x 


(l«-.7)xl » —6 


2 


X3— 7= — 4 — 1000 


33 X 3 a 99 


+ 99 


6 


_301x3a— 903 


395 X 5 = 1975 


o 


10 


«- 193 — 97000 


4056 X 6 a 24336 


+ 1975 


12 


— 17325 X 5 » — 86625 


40688 X 8 a 3252 


■L 9K 




— 15325 — 10375000 




+ 24336 




— 1508164x6 a — 9048984 




+ 36 


i^_ 



— 1483792 — 1826016000 

+ 325504 
-- 148053696x8s— 1184429568 



1415664»KK» 



i 
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1. Given z^ — 2z — 5 = 0, to find an approximate value 
of X. Ans. X = 2-09455148. 

2. Given ar' — 7ar + 7 = 0, to find an approximate value 
of «. Ans. X = 1-35689655. 

3. Given ar* — l6x^ + 40a;« — SOa; + 1 = 0, to find an 
approximate value of x. Ans. x == 13*12488. 

4. Given x^ — 17ar« + 54a: — 350 = 0, to find an ap- 
proximate value of a?. Ans. x = 14'9540o7. 

5. Given a;* — Sx* + 75x — 10000 = 0, to find an ap- 
proximate val ue of X. Ans. x = 9'8860027. 

6. Given Vl44a?« — (a:« + 20)« + Vl96ar« — (a:«+24)« 
-— 114 = 0^ to find an approximate value of a;. 

Ans. X = 7-123883. 

7. Given a;' + 438a;« — 7825a: — 98508430 = 0, to find 
an approximate value of a?. Ans. x = 356-9708968. 

8. Given a:* — 80a;' + 1998a:« — 149S7a;+5000 = 0, to 
find an approximate value of a;. Ans. x = 12*7564418. 

9. Given a;' — 12a;+8 = 0^to find an approximate value 
of a:. Ans. x = 3*0641776. 

10. Given a:' + 6'7a;* + 4-5a; — 10*25 = 0, to find an ap- 
proximate value of X. Ans. z = -90018. 

11. Given a;' + 10a;« + 50ar — 2600 = 0, to find an ap- 
proximate value of a;. Ans. x = 10*1794653. 

12. Given x^ + 2x^ + 3x^ +4!X^ + 5x — 54321, to find an 
approximate value of x, Ans. x = 8*414455. 



OP EXPONENTIAL EQUATIONS. 

Equations which contain quantities with unknown indices 

or exponents, as «• =: 6, a** = c, af = a, &c. are called Ex- 
ponential or Transcendental Equations. 

1. Given a* = 6 to find the value of a;. 

Since a' = b, we have logarithm of (a*) = logarithm of b, 

.*. X log. a = log. 6, or a; = j^|-^; thus leta = 8, and b = 

100 ; then 8* = 100 and a: = ^^' ^ =2-5- -903090 = 
2*2146187. 

2. Given a^ =: c to find the value of a;. 
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Note. An exponential of this form means a to the power of b', 
and not a^ to the power x^ which would then be expressed by a^' 

Assume z •=.lf then a^ =: c, and z log. a = log. c, .*. z = 
.^' = If, Again assume y = j— • ; then If •=. y^ and a: 
log. 6 = log. y, .'. X = jp^. Thus let a = 8, 6 = 2, and 
c = 200, then 8«*= 200; |?^ = ^^ = ^^ = 

' log. a log. 8 0'903090 • 

« ^.« , locr.j^ loff. 2*548 -406199 

2-548 = v,anda: = r^= -f — 5— = -^,^^= l-34Q = a:. 
•^^ log. % log. g '301030 ^ 

3. Exponentials of the form af = a may be readily solved 
by the second method of approximation^ page 131. The as- 
sumed numbers being substituted for x in the equation x log. 
X = log. a^ and the operation repeated a sufficient number of 
times^ X may be obtained to any degree of exactness. 

Thus let af = 100^ to find an approximate value of a;. 

Here we have x log. x = log. 100 = 2> and it is obvious 
that X lies between 3 and 4^ but nearer to 4. Assume, there- 
fore, X = ^*S and Z'^ ; 

Then 3-5 log. 3-5 = 3-5 x "544068 = 1-904233 = 1st result, 
and 3-6 log. 3'6 = 3-6 X '556303 = 2-002691 = 2d result. 
Whence 1-904233 — 2 = — -095762 = 1st error, 

and 2-002691 — 2 = + -002691 = 2d error. 

Sum of errors, -098453 

-.• -002691 -J- -098453 = -00273 = first correction, and 
S-6 — -00273 = 3-59727 = X nearly. 

Again, assuming x = 3-59727 and 3-59728, and using a 
table of logarithms to seven places, we have 

3-59727 log. 3-59727 = 3-59727 X '5559731 = 1-9999854 
3-59728 log. 3-59728 = 3-59728 x '555974i3 = V9999953 
Whence 1-9999854 — 2 = — -0000146 1st error, 

and 1-9999953 — 2 = ~ -0000047 2d error. 

Difference of errors, 'OOOOO99 ; 

/. '000000000047 -^ 0000099 = '00000474747 = second 
correction, which added to 3-59728, gives x = 3-59728474747 
very nearly. 
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EQUATIONS. AN8WBB8. 

1. Given l6* = 200. x = 1-91096. 

2. Giren 6» = 1500. z = 4-081587. 

;. 3. GiFen 6' = 3000. z = 1-22707. 

4. Given 12*'= 6500. z = -910447. 

5. Given af = 2000. z = 4-8278226. 

6. Given af = 50. a? = 3-28726192. 

7. Given {5zy = 80. a: = 1-9320805. 

PRACTICAL EXERCISES. 

1. To find two numbers such that their sum shall he equal 
to the square of the greater^ and their differehce equal to the 
square of the less. Ans. 1-543688 and -839286. 

2. To find two numbers such that their sum shall be equal 
to the greater divided by the less^ and their difference equal 
to the less clivided by the greater. 

Ans. 1*191486 and -647799- 

3. Given the sum of three numbers, 30, their product 780, 
and the sum of their squares 338^ to find the number. 

Ans. 5, 12, and 13. 

4. Divide 20 into two parts, such that the cube of the 
greater shall be three times the cube of the less.r 

Ans. 11-8108288, and 8*1891712. 

5. What two numbers are those whose sum is 24, and the 
difference of their cubes 866 ? Ans. 1 1 and 13. 

6. Divide the number 20 into two parts, such that the 
square of the one shall be equal to the cube of the other. 

Ans. 14-149 and 5-851. 

7. The product of the ages of a man, his wife, and his soDj 
is 12,000, the wife is 20 years older than the son, and the 
father's age is equal to those of his wife and son together. 
What is the age of each ? 

Ans. Father, 40 ; wife, 30 ; and son, 10. 

8. Find two numbers such that their product multiplied 
by the less shall be 441, and their difference multiplied by 
the greater shall be 18. Ans. 9 and ?• 

9. Three farms contain altogether 584 acres ; the number 
of acres in the first is the square root of that in the second, 
and the cube root of that in the third. How many acres are 
in each ? Ans. 8 acres, 64 acres, and 512 acres. 

10. Required two numbers, whose sum, product, and dif- 
ference of their squares are all equal. 

Ans. 1*618034, and 2*618034. 
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1 1 . What number is that whose square multiplied by its 
fourth part shall produce 432 ? Ans. 12. 

1 2. There is a number consisting of two digits^ and the 
sum of the squares of the digits added to their product is 
equal to the number itself, and the difference of the squares 
of the digits added to half the product is equal to half the 
number. Required the number. Ans. 64. 

13. To divide the number 100 twice, so that the greater 
part of the first division shall be the cube of the less part of 
the second division, and the greater part of the second divi- 
sion three times the less part of the first division. 

Ans. 68-0274 and 95'9177, the two greater. 

14. Required the side of a cube of which the sum of the 
surface and soli4ity is I6OO. Ans. 10. 

15. What number is that of which its fourth power, di- 
vided by its half plus 14^, is equal to 100 ? Ans. 3^. 

16. Find two numbers such that the sum of their squares 
divided by their product shall be equal to the less, and the 
difierence of their cubes divided by their product shall be 
equal to the greater. Ans. 3*14789 and 2*14789. 

] 7* Find two numbers such that their difference shall be 
equal to their product, and the difference of their squares 
shall be equal to their sum. Ans. I*6l8 and 0*6l8. 

18. A country girl exchanges geese for hens, giving two 
geese for three hens; the hens lay each one-half as many 
eggs as there were geese, and the girl sells nine eggs for as 
many pence as each hen laid eggs, and she receives in all 72d. 
How many geese did she exchange ? Ans. 12. 

19* Find three numbers, proportionals, whose sum is 38, 
and the sum of their squares is 532. Ans. 18, 12, 8. 

20. What two numbers are those whose difference is 8, 
and whose product multiplied by their sum is 5040 ? 

Ans. 10 and 18. 

21. To find four numbers in continued proportion, so that 
the sum of the extremes shall be 27^ and the difference of the 
means 6. Ans. 3, 6, 12, and 24. 

22. To find four numbers in continued proportion, so that 
the product of the two least shall be 48, and the product of 
the two greatest 3888. Ans. 4, 12, 36y and 108. 

23. There is a word of four letters, and the sum of the 
numbers of the two first letters, reckoning from the begin- 
ning of the alphabet, is equal to the sum of the two last, the 
product of the two first is 180, and that of the two last 110. 
and the sum of the numbers of the second and. third is 37. 
Required the word. Ans. Love. 

24. A company of merchants have a comm^tL ^Xity^ ^H. 
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£8240^ of which each contributed 40 times as many pounds 
as there are partners^ and they gain as much per cent as 
there are partners, now on dinding the profit^ after each had 
received ten times as many pounds as there are partners, 
there still remained £224*, Kequired the number of part- 
ners. Ans. 7j 8^ or 10. 



OP THE PROPERTIES OP NUMBERS. 

Definitions. A prime number can only be divided by itself 
and unity. A composite number is composed of two or more 
factors neither of which is unity. 

Proposition I. If « = the sum, d = the difference^ and/? 
= the product of two numbers a and b, and n be any number ; 

then o^ + 6* = «* — «/w*""* + n ' — ^ — p'^ " * — n. 

n -^ ^ n — 5 ,_ u, n — 5 n ^^ 6 » — 7 ^-^g 



8 



/?'«»-« + n • — g— • -^ • — ^— />*<»■ 



n — 6 »— 7 n— .8 « — 9 ,^_ia . n — 7 

- n • -J g J 5-i»**— " + n ' -^. 

3 4 S g p <" , «c. 

And a" — 4»= rf(«"-* j— /»«" ~ ' H f- * — 3- 

Thus a« + 6« = *« — 2jo ; a' + 6' = *» — 2ps ; a* 
+ 6* = ** — 4/w« + 2p« ; and a« + 6« = *• — 6/w* + 
9jo««« _ 2p^. 

And o« — 6« = £&; a^ — b^ = d (*• — />) ; a* — 6* 
=zd(s^ — 2p8); a^^ -^bii^idis^-^Sps^+p^); and a* 

— 6« =£/(*« — 4/w' + 3jD«*). 
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Prop. II. The difference between two squares is equal to 
he sum of the roots added to twice the sum of the numbers 
letween the roots. 

Xiet p and p + n\i% the numbers or roots^ the numbers 

)et'ween them are jd + 1, /? + 2, jo -f 3, . . . jo + n — S,p 

•\- n — 2, j» + n — 1, of which the number is n — 1, 

ft ^_ 1 
;herefore their sum is (/?+ 1 +/? + » — 1) — 5 — = 

— ' g ^ , and its double^ added to 2p+n, the sum 

)f the roots^ gives 2pn + n« = (/? + n)* — />«. 

Prop. III. If r be any number^ and n an integer^ 5 "" 

r — 1 

s an integer. 

For if the division be performed, the quotient will be r" ~ ^ 
■|- r"~* &c + 1 without a remainder. 

r" 1 

Also^ if n be an even number^ . is an integer^ but if n 

)e odd, — -— is an integer. 

Note. If r be the root of any arithmetical scal^ and Oy b, c, &c. 
Ligits of which a number consists, that number will be represented 
»y the series a + ftr + cr« + dr* &c Thus, if the digits be 2, 3, 4, 
», the number in the decimal scale is 5 + 4xl0 + 3x 10* + 2 x 
LO', and in the duodecimal scale the number is 5 + 4xl2 + 3x 
L2» + 2 X 12*. 

Prop. IV. If from any number^ of which r is the root of its 
vcsAqj the sum of its digits be subtracted^ the remainder will 
)e divisible by r — - 1. 

For the remainder will be 6 x (r — 1) + c X (r* — 1) + 
i X (r^ — 1) &c., each term of which is manifestly divisible 

jy /• 1. 

m 

Cor. Hence^ if the sum of the digits of any number be 
li visible by r — 1, the number will be divisible by r — • 1, 
tr any aliquot part of r — 1. 

Prop. V. In any number, if the sum of the coefficients of 
he even powers of r be subtracted from the sum of the] co- 
fiicients of the odd powers, and the remainder be added to 
he number^ the sum will be divisible by r -f I* 
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For the sum will be, b{r + 1) + c(r« — 1)+ rf(r» + 1) 

+ e{r^ — 1) &c But when n is odd, . is an integer, 

,.« 1 ^ 

and when n is eren, — —r- is an integer, therefore each of the 

terms is divisible by r + 1. 

Cor. 1. Hence, if the difference between the sum of the 
even digits and that of the odd digits of any number is divi. 
sible by r + 1, the number itself is divisible by r + 1* 

Cor. 2. If a number wants all the even or all the odd digits, 
and the sum of the digits is divisible by r+ 1> the number is 
divisible by r + 1. 

In the common scal^ where r = 10, r — 1 = 9* and r+1 
= 11, if we take the number 7587 we find the sum of its 
digits 27 is (divisible by r — 1 =: 9* Hence the number it- 
self is divisible by 9, ^od if we take the number 75834, we 
find that the sum of its odd digits exceeds that of its even 
digits by 11. Hence the number is itself divisible by 11. 
The sum of the digits of 9080709 and of 708070 are divisible 
by 11 ; therefore uiese numbers are divisible by 11. 

To find whether a number be divisible by any of the prime num- 
bers, we have no general rule but by actual division ; we however 
know by inspection when it is divisible by 2, 3, or 5 ; and since 7 x 
11 Xl3= 1001 =r» + l -ir« — (r—l)x (r+1); it follows that 
1000 divided by any of these numbers will have — 1 for a re- 
mainder, (1000)> wiU leave + 1, (1000)* will leave — 1, and so on: 
Therefore if we divide the number into periods of three figures 
from the right hand to the left, and take the sum of the 1st, 3d, 
&C. periods, and also the sum of the 2d, 4th, &c. periods, and subtract 
the latter sum from the former, then if the remainder is divisible 
by 7, 11, or 13, the given number will also be so, otherwise not 

Suppose the number 22,473,809,514^ then 514 + 473 = 987, 
and 809 + 22 » 831, and 987 — 831 a 156, which is divisible by 
13, but not divisible by 11 or 7, therefore the given number is divi- 
sible by 13, but not by 7 or 11. 

Prop. VI. Every product is divisible by any number which 
divides one of its factors. 

Let the product be abCi and let - = « , then a = rs, and 

abc = r(8bc), which is manifestly divisible by r. 

Prop. VII. If the numbers a and 6 are each divisible by 
n, then their sum a + b, and theix diffecenoe a — - ij or 
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Einy multiples of tLese^ ma + mb, and ma — mb are also 
divisible by n. 

Let a = pn, and b = qn, then a + b == pn + qn z= 
{p + q)n ; and a — b zn pn — qn z= (p — q)n, &c 

Cor. If neither a nor b is divisible by n, then neither a + ^ 
nor a — b is divisible by n, 

Pbop. VIII. If neither of the factors of a number ab are 
divisible by the prime number n, then the number ab is not 
divisible by n. 

For if a:p^ n, let a = »2n + r where r .^ n, but not = 
nor = 1 (for then n would be divisible by r, and would not 
be a prime number), and b =: pn-i-s, where 8 .^ n, but not 
= 0, nor = 1, then ab ■= mpn^-{'mns+pnr+rs, the first 
three terms of which are divisible by n. Hence if ab is divi- 
sible by n, then rs is also divisible by n. Let n =1 qr + r^ 
where r' .^^ty but not = nor = 1, then na = qr8-\- r^8, but 
qra being a multiple of rs is supposed to be divisible by n, 
therefore r^s is also divisible by n. In the same manner we 
find v" ,^r^y but not = 0, such that r"* is divisible by n, 
and so on, but as r consists of fewer units than n, and it de- 
creases continually by one or more units, it will at last be 
equal to 1, and then 1^ would be divisible by n, though it is 
less than n, which is impossible, wherefore ab is not divisible 
by n- 

Cor. Hence, if n is not a divisor of a, neither is it a 
divisor of a", nor of v^, for if ^ = w«, then mnb^ = a'*. 



Prop, IX. Any number N, which is not a prime num- 
ber, may be represented by several prime numbers raised to 
some powers, as N = a'^b^tf, and these numbers are ob- 
tained by dividing N, first by 9. as often as possible, the num- 
ber of divisors is m ; then divide the last remainder by 3 as 
often as possible, the number of divisors is n ; then by 5 as 
often as possible, the number of divisors is r, &c. 

When a number N is represented by a*"6**£f, &c. it will 
bave for divisors (i 4-a-|-a« . . . + a*") (1 + 6 -h 6*» . . . + 
*") X (l+cH-c«. .. + cf), &C. = (w+l)(«-hl)(r+l); 
whence it is manifest that N can be the product of two fac- 
tors \{m+ 1) («+ 1), to (r-|- 1) ways, because these factors 
are two of the divisors. 
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If N is a square, m, n, r, are even numbers^ and ^{m+l) 
(n+ 1) (r+l) will contain \, for which take 1. 

If we wish the factors to be prime to each other^ we do not 
use exponents^ but consider N = abcde &c., and if /i re- 
present the number of factors^ 2^"^ is the number of ways 
m which N can be produced from two prime factors. 

Prop. X. To find a number that shall hare as many prime 
divisors as we choose. 

Suppose 36 divisors, we must resolve S6 into its heUm, 
either prime or not, as 4t, 3, 3; then diminish each of them 
by unity and we get 3, 2, 2, for m^ n, r; therefore a^b^e*, 
is the form of a number which has 36 divisors ; the most 
simple of such numbers is 2' xS« X 5* = 1800. 

Prop. XI. £very odd number may be represented by 2z 

; 1, or in relation to 6, it may be expressed by 6a? i 1, 

and 6z + 3, and these expressions include all prime num- 
bers except 2 and 3 ; but ox + 3 is not prime, and 6z ± 1 
is not always prime when z = ^, 6, &c. 

Prop. XII. There is no algebraic formula which represents 
only prime numbers. 

Suppose p = ax^ + bz^ + cr + rfi a prime number, when 
z :=. k, then if a; = k+py, y being an integer, we will have 
p = (3aA;«-f 26^+c) py +(3aA;+ 6) jo^jf^-f^p'y', a prime 
number, which is impossible, for it is divisible by p, and is 
different from the other value oip, 

Fermat says that the form 2' + 1 gives always primes if 
we take a: = 1, 2, 4, 6, 8, 1 6, &c. ; but Euler shows that if 
X = 32, then 2* + 1 = 641 x 6700417. 

It is manifest that the number of primes is infinite, since 
the series 14-i + i + J+^}-i-i\> ^^ *® infinite. 

Though we cannot find an algebraic formula which con- 
tains only primesj nor one which contains all such numbers, 
or is their general law, yet we have some formulae which are 
remarkable for the multitude of primes which they contain. 
Thus, if in the formula «*-(-« + 41, we take ar = 0, 1, 2, 3, 
4, &c. we shall have 41, 43, 47^ ^3, &c. of which the first 41 
terms are primes; in the formula z'^ +z-\- 17 the first 17 
terms are primes ; and in the formula 2a;' + 29> the first 29 
terms are primes. 

The expression 22; -f 1, according as 2; is even or odd, con- 
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tains the two forms 4kr + 1 &nd 4x — 1, two principal diri. 
sions of prime numbers ; the form 4z-^ 1 may be subdivided 
into 8a: + 1 and Hz — S, and the form 4tfr — 1, into 8x — 1 
and Sx + S, so that all the primes may be reduced to these 
four forms. The forms 6x zh I according as x is even or 
odd, give, in reference to 12, the four forms 12^4- 1, 12a:+5, 
12z — 5, and 12x — 1, each of which contains an infinite 
number of primes. 

In general, if a is any number, every odd number may be 
represented by 4a:r dz ^ in which b is odd, and less than 2a, 
and if from among all the possible values of b we expunge 
those which have a common measure with a, the remaining 
4iaz + b will contain all the prime numbers, divided in re- 
spect of the multiplier of 4a, into as many forms as ± ^ shall 
have different values, and these forms altogether contain the 
whole of the prime numbers. 

Suppose —-20 + 6, — a + 6, 6, a + 6, 2a + 6, &c to be an arith- 
metical progression, of which the general term is ox^ + i, and sup- 
pose n a prime number which does not measure a, we can always 

ax 4- b 

find an infinite number of values ofx, such that shall be an 

n 

integer. 

For if r be taken successively » 0, 1, 2, 3, 4, . . . . (n ..— 1), the 
remainders of the divisions of ax + b hy n ought to be different 
one j&om another, and all less than n, and therefore one of them will 
be s 0. Two remainders cannot be the same, for if ay + & and as 
-h b gyre the same remainder, ^ and s, being each less than n, their 
difference a(y — s) would be divisible by n, but a is not divisible 
by n, and y — s is less than n. Now if « be the least of the values 

^ax -f* b 

oi and « be any integer, we shall have generally x » « + nz, 

and thus the values of z which render ox + i divisible by n, will 
themselves form an arithmetical progression «, « + n, « + 2n, &c. 
of which the difference is n. Hence it follows that for n terms con- 
secutively taken any where in the series — a + *, &, a + 6, Ac. there 
must be one divisible by n. In general the terms measured by n in 
the series of which we treat will be placed at the same distance the 
one firom the other, and this distance comprehends always the num- 
ber of terms n. 

Suppose the series commences at the term a + 6, when x s 1, if 
we consider m consecutive terms ascending from the first, and firom 
these m terms we reject all those which are divisible by n, there will 

remain im(l \ terms, not divisible by n. 

In the applications of this formula the result will be always exact 
as often as m is a multiple of n, but m may be any number wbato^^t^ 



an 
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not divisible by n, and then the number m(1 — -\ will contain 

integer «, together with a remainder -, the int^^er has an unequi- 

vocal signification, as for the fraction -> it holds the place sometimes 

of and sometimes of 1 accordins to different cases. This fractioo 
expresses in some sort, the probability that the number of terms not 
divisible by n shall be a + 1, but the number may be only «. 

If «> is a prime number which is not a divisor of a« we can find in 
the same way, that in the finite series a + 6. 2a + 6, 3a + 6, wa + t, 

there will be m(l j terms not divisible by at, and the firaction 

that may be contained in m(l j will hold the place of the differ- 
ent cases of and of 1. 

Hence if we would know how many terms in the same series are 
not divisible by either *> or n we shall find this number to be ni(l — 

- j (1 — - \. If we suppose for greater simplicity that n» is a mul- 
tiple of n«(, and make m <= vn^nat, we may distinguish in m four sorts 
of terms : 1st. N terms not divisible by either » or «. 2d, «• 
terms not divisible by n. 3d, m'n terms not divisible by * ; and 4th, 
m' terms not divisible by n^. Now it is evident that this last is 
comprised twice in the terms m'w + m'n, and that thus in reuniting 
all the distinct terms we shall have N + m'm + m'n — m\ therefore 

i» aa N + m'«» + m'n — wi' ; hence N = iii(l + |s=« 

(1 )(I ), a formula which is rigorously true, if « is a 

multiple of nt,, and which approaches the truth so closely in all other 
cases, that the error can never amount to two units. 

Similarly, it may be proved, that if n, o, p^ q, &c. be primes, not 
divisors of a, the formula m(l j (1 j(l \(1 — ij4c. 

will represent the number of terms of the series a + 6, 2a + 6, 3a 4- & 
Ac which are not divisible by any of the primes n, o, ^, 9, &c. This 
formula may in particular cases vary from the truth by reason ot* 
the fractions, introduced by each denominator, but the error can 
never amount to as many units as there are denominators. 

If a and b have a common measure, the formula ax -^ b can con- 
tain no prime number, if this common divisor be not one. 

Suppose a and b to be prime to one another, and that thus ax 4- 6 
may represent different primes, we wish to find how many of these 
numbers are in the progression a -I- i, 2a -l- 6, 3a + 6^ Ac., na -f & 
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According to the preceding formula, we form the product *( o ) ( 7 ) 

f - \ . . ^ ■ Y in which we include all the prime numbers 2, 3, 

5, 7, &c. to the greatest «»* contained in y/{na + b), excepting only 
those which divide a. If a + 6 be greater than y/{na + b) the pre- 
ceding formula will be the number sought ; but if a 4- 6 be less tmui 
^(na + b)f we must add to this formub as many units, as there are 
primes, less than '^(na + 6), in the proposed series a + 6, 2 a + 6, &c. 

Ex. How many prime numbers are in the first 1000 terms of the 
aeries 49, 109, 169, 229, 289, 349, of which the general term is 60x_ 11 ? 
Here the 1000th term is 59989, its square root is 244, and the next 
leas prime is 241, besides 60 is divisible by 3 and by 5 ; hence we must 

take for divisors aU the primes &om 7 to 241 which gives, 1000 ( - . 

10 12 16 18 240\ ^ a rru * •* jj j v 
TT ' T7i ' Tz: • t:: stt 1 + 2. The two umts are added be- 

11 13 17 17 241/ 

cause there are in the series two prime numbers 109 and 229 less 
than 241. 

In order to accomplish a calculation of this kind, it will be useful 

2 4 6 
to have a table of the values of ^- 7*^ * &c., terminating at each of 

these numbers. The product to 241 is 0*201455, this divided by 

- X -, which are not in the series, gLves 0*377728, which multiplied 
3 S 

by 1000 becomes 377*728, to which add 2, and it becomes 379*728, or 
380, so that there are about 380 primes in 1000 terms of the series 
49, 109, 169, &c. 

LiCt it be required to find how many prime numbers are below 
100,000 ? For this purpose, we consider the first 50,000 terms of the 
series 1,3, 5, . . . . 99999. The square root of 99999i8nearly 316,and the 

next less prime is 313. Take, therefore, the product of 50000 (- • - . 

— \ which will give 50000 x 0*1 92686 = 9649, to which we must add 

66, because 313 is the 66th of the prime numbers, including 2, and it 
makes 9715 for the number of primes below 100000. Here the error 

cannot amount to 66, or -—- of the whole. 

165 

Prop. XIII. If n is a prime number, and N any number 
not divisible by n, then the quantity N"-* — 1 is divisible 
by n, or N** — N is divisible by «• 
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Mi— 1 

Since (1 +ar)" = 1 + nz + n. — ^ — ar« - . . + ^> and all 

the terms of this development are divisible by n except the 
first, and the last, it is obvious, that (1+^)** when divided 
by It, will give the same remainder that af^+ 1- will give, that 
is, in point of remainders, (l+^)** = ^+ 1> A^d sapposmg 
1 +ar = N we have N*» = (N — 1)"+ 1, and subtractmg N 
from each, we have N" — N = (N — 1)* — (N — 1). As 
N may be any number, we may substitute N — 1 instead of 
it, then (N — 1)~ — (N — 1) = (N — 2)» — (N — 2), 
and by diminishing the value in this way, we shaJl at last 
have on the right hand side of the equation (N — N)" — 
(N — N) which is evidently = ; therefore N*^ — N di- 
vided by n gives for a remainder, but N** — « N = N 
(N* -" ^ — 1), and N is not divisible by n, consequently N" "* 
— 1 must be divisible by n. 

Cor. When n is prime a!**"^ — 1 is divisible by n, or 

is an integer, and z may be = ± 1> it 2, &c., 

from — |n to + if*, therefore the number of solutions is 
n — 1, the exponent oiz. 

Prop. XIV. If n is a prime number, then the product 
1 . 2 . 3 . 4 . . . (n — 1) increased by 1, is divisible by n. 

For putting m :=: n -— 1 we have by the theory of diflfer- 
ences 1 .2.S...»t = »t*" — wi.(»i— 1)**+ ^\ T ) ' 

(m — 2)** — m + **^ • ^^^-y— (fn — 3)*», &c. ; where, if 

we neglect the multiples of n, we shall have by the preceding 
theorem, w~=: 1, (w — • !)"» = 1, (w — 2)** = 1 , &c ; there- 
fore the product I . 2 . 3 . . . m is reduced to 1 — m + 

m . ( — 5 — J — , &C., and the number of terms hm; but this 

is the development of (1 — 1)*" except its last term, which is 
+ 1, since m is even, therefore the sum of the terms, in re- 
spect of the remainders, is (1 — 1)** — 1, which is mani- 
festly = — 1. 

This theorem is remarkable, as it is true only when n is 
prime, for if we take n = the product of two factors, these fiac* 
tors are also terms of the product 1 . 2 . 3 . . . (n ^— 1), and 
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will consequently divide it> so that if 1 be added to the pro- 
duct> the remainder will be + 1 ; ^he same is the case when 
n =z a^, for both a and 2a are ^Eictors of the product 1.2.3 
. . . (n — 1)^ which is therefore divisible by a^ or n. 

This is a certain^ but very tedious^ method of finding 
whether or not n is a prime number. 

Note. The numbers n — 1, n — 3, n — 3, &c. considered as 
the remainders of the division by n, are equivalent to the remainders 
— 1, — 2, — 3, &C. ; besides n being odd, the number of &ctors, 1 . 
S . 3 ...(»— 1) will be even, theiifore the product divided by n, 

(n ^- 1*\ 
I, the 

sign being + when n is of the form 4ar + 1, and — when it is of the 
form 4a — 1. 

Hence 1. If a prime number n, be of the form iix-^l, the 
product 1.2.3... ( ■-^-— ) + ^ ^^^^ ^ divisible by n ; 

thus we know the sum of two squares a^ + l,of which n is 
a divisor. 

2. If the prime number n, be of the form iiZ — 1^ the pro^ 
duct 1.2.3... \ T Y — 1 ^iU he divisible by n, conse- 
quently n will divide one or other of the two quantities, 1 . 2 
. 3 . . . (^^-Y-^) + l^ or 1 . 2 . 3 . . . (^^^) — 1- 

Pbop. XV. If we try the division of any number N by 
all the prime numbers, 2, 3, 5, 7> &c as far as ^N, and 
find that none of them will divide N without a remainder, 
then N is a prime number. 

For if N could be divided by a number greater than >^N, 
the quotient would be less than ^N, and so a number less 
than ^N would divide it, which is impossible. 

Prop. XVI. If n be a prime number, and the number 
N a polynomial, of the form ax^ + bxf^ ~ ^ + caf ~ ', &c., then 
there cannot be more than m values of Zy between+^n and — 
^, which make N divisible by n. 

Let p be the first value of x which renders N divisible by 
n, we may make N = (a; — p) N'+ An, and we shall have 
N' a polynomial of the forma«*"~^4-&rf •"*+€«?* "~'-V>^^^ 
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Let // be a secoDd value of Xy which reDders N divisible by », 
this must also reuder {x — > p) N' divisible by n, since p and 
p' are each less than jW ; therefore if N> a polynomial of the 
mth degree^ be a second time divisible by n, then also is N' 
a polynomial of the degree {m — 1) divisible by n, conse- 
quently^ N admits of but one solution more than N^ hence 
there can be but m different values of z, between -f- \n and 

— i«, which render N divisible by n. 

If after one solution^ as a; = jt?^ we take ;r s= /7 + n;r, then 
all the values of z which resolve this formula will alse 

N 
satisfy the formula — an integer. 

Prop. XVII. If n be a prime, and N a polynomial of 
the form or^ + ftr^"-^ + ca;*"-f+ &c., which is a divisor of 
z^"^ — 1, then there are always m values of a;, between + 
^w, and — \n, which render N divisible by n. 

Let ^ ~ * — 1 =: NP, P being another polynomial of the 
form aa^ - <« + i'+6a:« - <« + *>+ca:« - <~ + 3)+ &c. Since there 
are « — 1 values of Zy namely, db 1> ifc 2, ±3, +4 .... 

n — 1 

± — I — , which render af*"^ — 1 divisible by n, each of 

these values ought to render N, or P, divisible hj n; but 
among these n — 1 values, there are not more than m, which 
render N divisible by n, and there cannot be less than m 
values which do so, for then there would be more than n — 1 

— m values, which render P divisible by n, but this cannot 
be, as P is only of the degree n — 1 — m; therefore, the num- 
ber of values of z which render N divisible by n and which lie 
between — ^», and -f- ^«, are precisely m. The same would 
also be true, if N was a divisor of a:"-^ — 1 + wR, R bewg 
= aa:"~*H-6af*"''~^-f- &c. ; or a polynomial of any degree 
less than n. 

Prop. XVIII. If the prime number n is a divisor of the 
number x^ + N, (N being any number positive or nega- 

n- 1 

tive) then the number ( — N) * — 1, is divisible by n, and 
reciprocally : if this condition be fulfilled, there is a number 
X less than ^n, such, that a;^ -f N shall be divisible by n, 
(except when n = 2, and N is divisible by n). 

For since a?* + N is divisible by n, the remainders of — 
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N 
md of must beequal^ therefore in respect of remainders^ x^ 

n— 1 

= — N, consequently af "" ^ — 1 = ( — N) * — 1, but the 
Former is divisible by n, therefore the latter must also be di> 
visible by n, 

n — -1 

Again^ if ( — N) ^' — 1, be divisible by n, let this quaii- 

n~ 1 

tity be «r, then 3f*-^ — 1 — »r = a:""-^ — ( — N) , * ' 

Suppose n — 1 = 26 and — N = + M, the second side 
becomes a?* + M*, which is obviously divisible by x^ — M, 
= a:* + N, consequently a?* + N must also divide ai"" ^ — 1 

— nr, there are therefore two values of x, which differ only 
in their sign^ less than ^n, which render x^ + N divisible by n. 

Cor. When N is not divisible by the prime n, then N"-^ 

— 1 is always divisible by n, the factors of this quantity 

n — 1 n~l 

being N * +l>andN ' —1, consequently one of these must 

n~l 

be divisible by n; therefore N * when divided by n^ will 
have a remainder of either + 1^ or •— 1. 



OP CONTINUED FRACTIONS. 

A CONTINUED fraction is one, of which the denominator is a 
mixed number^ the fractional part of which has also a mixed 
number for its denominator^ and so on. 

In order to obtain 'continued fVactions^ we proceed in the 
same manner as in finding the greatest common measure of 
two numbers^ and we afterwards make use of the quotients to 
form the continued fraction. 

Let it be required to reduce the fraction — into a conti- 
nued fraction. 

59)101(1 

42)59(1 
17)42(2 
~83l7(2 
1)8(8 

Here the quotients are 1^ 1^ 2^ 2, S, and since the given 
fraction is an improper one^ we have 1 for the first term q{ 



150 ALGEBRA. 

the continued fraction, and taking the other quotients for the 
denominators of the continued fraction sought, and 1 for each 
of the numerators, we have, 

therefore, --^ = 1 + 1 



1 + 1 



2 + 1 



2+1 
8 
Here, we first divide 101 by 59^ and the quotient is 1 + 

739 but as Tg has not 1 for its munerator, we divide by 4S and 

17 8 

it gives 1+75; we now divide by 17> and obtain 2 + 7=; 

lastly, dividing by 8, we get 2 + g, and this completes the 
fraction. 

When any denominator is divided by its numerator, the 
mixed number resulting is called the complete quoiieni. Thus 

17 8 1 

1 + J5, 2 + Y^, 2 + g, are complete quotients. 

The integral part of the complete quotient is called the 
partial quotient. 

77 
Let it be required to reduce r^ to a continued fraction. 

7 7)183( 2 
29)77(2 
19)29(1 
10)19(1 
11510(1 

1)9(9 

Since the eiven fraction is a proper one, the first term of 
the continued fraction is ; hence 

77 

18S = + i 

2+1 

2+i__ 

1+i 

1 + 1 

1+1 
9 
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^^^^ & ^ ^' S *^ continued fractions. 

In order to convert continued into converging fractions, 
place the integer^ and the partial quotients in their order^ in 
one line. Below the integer write 1 with for the denomina- 
tor, below the first partiu quotient place the integer with 1 
for its denominator, then multiply both the numerator and 
denominator by the figure above it, and to the products add 
the preceding numerator and denominator, and set the re- 
sulting fraction below the next partial quotient, and so on. 
Thus^ taking the first example m the preceding page, the 
partial quotients were 

1, 1, 2, 2, 8. 

1 M-f X _ « g'g -f 1 _ 5 6-2 +2 _ 12 1 2-8 4-5 _ 101 

1-1 + 0'~lM-2 + l""3'3-2 + l — 7'"7-8 + 3"" 59* 

^9 
If the common fraction be a proper one, as r^, where the 


partial quotients are 2, I, 1, 1> 29> we must write j below 

the first quotient, and 1 for the numerator, and the first 
partial quotient for the denominator of the next fraction. 
Thus, 

2, 1, 1, 1, 29. 

? i t!L±^ — i ilLUL — ? 2*1 -f 1 _3 3'29 + 2 _ 89 

1 2* 2-1 + 1 "" 3* 3-1 + 2 "" 5* 6-1 + 3 ~" 8' 8-29 + 5 "" 237' 

The common fractions thus produced are called Converg- 
ing Fractions. 

The successive oonverffing fractions are continual approxi- 
mations to the value of the given fraction, each of them 
being nearer to the true value than any of the preceding frac- 
tions, and they are alternately greater and less than the given 

fraction. Thus, in the development of the fraction — , the 

first converging fraction , := t^ is too littie, and the second 

2 118 . ^ ^ .^ ^ 101 ., 59 -^ 

Y = -Tg 18 too great, but nearer to -jg than —. The next 

5 295 . , xi_ 101 803 , . ^i. 2 354 , 

l = — i8les8than^ = Y55, but nearer thanjsr— , and 
80 on. 
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These coDvergiDg fractions have also the advantage of 
being in their lowest terms^ and nearer than any interme- 
diate fraction. 

If any two adjacent converging fractions be taken^ and the 
numerator of each be multiplied by the denominator of the 
other^ the difference of the products is aiways = I, namelv, 
+ 1 when the greater fraction is in the 3d, 5th^ or any odd 

rank, ( ^ or -, being supposed the first) and — 1 when it is 
in the 2d, 4th, or any even rank. 

Thus, in the development of -73-, tIs in the third rank^ and 

9 1 & i 

yXl — tX1=+1; again, 5 is in the 4th rank, and z 
Xl— jX3 = — 1; also, yXS — ^X7= + l, and 

-55-X7-yX59 = -l. 

Convert 77, ttj tt^, and 755= into continued fractions, and 

thence into a series of converging fractions. 

114 5 9 23 
Ans. Convergents, y, ^ ^, ^, j^t ^. 

i 1 JL ?? 
I' 2* 13* 54* 

1 1 3 4 19 65 
1' 2* 6' T 33* 113' 

1 1 20 21 _419^ 
? 3' 59* 62' 1237' 



USES OF COMTINVED FRACTIONS. 

I. To express in lower terms the approximate value of any 
given fraction. 

Suppose the tropical year to be 365 days, 5 hours, 48 mi- 
nutes, 48 seconds, or 5 hours, 48 minutes, 48 seconds, = 20928 
seconds, more than the civil year of 365 days, required the 
intercalations necessary to make them agree? 
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The day^ or 24 huurs = 86400 seconds^ therefore the frac- 
tion to be reduced is, oQoig = io9* ^^^ ^^ finding the common 

(neasure of this, the quotients are 4, 7) 1^ 3, 1, 2 ; hence, when 
reduced into converging fractions, we have 

^» I, X, O, 1, 25» 

1 4 29 33 128 161 450 
0' 1' 7' 8* 31' 39* 109' 

Whence it is evident that, to make them agree completely, 
there must be 109 intercalations, or additions of a day, in 450 
years ; but we may approximate to this, first by adding 1 day 
m 4 years, or more nearly, 7 days in 29 years, or still more 
nearly and conveniently, by adding 8 days in 33 years, adding 
the eighth day at the end of 5 years instead of 4, and so on.^ 

Required the approximate ratio of the circumference of a 
circle to its diameter, to 10 places of decimals. 

Here, the fraction to be reduced is iqqqqqqqqqq = 

3926990817 

1250000000' ^^ *^® quotients are 3, 7, 15, 1, 292, 1, &c. 

Hence, the converging fractions are, 

3, 7, 15, 1, 292, 1. 

1 3 22 333 355 103993 104348 ^ , . , , ^ , 

0* V r 106' Il3' 33i0i-' "^2l5 ' ^^^ ^*^'^^ ^'^^ alternately 

greater and less than the circumference divided by the dia- 
meter, and are each expressed in their lowest terms; the 

22 
second, Y^ is the ratio assigned by Archimedes, and the fourth 

is that given by Metius, which, of course, is more accurate 
than the former. 

If the operation be carried farther, the converging fractions 
will continually approach nearer to the true ratio, and they 
will become the more intricate the farther they are extended. 



* fi^ ^' §Tft &^^ ^ ^y^ ^ ^^ y^>^ 1^ ^ ^y^ o^^* Hence we may 

intercalate 1 day every 4 years, bat make eiery oentory a common year, with 
the exception of every fiftn and fourth century alternately, which will make up 
the 2 days in 900 years* 
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II. To qiproxiinate to the roots of numbers. 
Required the square root of 2 ? 

Here the integer is 1. Making JSt =: 1 -H ~ > then x =: 
—7T — =-. Multiply both terms by ^^S + !> in order to render 

the denominator rational, and it becomes x = — v — = 2+ 

^^— T — = 2 -^ - ; therefore the quotient is continually 2. 
Hence V2 = 1 + 1 



2 + 1 



2 + 1 



2+ 1 &C. 

Where the law of continuation is evident, all the denominators 
being 2. 

Quotients^ 1, 2, % % 2, 2, &c. 

^ . 1 I 3 7 17 41 ^ 

Convergents, ^ p ^ j* jg. j§9 &c. 

Required the square root of 11 P 

Vll = 3 + -,and«= , -— 5— -3+ — — 



y'^"'*'""Vll— 3 2 



t= 3 + -, then 



— Vll — 3^ 2 "• 1 — ^"T 1 - 



Vii 
6 + -, and 

Vii = s + i 



3+ 1 



6 + - where the denominator repeats S 
and 6i alternately. 
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Quotients, 3, 8, 6, 3, 6, S, &c. 

^ 1 3 10 63 199 1857 . 
Conyergents, ^j'-pWlo' 879' *** 

Required the square root of IS f 

Ans. VIS = 8 + 1 

1 + 1 



1 + 1 



1 + 1 



1 + 1 



6 + i. 

X 

Here the quotients are 3, i, 1, 1> 1, 6, 1, &c. 

^ • i^^ I 3 4 7 11 18 119 . 

ConvergiDg fractions, 0* P T ? "3 ' T^ "23' ^* 

Required the square root of 35 ? 
Ans. ^35 = 5 + 1 



1 + 1 



10 + i. 

or 



Here the quotients are 5, 1, lb> 1> 10^ 1^ 10> &c. 

^ 15665 71766 837^ 

Convergents, ^ p j, Yj, j^, J3j, jjgj &c. 

Required the square root of 19 ^ 

Ans. V19 = -* +i 

2 + 1 



1 + 1 



3+1 



1 + 1 



2+ 1 



8+i. 



Here the quotients are 4» 2, 1> 3, 1, 2, 8, 2, he 
. A-.-^ ^ 1 4 9 IS 48 61 170 1421 - 

Converging fractions, o'P?T* IT' U'lf' 8W* *^' 
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Sometimes the number of quotients in the circle will be 
very great Thus in V^H they are 14> l^ 1^ 9, 5, 1, 2, 2, 1, 
1, 4, 3, 1, I, 3, 1, 1, 8, 1, 8, 4, 1, 1, 2, 2, I, 5, 9, 1, 1, 28. 

It is worthy of remark^ that the last quotient of the circle 
is always double of the integer. 

In extracting the square or cube root> the partial quotients 
may be found from the preceding converging fractions. Thus^ 
in taking the square root of 7, the integer is 2, whence set 
down the two first converging fractions. 

2, 1, 1, 1, 4, 1. 
1 2 3 5 8 37 
0* 1' 1' «' 3* 14" 



2 r -Iff 

Let the greater fraction r = 3 &od the preceding 5 =^ 

then the next quotient is got thus, let P = , ^^ ,^ = 

4 P — p' 

^, then the nearest integer to — is the next quotient = 

1, whence the next converging fraction is t =^ ~"> t^®° ?> = 
p whence P = g^;^:^ = g, and --~- = 1, and so on. 

Let it be required to find the cube root of 17. 

We know by inspection that the integer is 2 ; therefore 
the two first converging fractions are got, namely, 

2, 1, 1,3, 138, &c. 

1 2 3 5 18 ^ 
0* 1' 1^2' 7'*^- 

Now, calling -i= -^ and 5 = J, then P = ^. ^'^^ v 

— 3-2« 12 4 .P — f»' 4 ^, _, 

= 2»-17»l' =8ll-T7 = -3' "^^ — r^— = 3' ^^^ °««^ 

integer to which is 1, and this is the next partial quotient. 



* 7 is the given nnmber whose root is to be found, 
•f- 17 is the given number whose root it to be fooiML 
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.3 . r 

from which the next converging fraction is r. Again^ -> =: 

S p_t , p _ 8'3 « 27 _ 27 , P — p^ _ 

-, ^, — J, ana r — g, _ j^.^, — ^^ _ ^^ — ^^ ana ^ — 

2 » — 1 

-^ — = 1, the next quotient^ whence the next converg- 

mg fraction is ^. Again, j;> = -, ^, = j, and P = ^nrTfg^ 

75 75 , P — p' 6x»T — 1 0*1. 

= 12511136 = -n' ^^ — - =— 2— = ^' *^^ °«^* 

18 
quotient, whence the next converging fraction is y ; and, pro- 
ceeding in this way, we find the succeeding quotients to be 
138, 1, 1, 3, 2, 3, 1, 1, 47, 1, 2, 2, 22, 9, &c. 

III. To approximate to the roots of quadratic equations. 
Let (ix^ + bx+c =0, be the equation ; this, when resolved 

in the usual way, gives a: + 5- = + ^ — ^ — -. Hence we 

have only to approximate to the value of ^J^b^ — 4ac). 
Let the equation be a:* — 7a? — 7 = 0. 

Here x — i = db ^^^~~Y ^ g" * *l*«refore, all that 

is required is to approximate to the value of ,^21. 

Here the partial quotients, after the integer 4, are 1, 1, 2, 
1, 1, 8, which are constantly repeated, and the converging 
fractions are 

4, 1, 1, 2, 1, 1, 8. 

1 4 5 9 23 32 55 472 
0*1' V 2' 5M' 12* 103* 

Therefore a: = i (7 ± J§) = ^^^^/^^ = 5-7912, or 1-2087. 

1. Let the equation be a;' + 3a; — 5 — 12 = 0. 

Ans. z = 2-8875, or — 5-8874. 

2. Let the equation be 4a;' — 15a;+13 = 0. 

Ans. z = ^^-40538, ot VS4iA^\. 
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3. Let the equation he x* +6x '^ 37 =z 0. 

Ana. X = 3-7823, or — 97823. 

4. Let the equati<m be x^+9x — 13 == a 

Ans. X = 2*7416, or — 4'74l6. 

IV. To approximate to the roots of higher equations. 

Assume r =: the nearest integer less than the value of z, 

make ;e = r-| — , and substitute this value and its powers, 

instead of x and its powers, and we get a new equation, 
which, beinff cleared d fractions and its highest term made 
positive, will give an equation in which r is always greater 
than 1, and the nearest value of it^ less than z, may be found 
as before. This being denominated r', and making r =i /+ 

^, and this value substituted, and the equation arranged as 

before, gives an equation for finding jz^, which will also be 
greater than 1; in this manner we may proceed to any length 
that may be required^ and it is manifest that the values oi 
z, z^, &c are nartial quotients, from which the value of x 
may be obtained in contmued or converging fractions. 

Let the equation be :i;' — a;^ — 2:i; + 1 =: 0. Here by 
substituting 1 for x the equation becomes = — ^ 1, and by 
substituting 2 for x it becomes =+1, therefore x is between 

1 and 2. Let xszl +-, then 

— * — * J, 2t 

— 2* = — 8 — - 
+ 1 = + l 



— 1 — i+^+;^ = 0. Multiply this by — «» 
aodwehavex' +«'— 8«— 1 kO. In this equation we 
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find z between 1 and Z, and substituting z ^z 1 + -f, we get 



z 






— 1 + ^+^+^ = 0. This multiplied by — 

zf^ gives sf' — Ssf^ — 4a^ — 1 =0 where 2$' is between 4 
and 5, and so on. 

We may remark that the terms of the transformed equa*. 
tions may be got from one another ; thus the coefficient of the 
first term is the equation to be transformed, z^+z^ — 2z — 1, 
the integral value of z being taken and substituted instead 
of ;; ; the second term is got by multiplying each term of the 
first by the exponent of ;e in it, and then cuviding the whole 
hjz; thus, 

,.x3.t.8.x8-.toxl.Hx0 ^g^,^g^_g ^^^j^ 

term is got by multiplying each term of the second by the ex- 
ponent of z in it, and then dividing hy 2z; thus, 

—5 = 3z+ 1. The next is got by multi- 
plying each term of the third by the exponent of z in it, and 
diridrng by 3Zj and it becomes + 1. After this, substitute the 
integral values of z, in the equation to be transformed, and it 
will give the coefficients of tne transformed equation. Thus, 
by substituting 1 instead of z, the coefficient of the first 
term is 1' + 1* — 2x1 — 1 = — 1, the second becomes 
3-l«+2xl— 2 = + S, and the third 8x1 + 1 = 4. 

In like manner, the first term of the next transformation 
is z^9 _ sz^9 _ 4;2j/ _ 1^ the second Szf^ —6z^ — 4i, the 
third Szf -— 3, and the fourth 1, and as ^s;' = 4, the trans- 
formed equation becomes «"' — 20iJr"« — 9«" — 1=0 
where zf' is between 20 and 21. The terms of the next trans^ 
formation are> in the same way, zf'^ m<m %Qi9t'^ — » ^ Ar ^> 
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3«"« — 40«" — 9, S«" — 20, and+ 1, where, putting 20 in- 
stead of 7^\ we obtain the next transformed equation, namely, 
181y« — S91y* — 40y — 1=0. Here y is between ^2 
and 8. The next tranformed equation is therefore 197^ •— 
568y * — 695y' — 181 = 0, where y is between 3 and 4 ; and 
proceeding in this manner, we find the succeeding values to 
be 1, 6y 10, &C. 

Hence the approximate values of x are 

1, 1, 4, 20, 2, S, 1, 6, 10, &c. 

1 i ? ? 1?* ?!? 1?^^ 15Z* 11345 115184 
0' 1' 1' 5' lOp 207' 722 ' 929 ' 6296 ' 63889 " 

After finding several of the partial quotients in this 
way, we may find as many more from these ; thus from the 

373 
quotient 2 we find the converging fraction ^, multiplying 

the denominator of the preceding 101 by the highest expon- 
ent of the equation — 1 gives 202 ; place 207 ^r the deno- 
minator it becomes r^ ; place also the coefficient of the second 

term of the transformed equation bQ%y for the numerator, and 
the coefficient of the first term, for the denominator, and give 
it the sign contrary to that of the second term, add these 
fractions, and develop the sum into a continued fraction, and 

909 Aft A 

it will give a number of partial quotients ; thus, ^^ + rrr 

157370 

= ^- Q , from which we obtain the quotients 3, 1, 6, 10. 

In the same way, if the work had been carried on to the par- 
tial quotient 10, we would have found for the approximate 

root z = ^ggg + -^j^i which being added, and developed 

into a continued fraction, gives the quotients 5, 2, 2, 1, 2, 2, 
1, 18, 1, 1, 3, and thus the converging fractions may be con- 
tinued till their terms consist of 11 or 12 figures. 

1. Let the equation be ir' + llir* — 102a:+ 181 = 0. 

Quotients, 4, 3, 1, 2, 4, 20, 2, 3, 1, &c 

r. e ^. ^ 1 3 13 16 45 196 3965 8126 28343 ^ 

Conv. fractions, -^ p -, -g-, ^, -^, ^^, ^^ -^^ &c 
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2. Let the equation he x* — x^ — 3x* + Qx+l =0. 

Here 1 is a root ; hence^ dividing by ar — 1 =: 0, we get 
the equation x^ — 3x — 1 == 0, in which the partial quo- 
tients are found to be 1^ l,7y 3, 2, 3, 1, 1^ 6^ 11, and the last 

- ,. . 1313, 21864 ,,6325974 , 

transformation gives « = 4309+ Tm = ^^ 8217263^ *°^ 

the development of this fraction gives, after 11, the quotients 
1, 3, £, 1, 9) I9 2, 5, &c. whence the converging fractions are 
easily found to be 

121547109374^857 5625 « 
1' 1' 8 ' 25* 58 ' 199' 251' 456' 2993* 

3. Let the equation be a:' — 63a; + 189 = 0. 

Quotients^ 4,14,6, 1, 4, 2, 1, &c. 

^ - ^. 1 4 57 346 403 1958 4319 6277 ^ 

Conv. fractions, -, p ^, -gj-, ^, -^, ^^^p j^, &c. 



OP INDETERMINATE EQUATIONS. 

When more quantities are sought than the number of con- 
ditions or equations given, the problem is indeterminate or 
unlimited, but the answers in integers are often limited to a 
certain number. 

I. When the equation is simple, after it is properly re- 
duced, it will assume one of the following forms, viz. ax = 
by+c, hxy = c — ax, ax+cxy = d+by, where x and y are 
unknown, and the rest known quantities. The first form ax 
— ^ = e is unlimited in the number of answers, for x z= 

—, where y may be any value whatever. Hence x and y 

admit of an infinite number of values which will satisfy the 
conditions of the equation, and such is always the case when 
one of the unknown quantities is entirely dependent upon the 
value of another unknown quantity. When, however, the 
equation is of the form ax + by = c, the number of an- 

• » 

swers in integers is limited, for then x = , and, conse- 
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quentlv^ in order that the values of x and y shall he inte- 
gral, tne equation is limited to finding all the integral values 

of jf, which will make ^ an integer. 

In the equation ax-^by = c, a: = ^ — -» is an integer, 

therefore 6y+ c is divisible by a; take such multiples of by-\<i 
and of ay, as shall make their difference of the form y + (/ 
where the coefficient of v is unity, then make j/ "H rf = a and 
the least value of y will be found ; the other values of y are 
found by adding a continually, and in like manner the i^ues 
of z increase continually by o* 

To find a number which being divided by 1 7 shall leave a 
remainder of ?> and being divid^ by 26 shsul leave 13. 

Let z and y be the quotients, then the numbers are 17a;+ 

/>/? . ^ a 1. 26y + 13 — 7 26v + 6 

7 = 26y + 13 ; whence z = ^ yj = ^^^ , an in- 
teger; now taking twice 96y+6, and thrice 17y> we have for 
their difference ^^^-^^^^-^^y - ^J^l . then y + 12 = 17, 
or y = 17 — 12 = 5, the least value oiy ; the other values 
are 5+17 = 22, 22+17 = 39, &c; and « = ^^—^ = 8, 

its least value, and the others are 8 + 26 = 34, 34 + 26 = 
60, &c. 

11 + 14v 
Given l^z — 14y = 11, whence x = W^ ^ 

*i±i^=i^ = **j=^.orl + ?^* a whole number; 
whence — :—- is also a whole number, or 25 — y = 19 .♦. 25 

= 19 — y,or25 — 19=6 = y, anda? = — jg-^ = -jg— 

95 
= jg = 5, the other values of z and y are consequently, 

a: = 5, 19, 33, 47, 6I, &c 
y = 6, 25, 44, 63, 82, &c. 
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Given 2U+17y = 2000, or z = ^^^^ ^^"^ - 95 + 

"T ^ , a whole number; whence "I. ^ is a whole number 

also, consequently ^ = — ^-=^ = 1, or 25 — y 

= 21, .-. 25 = y+ 21, that is 25 — 21 = y, or y = 4. 
Hence x = ^^ — - = 92, its greatest value, all the inte- 
gral values of x and y are therefore 

ar = 92, 75, 58, 41, 24, 7 ' 
y = 4, 25, 46, 67, 88, 109- 

In how many ways is it possible to pay £40 in guineas 
and crowns only ? 

Let a; = the number of guineas, and y = the number of 
crowns, then 21ar + 5y = 800, or a; = — g|-^ = 38 + 

TI ^ , a whole number, rejecting 88, we have ■ "^ , also a 

whole number, and ^"^^^^^ = ?i^ = 1, ,. 34 -y 
= 21, or 34 = y+21 ; hence 34 — 21 = IS = the least 

1 r A 800 — 5y 800 — 65 735 ^^ ^, 

value of y, and x = — gj--^ = — gj — = — = 35 = the 

greatest value of a; ; hence, all the positive values of x and y 
are, x = S5, 30, 25, 20, 15, 10, 5 

y = 13, 34, 55, 76, 97, 118, 139 

To compound 100 gallons of spirits, worth 72d., by mixing 
some at 5od., some at 60d., and some at 80d. per gallon. 

Here x+ y+ z = 100, or 20x+20y+20z = 2000. 
56a;+60!y+80aj = 7200, or 14a?+ 15y+20aJ = 1800. 

Whence . 6x+ 5y = 200, 

or a; = j^^ = SS-^ — -j-^* an integer, therefore reject- 
ing S3, we have ?^=-^-±^ s= ?-^ = 1, or y+2 = 6 .-. y 
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=. 6 — 2 = 4, its least value, and x = 83 + - "T— = 33- 

3 = 30, its greatest value, and z = 100 — 4 — 30 = 66, 
its greatest value. The number of solutions is six, namely, 

y = 4, 10, 16, 22, 28, 34. 
a? = 80, 25, 20, 15, 10, 5. 
« = 66, 65, 64, 6S, 62. 61. 

When there are three, or more unknown quantities, and only 
one equation, as 

ax + by + cz^^d. 

Where e is the greatest coefficient, and where z and y cannot 
be less than unity, then the value of z cannot be greater than 

-^ — ^^. Having found this limit, we must ascertain the 

different values of the others, by substituting for the former, 
separately, from 1 up to the limit found. 

Given Sx+Sy+lz :=. 100, to find all possible values of ^, 
y, and z, in whole numbers. 

Here, from the nature of the question, each of the least in- 



tneqi 
1, wh 



100 — 6 — 3 92 

z = — -z — = v = ^^' 



tegral values of jt and y are 1, whence 

92 

7 

.'. z cannot be greater than 13, and z = — ^ ^ = 33 

— y — 2«+ - — g ; therefore -^ — ^ is an integer, 

and §-:i^3-:^±i =*-=^-±i = 1, or y _ ^ + 1 = S; 

hence y = 3 — 1 + z =z S (when « = 1 ). And since z = 

100 — 5y — 7« , 100 — 15 — 7 78 ^^ , , 
^ , whence z = s = ■«- = 2o, and by 

adding 3, the coefficient of x, continually to this value of y, 
and subtracting 5, the coefficient of y, from this value of x, we 
obtain all the possible values of z and y when ;; = 1, thus : 
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8 



16 
2 



^_.jy- 3, 6, 9,12,15,18 
^ — ^ |ar = 26, 21, l6, 11, 6, 1 

--0/3^= 1^ 4^ 7,10,13, 
^""'^l;r = 27, 22, 17, 12, 7, 

^ — '^\a: = 23,&c. — * \a: = 19,&c. — ^\a: = 20,&c 
^ ^ ^ \ a: = I6,&c. ^ -^ ^ \a: = 12,&c. - ^\a:= 13,&c. 

* 

Whence all the possible solutions in integers are 41. 

To find all the possible values of Xy y, and z, in the equa- 
tion 3;r + 2y + 5a; = 100. 

100 — 3 — 2 95 

z^ 5 = T=^9> 

consequently z cannot be greater than 19> Now, proceeding 

L^l+J!. is an integer ; .,%^=(%! + !i±i) = 9 - t^- I 

= l,ory — 9z — 1 =3; .: y =z 3 + 2z — 1 = 4, when 

, 100 — 2y — 5« 100 — 8 — 5 87 
z. = I, and X = ^ = g = — = 29. 

Now, by adding continually the coefficient of ^ to this value 
of y, and subtracting the coefficient of y from this value of x, 
we obtain all their values when z ^z 1, thus : 

y= 4, 7,10,13,16,19,22,25,28,31,34,37,40,43,46, 
a: = 29, 27, 25, 23, 21, 19, 17, 15,13,11, 9, 7, 5, 3, 1, 



— 9/^== 6, &c „fj^= 8, &c. 

— ^ I ar = 26, &c ^ - ^ t ;? = 23, &c. 



and by taking ;; = 5, 6, &c. up to 19, we find that the number 
of solutions in integers is 123, 
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1. Given IJz + I9y + ^Iz = 400, to find all the integral 
values of x, y, and z. 

Ans. «= 1, 2, 3, 4, 5, 6,11,12,13,14 
y = ll, 9, 7, 5, 3, 1, 8, 6, 4, 2 
a; = 10, 11, 12, 13, 14, 15, 1, 2, 3, 4 

2. Given 7^ — 12y = 19, to find the least integral values of 
X and y. Ans. a; = 13, y = 6. 

3. Given 27a;+ l6y = l600, to find the least integral values 
of X and y. Ans. a; =: 48 and y = 19- 

4. Given 5jr+7^+ 11^ = 224, to find all the possible in. 
tegral values of x, y, and z, Ans. Least value of ;? is 1. 

When y= 4, 9, 14, 19, 24, 29- 
Then x = 37, SO, 23, l6, 9, 2. The num- 
ber of integral answers being 59* 

5. A person bought as many ducks and geese together, as 
cost him 28s. ; for the geese he paid 4s. 4d. a-piece, and for 
the ducks 2s. 6d. a-pair. How many had he of each ? 

Ans. 3 geese, and 6 ducks. 

6. Forty-one persons, consisting of men, women, and chil- 
dren, spent among them 40s., of which sum each roan paid 4s., 
each woman 3s., and each child 4d. How many were there of 
each ? Ans. 5 men, 3 women, and 33 children. 

7. A butcher buys oxen, calves, and sheep, to the number 
of 100, for £100; the oxen cost him £3, 10s. apiece, the 
calves £l, 6s. 8d. eadi, and the sheep 10s. a-piece. How many 
had he of each? Ans. 5, 10, or 15 oxen. 

42, 24, or 6 calves. 
53, 66, or 79 sheep. | 

8. What number divided by 1 1, leaves 3 for a remainder, 
and when divided by 19, leaves 5 for a remainder ? 

Ans. 4128. 

9. A farmer bought some horses, and oxen, and paid £31 
for each horse, and £20 for each ox, and he finds that the 
whole price of the oxen is £7 more than that of the horses. 
How many had he of each ? 

Ans. Number of oxen, 5, 36, 67, 98, 129, l60, &c. 
Number of horses, 3, 23, 43, 63, 83, 103, &c 

10. A farmer laid out on horses and oxen the sum of £ 1770, 
and he paid £31 for each horse, and £21 for each ox. What 
number had he of each ? 

Ans. Number of horses, 9, 30, or 51. 
Number of oxen, 71, 40, or 9. 

11. Two women had together 100 e^ ; one said to the 
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other, when I count mine by eight at a dme^ there remain 7 
over ; the second replied, when I count mine by 10 at a time, 
the remainder is also 7* How many eggs had each ? 

Ans. The first had 63, or 2S eggs. 
The second had 37> or 77 eggs« 

12. A goldsmith has three kinds of silver ; the first is 7 

oz. fine, the second 5^ oz.^ and the third 4^ oz. fine, per 

lb. ; and he wishes to form a mixture of 30 lbs. so that the 

fineness may be 6 oz. How much of each sort must he take ? 

Ans. Of the first sort, 10, 12, 14, l6, or 18 lbs. 

Of the second sort, 20, 15, 10, 5, or lbs. 

Of the third sort, 0, 3, 6, 9, or 12 lbs. 

BESOLUTION OF INDETERMINATE EQUATIONS BY MEANS OF 

CONTINUED FRACTIONS. 

Case I. When the equation is of the form ax — &y + c. 
and a and d are prime to each other. 

Develop the fraction - into a continued fraction, and find 
the converging fractions ; let the fraction immediately pre* 

ceding - be denoted by ^, then will x z:z± pc, and j/ = ^ 
qc. 

If the fraction taken be in an odd place, the upper sign is 
used, otherwise the under sign. 

Oiven 256x — 87y = 60 to find the integral values of x 
andy. 

Here a = 256, d = 87, and c = 50 ; hence the fraction 

87 
256 



87 
to be developed ^-^ gives for quotients 



0, 2, 1, 16, 2, 2. 

1 1 1 17 35 87 . - ^. J ^u ^ . L 

0' 1' ^ 3' 60' 103' 256' ^'*^®'*fi»^°g fractions, and that to be 

taken is tt^* Here p = 35, and q =z 103 ; hence x z=:pc 

= 35x50 = — 1750, and y = ^c = 103 X 50 = — 5150. 

In order to find all the values of x and y, make x = 87z 
•— 1750, and y = 256z — 5150, and as x may be any ^^^^ 
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ber positive or negatiye^ hence the number of solutions is in- 
finite. If we take z ^=z 21 we obtain a; = 87 X 21 — 1750 
= 77, and y = 256x21 — 5150 := 226, which are the 
least positive values of z and y, and if we continually increase 
or diminish these values, the former by 87> and the latter by 
256, we will obtain an indefinite number of values of z andy. 

The indeterminate quantity z may always be taken, so that 
z shall not exceed + ^6, or so that y shall not exceed + ^a; 

for as 35 X 50 :::^ 87 take z = — ^ — :^ 20, the nearest in- 

teger; then z =z — 10, and y =i — 30, both less than^ 
of 87. 



Given 7z ^^ 5y =r 8, to find the values of x and y. Here 
5 

7 



5 
the fraction - gives for quotients 



0, 1,2,2. 

0' 1* r 3' 7' ^^^^^^&^S fractions. Here j» =;: 2, ^ = 3, and 

c = 8 ; hence ar = /?c = 2 x 8 =^ — 16, and y = 3 X8 = 
— 24. 

To find z ,^^ take z = — r— = 3 ; then z = 15 — 16 

= — l,andj^= 21 — 24 = — 3. To find y -*-:: ^, take « = 

3x8 

— — = 3 ; then y = 21 — 24 = — 3 the same as before. 

The least positive value of z is 4, and that ofy is also 4, and 
all the other values are found by continually augmenting or 
diminishing the value of ;i; by 5, and that ofy by 7. 



Given 89a: — 71^ = — 10, to find the values of a? andy. 

71 

89 



71 
Here the fraction — gives for quotients 



0,1,3,1,17. 

0' P P 4' 5' 89' c^°^^^g^°g fractions. Here/? = 4, ^ = 5, and 

, c =; — 10 ; hence z =: 4x — 10 = — 40, and y =i 5 x — 
10 = — 50, or taking z =: h z zz 7lz — 40 = 31> and ^ 
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= Sgz — 50 = SQ, the least positive values, whence the 
others may be found, by continually augmenting or diminish- 
ing the value of a:, by 71, and that of^, by 89. 

Given 450^ — 377y = 250, to find the values of x and y. 

377 
450' 



377 
Here the fraction ^ta, gives for quotients. 



0,1,5,6,12. 

1 1 5 31 377 • XL. ^- u 

0' P r 6' 37' 450* ^^^^^S^^S fractions ; where p = 31, 9 = 

37, and e = 250 ; hence a: =: 31 X 250, and y = 37 X 250 ; 
or if « = 21, then x = 377^?? — 31 x 250 = I67, and j^ = 
4f50z -^ 37 X 250 = 200, the smallest positive values. 

Oiven 12352; — 987y = — 651, to find the values of z 

987 
and y. The fraction ^^f gives for quotients, 

0,1,3,1,48,1, 1, 2. 

I 1 3 4 195 199 394 987 • r ^- tt 

0' f r I' 6' 244' 249' 493' 1235' «>«^«rg^°« fractions. Here 

p = 394, q = 493, and c = — 651 ; hence, if « be taken = 
260, we have z = 987« — 394 X — 651 = 126, and y = 
1235;s — 493 X — 651 =1 157, the least positive values of 
X and y. g 

1. Given IQx — 14y = — 11, to find the least positive 
values of x and y. Ans. x =z g, and y = ] 3. 

2. Given 3x — 8y = — I6, to find the least positive values 
of z and 1/, Ans. a; = 0, and y = 2. 

3. Given 24x — 13y = + I6, to find the least positive 
values of z and y. Ans. z =z 5, and y = 8. 

4. Given Sla; — 41y = + 52, to find the least positive 
values of z and y. Ans. z-=. S, and y = 1. 

5. Given 27« — l6y = + 7, to find the least positive values 
of z and y, Ans. a; = 5, and y ^ 8. 

6. Given 30a: — 31y = — 34, to find the least positive 
values of z and y, Ans. z •=. S, and y =: 4. 

7. Given 57a: — 62y = + 27, to find the least positive 
values of z and y, Ans. a; = 7, and y =: 6. 

8. Griven 3a; •— 5y = — - 3 to find the least positive values 
of x and y, Ans. x =^ 4, vssA ^ -=;. %. 
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9. Given Iftr — - 1 ly =: — * 6^ to find the least po6iti?e 
Taloet of X and y. Ads. a; == 1, and y = 2. 

10. GKven S6x — 35y =: — 43^ to find the least positiTe 
ralues oix andy. Ans. x = 27> andy =: 29. 

11. Given 25ir *— - 9,ly = — 36^ to find the least positive 
values of x and y, Aiis. 2 =: 1% and y = I6. 

12. Given 3Gx — 41y = + 143> to find the least positive 
values of x and y. Ans. x = d7> and y r=: £9. 

Case II. When the equation is of the form oa; + ^ == ^ 
it may be solved in the same way as the preceding ; and if 
any integral number z can be taken^ so that 

zaz^ cqy and zb .^cp^ 

we shall have, for the general values of the unknown quantities, 

x-=zcp — zhy and y :=iza — cq. 

The question will admit of as many solutions as there are 
difierent values of ^> which wOl answer these oonditicms ; but 
if no such value can be assigned to ;2; as will answer these 
conditions, then the question is impossible. 

Note. The number of solutions which questions of this Idnd 
admit of is always equal to the difference of the integral parts of 

^ ^ —9 except when the greater of these is an integer, in which case 

they will be one less. When the difference between these quantities 
is less than unity the question is impossible. 

Given 3x+5y =. 26> to find all the values of a; andy. 

The fraction - gives 1, l^ 2, for quotients ; 

And -, J, p 5, converging fractions. 

Now, since p =z ^, q =z S, and e = 26, the general values 
will be « = 52 — 5z, and 1^ z= 3z — 26, where, in order 
that 3z — 26 may be positive, we must take z greater than 

-^ = 8 -. Hence, taking t = 9, 10, &c., we obtain or = 7^ 3- 
Given ISx+lly sz l600, to find the values of z and y. 
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17 

The fraction -^ gives I, 8, ^, for quotients ; 

^^ 0* 1' s' 13* ^^^^®'^°^ fractions. 

Now, since ^ = 4, ^ = 5, and c = I6OO, the general values 
will be 2; = 6400 — 17z, and v = ISz — 4800 ; where, in 
order that 18z — 4800 maybe positive, we must take z 

X XT. *800 ^^^ 3 
greater than -j^ = 309 j^. 

Hence, taking z = 370, 371, 372, &c., 
we get a: = 110, 93, 76, 59, 42, 25, 8. 

y = 10, 23, 36, 49, 62, 75, 88. 

1. Oiven lla;+5y = 1031, to find the values of x and y, 

Ans. X = 91, S6, 81, 76, 71, &c. 
y = 6, 17, 28, 39, 50, &c. 

2. Given 27x+l6y = I6OO, to find all the possible values 

of z and y in integers. Ans. x = 48, 32, 16, 0. 

y = 19, 46, 73, 100. 

3. Given 12:r + 7y = 340, to find all the values of x and y, 

Ans. X = 26, 19, 12, 5. 
y = 4, 16, 28, 40. 

4. Given 5x+ 27y = 2000, to find all the values of x andy. 

Ans. X = 400, 373, 346, 319, &c 
y = 0, 5, 10, 15, && 

5. Given 21a; + 17y = 2000, to find all the values of x 
and ^ in integers. Ans. a: = 7, 24, 41, 58, 75, 92. 

y = 109, 88, 67, 46, 25, 4. 

6. GKven 132; + 14y = 200, to find all the values of x 
and y, Ans. x = 10, and y = 5, the only values. 

7. Given 1401; + 17y = 2000, to find all the values of 
X and y. Ans. a; = 7, and y = 60, the only values. 

8. Given 42a; + l6y = 396, to find all the values of x 
and y. Ans. x =z 6, and jf = 9, the only values. 

9. Given 9a; + 18y = 2000, to find how many answers the 
equation admits of. Ans. 17 different answers. 

10. Given 24a; +17^ = 3778, to find all the values of x 
and y. Ans. x = 156, 139, 122, 105, 88, &c 

y= 2, 26, 50, n%,^'^%ui. 
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11. Given 15z + SJy = 7874, to find how many answers 
the equation admits of in integers. 

Ans. 15 different answers. 

12. Given 7x + 9y + 2S« =i9999> to find how many an- 
swers the equation admits of in integers. 

Ans. 34365 different answers. 



SOLUTION OF INDETERMINATE EQUATIONS OF THE SECOND 

DEGREE. 

The general form of indeterminate equations of the second 
degree is 

a^^ + dxi/+cx'+dt/+ex+/= 0, 

in which x and ^ are indeterminate, and a, b, e, d, e,/, are 
known integral numbers, either positive or negative. 

Case I. When a = 0, and the equation is 
6ay + cx^ + dy + ex +/= 0. 

Here y = bx + d Multiplying both sides by^^ 

and dividing the numerator by the denominator till z disap- 
pears in the remainder, we have 

b't/ :=z^bex+ {cd — be) hx + d » where, if we 

put b^f — bde + cd^ zz r, it is obvious, since x and ^ are 

whole numbers, that . , must also be a whole number, or 

that r is divisible by bz+d. Let s be one of the divisors of 

r, then bx+d zz s, and z = "7 . In order, therefore, to 

find z, we must retain only those factors of r, in which g^d 
is divisible by b. 

Let zf/+z^ = 5a;+ 6y + 1 8, to find the values of z and y. 
Here v = s — = —z — 1 H 2, hence ar— ^ 

" X — O X — o 

must be a divisor of 12, and the divisors of 12 are 1,2,3, i 
3, and 12. Now, if 



\ 



X 
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12 
— 6 =1 1, « = 7, and y'=L^^^ — l+Y = + 4; and if 



ar — 6 = 2, a;=:8, andy= — 8 — 1+Y = — .3. 

1. Let z^ + xy =: 5x + 3t/+ 30, to find the values of x 
and y. Ans. When a: = 4, y = 34. 

2. Let «« + 2y = 12« +2^ + 22, to find the values of x 
and y. Ans. When a? = 9> ^ = 7. 

3. Let a;*+a;y — 4a;+2y — SO = 0, to find the values of 
z and y. Ans. When 2; = 4, y = 5. 

4. Let «* — . ay — Sa: — 4y + 35 =: 0, to find the values 
of z and y. Ans. When x ^z By y ■=. 5. 

5. Let x^ + xy =z 6x — Sy + 59, to find the values of x 
and y. Ans. When a; = 5, ^ = 8. 

6. Let a;* + ay ^ 29 + 3y + 2a:, to find the values of 
X and y. Ans. When a; = 4, y = 21 . 

Casb II. The general equation may be written in this 
form, 

bx + d ex* •\- ex +/ 

y' + —-if = a — ' 

and this quadratic, when resolved in the usual way, gives 

bx + d _ / { {bx'\- rf) * ex* + tx ^/ l 

or ^y+hx-\-d= J{(bx+dy — ^{cx^ + ex+/)}; and 
putting ^ay-^hx+d-^ z, b^ — 4ac = m^ 2bd — Atoe = », 
and d^ — ^f'=ip, we have 

« = V(»w:« + na; + jt?) ; 

whence the problem is reduced to that of making fj{mx^ + 
nz+p) rational, where m, n, and/? are given integers. 

This branch of algebra is usually called the Diophantink 
Analysis, the principal methods of which are contained in 
the following problems : 

Problem I. 

To find such values of a; as will make J{mx^ -^ nx •\- p) 
rational, or mz* + nx + p =z sl square. 

There are six cases of this problem which admit of a direct 
solution. 
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Case I. When m :=z 0, ornz + p, is & square. 

Let #M? + p = ««, then x = ^, where z may betaken 

at pleasure. 

Let z = tJ{7z+5), to find the value of dr. 

Here n = 7, and p =z 5 ; .% a? = — ^^, where, if we take 

7 7 

1. Find such a value of a? as will make 95x — 7 a square. 

Ans. a? z= 5j, when z = l 

2. Find such a value of a; as will make tj{z + 14) ra- 
tional. Ans. z =z 2, when 2 = 4. 

3. Find such a value of or as will make ,J{x — 20) ra- 
tional. Ans. z = 21, when z = l. 

4. Find such a value of a; as will make 50z — 70 a square. 

Ans. a? = -T-, when z = 10. 

5. Find such a value of a; as will make ^z + 7 a, square. 

Ans. a; = 4, when z =:S' 

6. Find such a value of ar as will make a/(t« — 7) "" 
tional. Ans. a? ^ -=-, when « = 1. 

Case II. When p = 0, or mz* + nzz=z (jnx + n) a;^ is a 
square. 

Let mx^ + nx =z r^z^, as it must be a square ; then mx 

+ n = r^z, and z = -; , where r may be taken at plea- 
sure. 
Let z = fj(7z^ + Sz), to find the values of z and ar. 

Here w == 7, « = 3, and ar = ytl^ = ;rz:7> «»d if f 
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is taken ==:S, « = ? and « = V{7x(|)*+ (sx |)| - 

//63 18\ /21_? 

1. Let z = J{3x^+4ix), to find the values ofz and 2;. 

Ans. When r = 2^ a; =: 4> and 2; = 8. 

2. Let z = V(^ *^ ^')> to find ^6 values of x and 2;. 

Ans. When r = 1, a? = 5, and « = v 

3. Let 2;' = 7^ — - 3;r'9 to find the values oiz and ;;. 

7 7 

Ans. When r = 1, ;r = 7> and z ^z -7. 

4 9 

4. Let «^ = ^^ + jrjr> to find the values of x and z. 

Ant. Wh«i r = 1, « = — , and « = tt- 

5. To find two numbers such^ that the square of the first, 
with twice the square of the second^ shall be equal to 10 
times the second. 

Ans. When r = 1> the first is^-g-' ^^^ ^^ second is ~. 

6. To find two numbers such^ that the square of the first, 
fnmus 3 times that of the second^ shall be equal to 4 times 
the second. 

Ans. When r == 1^ the first is = 8^ and the second is = 4. 

Case III. When p is a square number =: k^, or the equa- 
tion is of the form 

«« = mz^ + nz + k*. 

Assume z ^z uz + k, and we have 

«a = u^z^ + ^kxu + ilr« =r mz^ + nx + k^ ; 
or xu^ + 2ku = mx + n ; 

whence x = — zE^' where u may be taken at pleasure. 
Let z* = 4a;^ -{• 2x + l6,to find the values of z and z. 
Here m=:^nz^2,kz=z4i, and x s= j-^^^, where, if « = 

l,a;=:^^ = |=«;and»« = l6+4+l6 = S6, .-.^zre. 
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1. Let z* = 2ir* — 4a+ 16, to find the values of z and z, 

Ans. When « = 1, a: = 12, and z = l6. 

2. Let z = V(5a;" + 3z+36), to find the values of z andz. 

9 33 

Ans. When « = 1, a: = 7, and « = t- 

3. To find two numbers such, that the square of the first, 
minus 6 times that of the second, shall be equal to 25, 
minus 4 times the second. 

Ans. When u = 1, the first is = 7 J, and the second 
is = 2J. 

4. To find two numbers such, that the square of the first, 
mintts 3 times that of the second, shall be equal to 36, minus 
5 times the second. 

Ans. When u =: 1, the first is = 7^> and the second 
is = 8^. 

5. To find two numbers such, that the square of the first, 
with twice that of the second, shall be equal to 3 times the 
second, pltis 49. 

Ans. When w = — 1, the first is = IJ, and the 
second is = 5f . 

6. To find two numbers such, that the square of the first, 
with 4 times that of the second, shall be equal to 64. 

Ans. When u z=z — 1, the first is == 4t§, and the 

second is = 3}, 

Case IV. When mis a. square number ^ k^, or the equa- 
tion is of the form 

«« = k^z^ + nz+p. 

Assume z = kx+u, and we have then 

z^ = k^x^ + Qkxu + u^ =z k^z^ + nx + p; 
or 2kzu + u^ =znx + p; 

whence z = s^r-, where u may be taken at pleasure. 

Let z^ = 4ar* -f 7a: — 3, to find the values of z and z. 
Here ^ = 2, n = 7> and /> = — 3 ; hence z = ■ . , and 
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if U=zhX:=^ = l^udz=J{^x(iy +(7x1-3) j 
— //64 84 ?7\ 7121 _ 11 

1. Let «« = 25z^ + 3z+7, to find the mlues of x and z. 

2 89 

Ans. When « = — 3, a: = ^g, and « = 33* 

2. Let ;2;^ = 9:r^ + 5a; -— 11^ to find the values of z and z. 

-rrr, 12 _ 25 

Ans. When « = — 1, a: = tt, and ^ = Yi* 

3. Let a:* = — 7«+ 13 + 4a;*, to find the values of z and z. 

Ans. When w = — 4, a; = «, and a; = 3-. 

4. To find two numbers such, that the square of the first, 

fnintis 4 times the square of the second, is equal to 15, plus 

3 times the second. 

74 
Ans. When u =: — 4, the first = r^ and the second 

— i- 
" 19" 

5. To find two numbers such, that the square of the first, 
plus 7 times the second, is equal to 3, plus g times the 
square of the second. 

7 
Ans. When u =i — 2, the first = -, and the second 

— i 

6. To find two numbers such, that 11 times the second, 
plus l6 times its square, is equal to 5, plus the square of the 
first. 

Ans. When «« = 1, the first = 9, aod the second z^ 2. 

Case V. When mz^ + nz + p can be resolved into two 
simple iajctOTs, f+gz, and h + kz, which can always be done 
when n" — A^pm is a square ; then 

z^^(/+gx)x{h + kz). 

Assume z = V{(/+ gx) {h + kz)} = u (f+gz) ; then 
(/ + ^) (A + to) = tt« Cf + gxV \ 
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whence* =-f-^, wd « = V {(/+**) (* + *«)li 
whenoe ;r = •:. "" , > where if may be taken at pletsme. 

hetx* = 15+19x+6ir'4 to find the value of a; and y. 

Here ii« — 4/wii = 19* — 4 X 1 5 X 6 = S6l — S60 = 1, 
a square^ and the two fiictors are found to be 3+ 2x> and 5+ 

Sii* — >5 
3x ; here/= S, ^ = 2, A = 5, and * = S ; .-. a? = g^jTS*' 

whence^ if « = 7, ar = ^ = j^ = 2f , 

^~ 16 

{(3X3)^(2X5)} J J 
and a; =z srr — = — = 10. 

1. Let a;' = Sx^ + l^as + 6^ to find the ralues <^a; and jf. 

11 4 4 

Ans. If w = -J-, a; = S=, and z = 12^. 

2. Let z* z=: 2x^ — 2^ to find the values of a; and z. 

Ans. When u:=z lyX =: 3, and a; = 4. 

< 3. To find two numbers such^ that the sauare of the first, 
minus 36 times the second, shall be equal to 5 times the 
square of the second, plus 7- 

Ans. When t« = 2, the first = 68, and the second =: 27. 

4. To find two numbers such, that the square of the first, 
minus 15, shall be equal to 19 times the second^ plus 6 tines 
its square. 

Ans. When fi = 1, the first == 1, and the second =: -^ 2. 

5. To find two numbers such, that the sauare of the first, 
plus 8 times the second, shall be equal to the square of ^e 
second, plus 7* 

Ans. Wben t« =: 2, the first = 4, and the second = 9* 

6. To find two numbers such, that the square of the first, 
minus 2, shall be eaual to 3 times the square of the second, 
minus 5 times itself. 

Ans* When ti =: 1, the first = ^ and the second = ^* 
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Cask VL When ntx^ + nx+p can be separated into two 
parts, one of which is a square^ and the other the product of 
two simple factors^ that is, when ,J (mz' + nx + p) = 
V{(« + ey + if+gx) (A + kx)}. 

Assume J{{ax+ey+(/+gz) {h+kx)} = {{az+e)+u 
(J+gx)]^ ; then (ax+ey + (/+gx) (A+Asr) = {ax+ey 
-h2t#(ac+«) (/+gx)+u^ (J+g^y- 

Or h + kxzuZu {ax + e) + w« (/+ gx) ; 

whence x - ^ (^^ ^M - ^ 
wnencea:--j^_^^jg^^^j. 

Le^ a;' = ftr^ + I82; + 10, to find the rallies of 2; and z. 

Here one part is 4 = 2', and the other &r'4-13a;+6, and 
since IS' — 4 (6 x 6) = 25 is a square^ ire can divide it 
into two simple factors, which are found to h^St + Sx, and 

3 + 2a:. 

Now, since a = 0, « = 2, / == 2, ^ = 3, A = 3, and 

^ = 2 ; /. a? = ** ^^ "" VjZ ; whence, if « =: 1, a: = 

2 — K (3») 

4 + 2 — 3 o -1 

— a Q — = — 3, and IS = 5. 

1. Let a;' == 13a;' + 15a; 4- 7, to find the values of a; and ar. 

Ans. When u = 1, a; = 3, and z = 13. 

2. To find two numbers such, that the square of the greater, 
plus 7 times the less, shall be equal to 7 times the square of 
the less, minus 5. 

Ans. When m = 0, the greater = 3, and the less = 2. 

3. To find two numbers such, that the square of the greater, 
fmnus 13 times the less, shall be equal to 5 times the square 
of the hsa^us 10. 

Ans. mien t« == 2, the greater = 70, and the less = 30. 

4. To find two numbers such, that the square of the greater, 
minus 19> shall be equal to 13 times the less, plus 7 times 
its square. 

11 2 

Ans. When u = 1, the greater = -^^ ^^^ the less =s — -. 

5. To find two numbers such, that the square of the greater, 
minus 29 times the less, shall be equal to 4 times the square 
of the less, plus 6I. 

An& When ti = ^ the greater = 13r, and the less = 2^. 
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6. To find two numbers such, that the square of the greater, 
pUu 7 times the less, shall be equal to l6 times the square 
of the less, minus 2. 

Ans. When t< = 1, the greater =2 11, and the less = S. 

The preceding six methods comprise all the cases which 
can be resolved by any direct rule ; but either in these, or 
in other instances of a different kind, if we can find by trial 
any simple value of the unknown quantity which satisfies 
the conaitions of the question, then other values may be 
easily found. 

Thus, in the formula z^ == mz^ + nx+py let r be such a 
value of ^ as will make the expression a square, and assume 
mr^ + nr + p = #■, then putting x =: y+TfWe have 

mz^ + nx+p = m (y+r)«+« (y+r)+/?. 
= »»y« + (2»ir + n)y + mr^ + nr +p. 

And since this is of the same form as that under Case UL, 
we may thence deduce the value of y, and consequently that 
of a: = y + r. 

Let z^ = 7z^ + 2j to find the value of z and z. 

Here it is manifest, that if :r =: 1, the expression is a 
square ; let, therefore^ z =: y + I, and by substitutioD we 
have z^ =:7z^ + i=i 7y^ + ^^ + 9- 

Where m =z 7» n = 14, and A; = 3, whence, by Case III., 

6tt — 14 J . . , 6—14 4 , 

y = Y^l^' *"^ if w = 1, y = -fzZT " ~ 3' anda8ar = 

y+l,x=: 1 — g = — -, and«=^; or if w = -, 

16 — 14 8 -^1 - . .., 

y = g^ = r-y = — 18, and a:= l+y=l-18 

^ T 9 

rr — 17 ; whence z = 55, 

1. Let z* = 5z^ + 19^ to find the values of z and z. 

When X :=z 3, the expression is a square ; whence, by put- 
ting a; = y + 3, and proceeding as before, we find 

When w = 2, y = 2, a? = 5, and z = 12. 
When u=zS,3f = — ^«? = — 2» ^^ * ^ T* 
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2. To find two numbers such, that the square of the greater, 
minus 4 times the less, shall be equal to 5 times the square 
of the less, plus 7* 

Ans. When a; = 1, the conditions are satisfied ; pro- 
ceeding therefore as before, when t« = 2, y = 2, a: 
= 3, and z =: S. 

3. To find two numbers such, that the square of the greater, 
mirms 4 times the square of the less, shall be equal to 12 
times the lets, minus 31. 

Ans. a; = 4 satisfies the conditions of the question ; 
whence if w = 3, y = — 2, a: = 2, and « = 3. 

4. To find two numbers such, that the square of the greater, 
plus 3 times the less, shall be equal to 5 times the square of 
the less, plus 2. 

Ans. a; = 2 satisfies the conditions of the question ; 

7 . 1 

whence, if u = 3, y = — 7, and the less is = 7, 

and the greater =. 3jg. 

5. To find two numbers such, that the square of the greater, 
plus 4, is equal to 5 times the square of the less. 

Ans. a; = 1 satisfies the conditions of the question ; 
whence, if t< = 2, the less = — 5, and the greater 
= 11. 

6. To find two numbers such, that the square of the greater, 
minus 8, shall be equal to 12 times the less, plus 5 times its 
square. 

Ans. a; = 1 satisfies the conditions of the question ; 
whence, if u => 1, a; = — 2, and « = 2. 



Problbm II. ^ 

To find such values of a; as will make J{ax^ -^-bx^-^cx 
+ d) rational, or ax' -(• bz^ + ca? + cf = a square. 

There are only two cases of this problem which admit of a 
direct solution. 

Case I. When the two last terms of the formula are want- 
ing, and it is of the form 

,J(jax^ +bz^), or or' +&C* = a tK^iaro. 
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A«ame ,J{ax^ + bx^) =znx,OT ax' + 6x^ = n^x*, and 
diyide each side by «* ; then ax+6 = «•, whence x = — ^^. 

To find a number such^ that if 5 times its cube be added 
to S times its square^ the sum shall be a square. 

Assume the number 5x^ + St^ = fi^x^, then 5^+ 3 = n^ 

or a; = -^^ — , where, if we take II = S, x = 1^, and if it = 

4> ^9 6^ 1» 8> ^>K^ we obtain respectively x = 2f , 4f , 6|, 9}, 
12J, &c 

1. To find a number such, that 7 times its cube plw 5 
times its square, is a square. Ans. If n = 4, 2; = If 

2. To find a number such, that 4 times its cube mimti 7 
times its square, shall make a square. 

Ans. If n = 1, a? = 2. 

S. To find a number such, that its cube mintM its square, 
shall be a square. 

Ans. If n = 1, « = 2 ; if n = 2, a? = 5, &c. 

4. To find a number such, that its cube plus its square, 
shall be a square. 

/Uds. If n = 2, a; = S ; and if n = 3, s? = 8, &c. 

Casb II. When the last term of the formula is a square, 
and it is of the form 

J{ax^+bx^+ex+d*). 
Assume ,J[ax^ + bx^ +cx-{'d*) =z d+ -^x. 

Then ax^+bx^+cx+d^ = d^+cx+-^x^, 



c« 



Or ax^ + bx^ = ^ «« ; dividing this by ar*, 

we have ax+b = j^, and ar = 4^^, » 

: Let 3x^ •— 5a;^ + 6a;+4=:a square, to find the value of 2;. 
Here a z=z 8, b :=i ^-^ 5, e :=z 6, and d^ == 4; hence x = 

86 H- 80 _ 116 _ 29 _ ^ 
.48 —48"" 18"" nS* 
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1. To find such a valae of ir as will make V(^' *"* ^' + 
2z+l) rationaL Ans. a; = 3. 

S. To find such a Talue of a; as will make tJ{Sx^ + ^^^ — 

77 

5ar+ 16) rational. Ans. a: = — gj. 

3. To find such a value of ar as will make V(^' + ^^' + 

37 

2a; +25) rational. Ans. «=: — —. 

4. To find such a value of a; as will make ,J{x^ — 4ar^ + 
3a; +9) rational. Ans. x = 4j^. 

When it is already known that if a; = n> the formula^ »J(az' 
+bz^ + ex + cr) isB, square^ then other values of x may be 
determined from this as follows : 

Assume an^ + 6»* + c» + cf = m*, and, putting a: = y 
+», we obtain an^ +6»*+c«-f-fl? = o(y+»)' +ft(y+»)* 
+ c(y+ n)+<f = ay^ + (3an + b)y^ + {3n^+^n+c)y+ 
an^+bn^+en+dj or 

aa:5 ^ ft,.« ^ ca; + <f = fly' + (Si,^ + ft)y* + (3i»« + 2» 
+c)y+«»*, from which, by Case II., the value^of y may be 
found, and thence that of x. 

Let x^ — 2a;* + 2ar + 1 =t a square ; we found in last 
case, one value of a; = 3. Now, putting a; = y+ 3, we ob- 
tain (y+Sy — 2(y+ sy + 2(y+3)+ 1 = «« — 2a;« + 
2a; + 1, and the left hand side of this equation, when reduced, 
becomes y' + 7y* + 17y + 16, the left hand term of which is 
a square ; here a = 1, 5 := 7> c = 17> and d^ =z Id; .-. y = 

289 — 448 _ 159 j __ 9 159 _ 33 
64 — ~ "64 ' *^^ ^ — ^ "" 64 - 64* 

1. To find such values of a; as will make a;^ + 3 a square, 

23 
a; = 1 being one of the values. . Ans. a; = — t^. 

2. When x z= 3, the expression 2ar' — - 5 is a square, to 
find another value of x which will make it a square. 

A 153 

Ans. a; = - -^. 

3. When a; = 2, Sa;» — 2a;« + 3a; -f- 3 is a square, to find 
another value of x which will make it a square. 

A — *^^ 

Ans* X 3E ■•■■ •i^^ 
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4. The expression x' -^ 2z^ + 3z+ 2 is a square^ when x 
= 3, find another value of x which will make it a square. 

A 31 

Ans. X =z — — . 

Note. If the given formula can be resolved into two fectors, 
one of which is a square ; then if the other can be made a square, 
the whole expression will be so, since the product of two squares is 
alwajs a square : thus, in the expression ^^(ix* + lOx' + 6x — 18), 
which is the product of {x + 3)' x (2x — . ?), all which is here re- 
quired is to find such values of « as will make 2x — 2 a square, 
which is readilj done by Problem I., Case I. 

Few questions in this problem admit of integral answers, 
many admit of but one answer^ and many more are im. 
possible. 

^ Problbm hi. 

To find such values of a; as will make 

tj(ax^ + bx^ + ex* + dx + e) rational. 

There are only three cases of this problem in which direct 
solutions can be obtained. 

Case I. When the last term only of the formula is a 
square, or when it is of the form 

^{ax^ + bx^ + cx^ +dx + e«). 

Amuneax^+bx^ + cx^ + dx+e^ = (n;«+wr4-^)« = 
r«j?* + irsx^ + {s^ + 2re)x* + 2sex+e^ ; whence, puttuig 

2ae = (f, or * = g^, and *« + 2re = c, or r = ^^' = 

— g-g — , the last three terms of both sides destroy each 

other, and we obtain 

ax^ + bx^ = r^x^ + 2r8x' ; dividing by x^, 
ax + b = r*ar + 2r8 ; 

whence x = r: 

o — r» 

and if the values of r and s be substituted in this, we have 

64fae«— .(4ce — rf«)« ' ' 

ma formuh, however, foils wbeu 6 «Bd d axe each 0. 
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Find such a Talue of x as will make 5ar* — \x^ + Sx^ — 
2;r+ 1 a square. 

Here a =^ 5, b :=: — 4, c = 3, c? = — 2, and e =.\; 

.• a; = 8{--g0g — 4) + 32} _ 8 ( — 16 -f 32) _. 128 ^ i 
320 — (12 — 4)« 320 — 64 256 ** 

Or since we find r = 1, and * = — 1, we have 

5x^ — . 4a;3 4 3a:« — 2a; + 1 = («« — ar + 1)« = 
[ar* — 2a;' + 3a;« + 2ar + 1 ; 

.-. 5a;* — 4a;' = a;* — 2a;', 
or 5a; — 4 = a; •— 2 ; 
consequently a; = j = ^, as before. 

1. Find such a value of a; as will make Ix^ + Sx^ — 5x^ 

« . . A 2665194 

+ Sa;+ 4 a square. Ans. x = gg^j^gg- 

2. Find such a value of a; as will make 2aj* — 5x^ + 3a;* 

« . ^ A 3411 

— 2a; + 9 a square. Ans. x = jgg^. 

3. Find such a value of ar as will make J (^ — 2a?* + Sx^ 

— a;* — 2a; + 4) rational. Ans. x = Tq=. 

4. Find such a value of a; as will make mJ(2x^ + 8a;' + 1 2a;« 
+ 8a;+l) rational. Ans. a; = 12. 

Case II. When the first term only of the formula is a 
square, or when it is of the form 

V(a*«* + ^«' + cx^ + dx + e). 

Assume a^x^ + 6ar' + cx^-^-dx-^-e = (aa;* + rar+*) = 

a^x^ + 2ara;' + (r*» + 2a*) x^ + 2y*a; + 8^ ; where, put- 

h *• — ••* 

ting2ar = 6, or r = g-, and r« + 2a* = c, or * = 



g^, , , ^. . — g^ — 

— ^^p — , the first three terms of both sides destroy each 
other, and we obtain dx + e =. 2rsx + 8^ ; 

•'• ^ — d — 2rt' 
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and^ if the ndues of r and $ be substituted in this> we bare 

^ ~" 8a«{8a*rf — h (4o«c — &■)}* 

This formula, like that in the first case, fails when bvAd 
are both 0. 

To find a ralue of x which will make Qz^ — 4ir' — 2z* 
+ 5;r — 3 a square. 

Here r = — =, and # = — 5= ; hence 

9a? — 43? — z2? ' ft? ^ ' 729^ 

44 . 121 

or S645« — S96sr = 2187 + 121, 
2308 



and z == 



3249* 



1. To find such a value of a; as will make 4a?^ — 2i;' + 
Saj* + 5a? — 7 a square. Ans. a? = tts* 

2. To find such a value of ar as will make l6a?^ + 12a?' — 
8a?« + Sa: — 10 a square. Ans. z = «jjg. 

3. To find such a value of a? as will make J{z^ .. 2a?' + 
3a?" +4a? — 6) rational. Ans. a? = S. 

4. To find such a value of a? as will make ,J(jke^ — £t' 

5S7 

— a?* + Sa? — 2) rational Ans. a? = =s- 



Case III. When both the first and last terms of the for- 
mula are squares, or when it is of the form 

V {a^^ + bx^ + cz^ +dx + ««). 

Assume a«a?* + b»^ + cz^ + dz + e' =: {az^ + rz+eY 
= a^z^ + ^arz^ + (r« + Zae) a?«+2r«r + e« ; where, putting 
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2ar = 6, or r = ^, 2re = c?, or r = 5-, and r*'\'2a€ = c, 
we have 

, d — trt 

whence x = -r-T-s • 

Where, substituting the value of r, we obtain 

__ 4a {ad — 6e) 
^ ~ 6* + 4a»(2ac — c)' 

and since ^ may be either positive or negative, its second 
power only bein^ found in the formula, we therefore obtain, 
when e is negative, 

4a {ad 4- ^) 

Now, since r may be put either equal to ^, or ^,. and 

since from the former value of r we obtain two values of x, 
so from the latter value we also obtain two values ; thus, when 
e is positive, 

^ ~" 4e (*c — orf) ^" 

d« — 4c« (2fl« + c) 
aBdalsoa?= 4e(6e-hacQ ' 

We may therefore in this case obtain four values of ;r / 
but the formulae &il when b and d are both 0. 

This case is evidently included in the two former cases, 
and therefore other solutions may be obtained by employing 
the formula in these two cases. 

Find such values of :r as will make fla?* — Sa?' + 5x^ + Sx 
+9 a square. 

3 
Here r = —- ^ = — \; taking e negative, we have 

9a?* — Sz^ + 5a?« + 3a; + 9 = (3ar« — ^a; + 3)« = 
9jr* — 3a:' + -£ a:« — Sa; + 9 ; 

... l^z^'-SzrzBx^ + 3x, 
or 7Sar« — 12a: = 2(te« + 12a;; 
whence a; = ^. 
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Again, taking e positiTe, and r = ^» we have 
9ar4 _ sz^ + 5ar« + S« + 9 = (Sz^ + ix + 3)« = 

Oar* + Sir' + ~a?« + Sz + 9; 

••• 3^5 + ^a:« = — Sa;5 -H 5a?«, 

or 12a:' + 7Sa:« = — lar' + 2ac« ; 

, 53 

whence a: =: — sr. 

1. To find such values of a; as will make V(^* + 2«' — 

Off 5 

4a?" — fir + 9) rational. Ans. a? = — 65* ^' "" f 

2. To find such values of a; as will make V (^* — 2a;' + 

5 
3ar* + 2a: + 4) rational. Ans. a: = 3, or — j^. 

3. To find such values of z as will make 4a:* — 2aj' +7af' 
+ 3a:+ 1 a square. Ans. a: = — n* ^' l6' 

4. To find such values of j: as will make l6x* — 6*' + 
4j:* + 3jr + 4 a square. Ans. ar = ~, or — ^^• 

When neither the first nor the last term oi the formula is 
^a square, we cannot obtain a direct solution ; but if by trial 
we can discover some simple value of the unknown quantity 
that will satisfy the conditions of the question^ we may thence 
find other values of it^ when such are possible. 

Suppose we have found by trial that az^ + bz^ +cz^+dx 
+ ^ is a square, when z :=p, let us then make 

ap^ + ^jo' + cp* + dp + e =1 q*. 

Assume z •= y + p, and we have 

az^ = oy* + 4ajoy' + 6ap^y^ + 4ap'y + op* 
bz^ = by^ + Sbpy^ -f ^bp^y + bp^ 

cz^ = cy^ 4- cpy + cp^ 

dx z=. dy + dp 

e =: + e 



a * = ay^ + 4ap y' + 6ap^ 



+ b 



+ 3bp 

+ c 



y^+4fap^ 
+ 3bp^ 
+ cp 
+ d 



y-^t 



* The symbol Q denotes a square. 
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Whence we may find the value oi y, by Case I.> and then that 
oi X, 

To find such a value of jp as will make 2a;^ — 1 = a . 

Here it is obvious that 1 is such a value of or as will make 
the expression a square. 

.*. Let X = y + 1 ; then 

2** — 1 = 2(y + 1)4 — 1 = 2(y* + 4y» + 6y« + 4y 
+ 1) — 1 = 2y4 + 8y5 + 12y« + 8y + 1. 

And since the last term of this expression is a square^ we 
have, by Case I., 

2y* + Sy^ + 12y« + 8y + 1 = (_ 2y« + 4y + 1)« =;: 
4y4 — I6y« + 12y« + 8y + 1 ; 

.-. 4y* — I6y' = 2y4 + Sy^, 

or 4y — 16 = 2y + 8; 

whence y = 12, and ar = 12 + 1 = 13. 

1. Find such a value of x, as will make 30?^ -f- 6 = a 
square. 

Ans. X = 1 answers the conditions ; whence, by Case I., x 
also = YY' 

2. Find such a value of x, as will make 2ar* + 2x' -^ 2ar« 
4- a: -f- 7, a square. 

Ans. j: = 2 answers the conditions ; whence, by Case I., x 
1003862 



also = — 



8048177* 



3. Find such a value of x, as will make Zx^ — - Sx^ + 9) a 
square. 

Ans. xz=.S answers the conditions ; whence, by Case I., x 
40971 



also = 



6041* 



4. Find such a value of x, as will make Sx^ + Sx^ — x^ 
+ 1, a square. 

Ans. ir = 1 answers the conditions ; whence, by Case I., x 
*'^ — 10513' 
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Problem IV. 

To find such ralues of a? as will make 
ax^ + &r* + CZ + d2^ cube. 
This problem resolves itself into three cases^ namely. 

Case I. When the last term of the formula is a cube^ or 
when it is of the form 

ax^ + lKt^ + CX + d^, 
assume ax^ + bx* + ex + d' = (rx + d)^ = r^z^ + 

3r^dx^ + 3rd^x-^d^ ; where Srd* = c, or r = ^; whence 

flwr' + &r« = r^x^ + Sr^dx^, 
or ax + b = r^x + Sr^d ; 

X =r 



a --^r 



Or, substituting for r its value s^, as above, we have 

_ 9rf» (c« — 3M») 

Find such a value of x, as will make 2x^ — So?* + 5x + 1, 
a cube. 

Here r = |; .*. ^x^ — 3ar« + 5« + 1 = (|«+ 1)' = 

125 _ . 25 ^ . ^ . , 
-^x^ + -3 ^* + 5x+ 1; 

whence ^or^f + y j?« = 2j?' — 3j?«, 

or, reducing and dividing by x^, 
125x — 54r = — 81 — 225 ; 

806 
71 

1. Find such a value of x, as will make Sx^ + 4a^ + 7x 
+ 8, a cube. Ans. ar = — Tgjr. 
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2. Find such a yahie of 'x, as will make x^ — '7x^ + or — 
27, a cube. Ans. x = ^^. 

S. Find such a value oi XjVA will make ^(2^' — 5jr^ + 
3« — 1), rational. Ans. d? = 1. 

4. Find such a value of x, as will make y{x^ + 2x* -— 7x 
— 64), rational. Ans. x = . 

Casb II. When the first term of the formula is a cube, or 
when it is of the form 

a^x^ + bx^ + car 4- c/ = a cube. 
Assume a^x^ + bx^ + ca: + c? = {ax + ry = a^x^ + 

3a*ra;* + 3ar^z+ r^ ; where Sa^r = ft, or r = — ; whence 

ca: + flf = Sar«« + r'. 



and d? =: 



c — 3or»* 



Or, substituting for r its value ^^ as above, 
we nave j? = 



9a» (3c«» — *«)' 

Find such a value of x, as will make x^ — 3x^ -f- 2x — 4, 
a cube. 

Here r = — 1 ; .-.a:' — S«« + 2x — 4 = (« — 1)' = 

or* — 3x^ + 3x — 1 ; 
whence 2a? — 4 = 3* — 1, 
or X = — 3. 

1. Find such a value of x, as will make 8j;' •— 4ff' — - 5jr 
•— 6, a cube. Ans. a? = — r^. 

2. Find such a value of x, as will make 27^?' — S6x^ + x 
— 18, a cube. Ans. a? = — 5=. 

3. Find such a value of «, as wiU make x' — 7«' 4- Sx 
H- 2, a cube. Ans. x = — . 
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4. Find such a value of x, as will make Ss^ — l6x^ + 12i 

395 

— 17, a cube. Ans. x = —. 

Case III. When both the first and last terms of the for- 
mula are cubes, or when it is of the form^ 

a^x^ + hx^ + ex + d^ :=z & cube ; 
assume a'x^ + bx^ + ex + d^ = (ax + dy = 
a^x^ + Sa^dx^ + Sad^x + d^ ; whence 
bx^ + ex = Sa^dx^ + Sad^x, 
or bx -j- e = Sa^dx + Sad* ; 

— ^Lml 

Find such a value of x, as will make 8a?' + 24a:* — S6x-f 1, 
a cube. 

Here So?' + 24j:« _ 36a? + 1 = (2* + 1)' = 8*' + 12j;« 
4-6a?+l ; whence 

12a?» + fo = 24ar« — 3&r, 
or X •=. 3^. 

1. Find such a value of x, as will make x^ — 2a?* + 3x+8, 
a cube. Ans. jt = — f 

2. Find such a value of of, as will make 27^?' — "36j?* + x 
+ 1, a cube. Ans. x •=. — — . 

3. Find such a value 'of x, as will make Sj;' + j;« — 15* 

— 1, a cube. " Ans. ^p = ts- 

4. Find such a value of x\ as will make 64j?' J — 240* * + 

79 
29^ — 27, a cube. Ans. or = — —. 

80 

NiOTE. This case obviously includes the two preceding cases, and 
if we make use of the formula of these two cases also, we will obtain 
other two values of x which will answer the conditions of the ques- 
tion. 

When neither the first nor the last term of the formula is 
a cube, we have no direct method of solution ; but if we cao 
find a value of x by trial which satisfies the conditions of tbe 
question, another value may be found ; thus. 
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If p he A value of x found by trial, then 
ap^ + ^P^ + cp + d =:q^ 

Assume x ^ y •{- p, and we obtain 

az^ = ay' + ^apy^ + Sap^y + ap^ 



bz^ = by^ + 26/?y 
cz =. cy 

d = ^ 


+ bp' 
+ cp 

+ d 


ay' + Sap 

+ b 


y* + Sap' y+ q' = a cube 

+ c 



Here the last term is a cube, and by Case I. we obtain a 
value ofy, and hence that of or. 

Find such a value of x, as will make 2x^ — 3x + 7, a cube. 

Here we find on trial, that — 1 is such a value of x, as will 
make the expression a cube ; then let ar = y — 1, and 2x' — 
3x+ 7 = 2(y — 1)' — 3(y— l) + 7 = 2y' — 6y^ + 3y 
+ 8, the last term of which is a cube ; therefore, by Case I., 
2y3 _ 6y^ + 3y+S = (iy+2)' = ^\y^ + fy« -h 3y+S; 

whence 2y' — 6y« = ^\y9 + fy« ; 

or 128y — 384 = y + 24f, 

408 J 408 , 281 

... y = ^,andx = jg^^l=— . 

And if we take this last value of x and proceed in the same 
way^ we will obtain another value, and so on. 

1. Find such a value of x, as will make l/(3x^ + 3x^ + 12jp 
+ 4f)f rational. 

Ans. j; = 2 answers the conditions of the question ; 

whence, by Case I., x also = ^ -^. 

2. Find such a value of x, as will make l/(2x^ — 5x^ + x 
-}- 3), rational. 

Ads. X = 1 satisfies the expression ; whence, by 
Case I., X also = — ^. 

3. Find such a value of a?, as will make 3x* — 7^?* + ^^ 
+ 3, a cube. 

Ads. j? =: 3 satisfies the question ; hence also x =. 
14793 
9872* 
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4. Find such a value of x, as will make 5x^ — 10x^-\-Zx 
+ 2, a cube. 

Ads. o; =: 2 satisfies the conditions ; hence also x 
_ 3526 
~" 3527' 

OF DOUBLE AND TRIPLE EQUALITIES. 

When a single formula, containing one or more than one 
unknown quantity, is to be transformed into a complete 
power, such as a square or a cube, as in the preceding pro- 
blems, it is called a simple equality ; but when two or more 
formulae, containing the same unknown quantity or quanti. 
ties, are to be each transformed into some complete power, 
then they are called double equalities, triple equalities^ and 
80 on. The following are the only cases which admit of 
direct solution. 

Case I. When the unknown quantity does not exceed the 
first degree, as 

ax '\- h -=. u 

ex •\' d -=. D . 
Assume the first ax + h -=. m^, and the second cz + d 

Then by equating the two values of a; as found from these 
equations we obtain 

= , or cm^ — CO = on* — ad. 

a _ c . 

Multiplying both sides of this by c, and transposing, we have 

c^m^ = can^ — cad + c^b ; 

where n must be of such a value as to render the expression a 
square, and this value, when the question is resolvable, is 
found by Problem I., page 173. 

Find a number such, that if either 128 or 192 be added to 
it, the sums shall be both squares. 

Here let x + 128 = m^, and x + 192 = w*, then equat- 
ing the two values of x as found from these equations, we 
have 

m« — 128 = w« — 192; 

or i»« + 64 = n« •, 
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and since the quantity on the right hand side of the equation 
is a square^ we have only to make m^ + ^^ ^ square. 

Assume its root = m + r ; then m^ + 64! =: m^ + 2mr 

.-. Qmr + r« = 64 ; 

, 64 — r« 

and m = — r — . 
Where r may be any number at pleasure^ take r = 2 ; 
then m = — 7— = -7- = 15. 

.-. ar = JW« — 128 = 225 — 128 = 97. 

Find a number such that if unity be either added to it, or 
subtracted from it^ the sum and remainder shall be both 
squares. 

Here let a; + 1 = m^, or z =z m^ — 1 

X — 1 = n*, or a; = n* + 1 ; 

.-. «»« — 1 = w« + 1 

or»i« — 2 = n«. 

In order to make m^ — 2 a square^ assume its root = m 
— r, then m^ — 2 = w* — Qmr 4- r* ; 

or — 2mr + r« = — 2 ; 

... m = -^-. 

Where r may be any number at pleasure^ taking r = 2, we 

4 + 263 ., 9,5 

have m = — ^ = - = ^ consequently a; = ^ — 1 = j. 

Cask II. When the unknown quantity does not exceed 
the second degree, and is found in each of the terms of the 
two formula; as, 

az^ + &r = D 

cz^ + dz =i D. 
Assume z =•-; then by substituting and multiplying each 

y 

of the resulting expressions by y*, we obtain 

a + by z= D, 
c 4. 6?y = D, 

from which the value of y> and thence of z, may be found by 
Case L 
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Find a number such, that if it be either added to or sub- 
tracted from its square, the sum and remainder shall be both 
squares. 

Here a?* + a: = n , 

and x^ — z = D . 

Assume a; = - ; then — + - = D, and — = d ; re- 

y y* y y* y 

ducing, we have 1 + y = D > and 1 — y = a ; make 1 + jr 
= m^y or y = w* — 1, then 1 — v = 2 — m*, which is 
also to be made a square ; but as neither the first nor the last 
term of this formula is a square, we must find a simple vahie 
of m by trial, which will make it rational ; this is obviously 1. 

Let w = 1 — r ; then, by Case VII. Prob. I. we have 1 — jf 
;= 2 — »i« = 2 — (1 — r)« = 1 + 2r — r«, and y'=-i^ 
— 2r ; or assuming 1 +2r — r* = (1 — 9r)^ = 1 — Sfl* 

whence 2 — r = 28+s^r; 

and a; = ^ = ~^ = ^'j^],' > where s may be taken = 

25 
any proper fraction ; if « = ^, then a; = ^j. 

When the double equality is of the form 

ax^ + ^x+c = D 
dx^ +ex+f=z D, 

it is necessary first to resolve one of these equalities by 
Problem I., and then to substitute the value of a; so found io 
the other equality, which will in consequence rise to tbe 
fourth degree, and, when possible, the solution will be found 
by Problem III. page 184. 

Case III. When the equality is triple ; as, 

ax + In/ =z n 
ex + di/=: D 
ex + Jy=z D. 

Let ax + ^y = u^, ex + dy = r*, and ex -{-fy = «*• 
Then, by first eliminating x in each of these equations, aod 
then y in the two resulting equations, we shall have 

(fl/— he) t?« — (cf — <^«) tA« = (a<3^ — ftc) r« ; 



\ 
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or assuming v = ur, and reducing the terms, the result 
gives the simple equality 

flf— be ^ cf^-' de r* 
'' p2 _ ^ — - 

ad — 6c ad^^bc u*' 

where the right hand term is a square, and it is therefore only 
necessary to find such a value of r as will make the left hand 
memher a square, and this, when possible, is effected by 
Problem I. 

After finding the value of r, we then have v = ur, and 
the first two equations give 

d — br* J ar^'^c 

where u may be any number whatever. 

When the three formula of the triple equality contain only 
one variable quantity, the simple equality to which it is ne- 
cessary to reduce them rises to the fourth degree, and its 
resolution is effected by Problem III. 

These are the only direct methods of solution, and there- 
fore, in other cases of this kind, all that can be done is to de- 
termine successively by these methods several answers, when 
one is already found by trial ; and if none of these succeed in 
solving the problem, it can only be done by some artifice of 
substitution which will fulfil one or more of its conditions, 
and then the remaining formula, when they are possible, may 
be resolved by some of the preceding methods. 

Find three numbers in arithmetical progression such, that 
the sum of any two of them shall be a square. 

Let the numbers sought be z, x+y, and x+Qy, and make 

Qx+ y = w* 
2x + 2i/=i v^ 
2x+ 3y=zz*; 

then, by eliminating x and y from each of these equations, we 
have 

i?« — w« = 2J« — t?« ; 

or 2t?« — u^ z=:z^ ; 
putting V = ur, we have 2u^r^ — u^ = z^, and dividing 

by u^, 2r® — 1 ^ — , where the right hand term is a square, 

it therefore only remains to make 2r^ — la square, which it 
obvious] J ia when r = 1. 
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But as this value upon trial does not answer the condi- 
tions of the problem, Jet r = 1 — /?, then 2r^ — 1=2 
(1 _ ;?)« _ 1 = 1 _ 4jt? + 2jo2 = D . 

Assume I — ^p+2p^ = (1 — npy = 1 — 2np+n^p^; 
or — 4 + 2/? = — 2» + n^p ; 

whence p = ^^^11^, and r = 1 - _-^= _-,_^-, 

where n may be any number whatever. After finding the 
value of r, the value of x and y are found from the equations 

y == i?« — w« = w«r« — «« = (r« — 1) «« 
z = i(tt« —y = i(2 — r«) tt«. 

Now, in order that x and y may be positive, it is evident 
that r must be taken greater than 1 and less than ^2. 

If therefore n = r we have r = «r- ; 

whence a: = (2 — -^^) X y, andy = (— - — 1) w« ; or 

taking u = 2 X 31, x = 482, and y = 2880 ; A a: = 482, 
« + y = 3362, and a? + 2y = 6242, the numbers required. 

To divide a given square into two squares. 

Let a^ be the given square, and let x^ = one of the 
squares, then a* — a?* = the other. 

Now, in order to make a* — ar* =i d , suppose its root = 
rz — a, then a« — x« = r^x^ — Zarz-j-a^, or 

— x^ = r^x^ — 2arar, 
whence x = txi ^^ ^^^ ^^^^ of the first part^ 
and rx — a = , , — o = ^ . =: the root of the second. 

Hence (^tttt) > *°^ ("^"TT'/ ^'^^ *^® squares required, 

where a may be any square, and n any number whatever 
greater than 1. 

To divide a number consisting of two squares into two 
other squares. 
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Let a^ and h^ be the squares of which the given number 
consists, let a- + a = side of one of the squares sought^ and 
the other any number of times x, lessened by b, as ra; — b; 
then x^ + iax + o« + r«x« — 9,rxb + 6« = a« + d«, or 

r^x^ + j:« = 9.axb — 9mx; 
or r^x + a; = 9.rb — 2a ; 

trb — ta 



X = 



r« + 1 * 



and ar + a = — 5-7-r- + o = 5-7-1 ^, the side of the 

• r^ + 1 • r* + 1 

r(2r6— 2o) . 2A(r« — I)— 

one square, and rx — = ^ ^ — - — 6= ^ ^^ ^. 
the side of the other. 



tar^ 



To find two square numbers that shall have a given differ- 
ence. 

Let ef = the given difference, and'ar^ the least square, 

then j;^ 4- ^ the greater square, which must be a square ; let 

it be = {x+ay =a:2 + 2aa:+a*, then 2xa =: d — a^and 

(I fi 
or = g -, where a may be taken at pleasure ; therefore, let 

ab = d, then x = ■—- , and a?+« = g •, the sides of the 

two squares. 

12—2 
Suppose d = 24, and aft =: 12 X 2, then x = — - — = 5, 

and a?+2 = — ^ = 7 ; now, 7* — 5^ = 49 — 25 = 24, 
the given difference. 

To find two numbers such, that, if either of them be added 
to the square of the other, the sum shall be a square. 

Let X be one of the numbers, and when its square is added 
to the other number, let the square produced be (j: — a)** = 

x^ — 9.ax + a^ := x^ + ^, whence x = — r— =^, and 1/^ + 
— "— ^ is a square, suppose it = (y +^)« z= y« + 2dy + d«, 
whencey = ^^ ^ ^ , and consequently z = ^^^ > where 



200 ALGEBRA. 

a and b may be taken at pleasure, but so tbat a may be greater 
than 2b^. 

To find two numbers such^ tbat their sum and difference 
shall be squares. 

Let X and 1/ be the numbers, fhen J? + y and a? — y 
are squares, and their difference is 2y ; find therefore tit^o 

squares of which the difference is 2y, namely, (^ + 1)* ^^ 

(| — l)Mhen(|+ l)«=^ + y+l =a:H-y, and^ 

-\-l ^ z, where 1/ may be taken at pleasure. 

To find three numbers such, that the sum of any two of 
them, and also the sum of the three, shall be squares. 

Let 2ax be the first, x^ — 2ax the second, and ctx + -r 
the third ; then the $um of the first and second is x^, that of 



a« 



the second and third x^ — ax + -7-, and the sum of the three 

4 



a« 



x^ + ax + -7-, all of them complete squares ; it therefore 

remains to make the sum of the first and third Sax + -r a 

4 

square ; let it then be ^^, hence x = — ^9 — > where a and 
b may be taken at pleasure. Let 6 =: 4, and a = 2, then z = 

25 
hence the sum of the first and second is -7-, of the first and 

64 .9 49 

third -r, of the second and third 7, and of the whole three v* 

4 4p 4 

all squares. 

To find three squares such, that the sum of any tvFO of them 
shall be a square. 

Let x^, y'^i z, = the numbers, and first let z ^ 1, then 
x^ + l = a square = (« — m)^ = x^ — 2xm+m^, or a; = 

"" ; also y* + 1 = a square = (y — n)* = y« 2y»+ 
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„«, or y = ^^ ; therefore (^^^)*+ ('^i^)' = « 
square. To render this as simple as possible, suppose m — 1 

= » + 1, then {-^;;r-) + ( — 2(J1 2) ) isasquare. 



m 



. ... + 1 (m— .3)' _j • 4.I.- 4. 

or — 5— -f ^ — zr^ ^^ * square, reducing this to a common 

denominator, then (m + 1)« x(w — 2)« + m^ x(w — 3)« 
is a square, or Qm^ — Sm^ + 6m^ -f- 4»^ -}- 4 == a square =. 
(rm^ + m+2y = r«w*+2rw5 + (4r+l) »»«+4»»+4. 

Now, if 4r+ 1 be taken = 6, then r = t, and the equation 



becomes 2w* — 8»t' + 6m* + 4«i + 4 = — w* + -7- w' 
+ 6m* ^ 4i?t -f- 4, 

or2«,*-8m»=g«,*+^«i'; 

25 10 

whence w = 24, 

and since m — 1 =:n+l, n = 22; 

.y^ r «• — 1 575 n« — 1 483 , 

therefore a: = -^— = — , y = _^_ = _, and^= 1, 

J .1 i_ 330625 233289 , , 

and the numbers are ^^^ , ~1936~' 

To divide a given cube into three cubes. 

a' 

Let a^ = given cube. Take any cube less than — , such 

— by. Hence the sum of these two, or a' — 6' = a' + 
(3a-^);.« + (f: _ 1) ,. _ 6., or ^4^1% = 

Sa« — 3a&« , Sa«&* — 3a^* Soi* 

ji ; whence x = ^,_bt = l^^T^- ^^'"^ 
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, , , , a» — 2b* , .2a» — i» , 

quently the three roots are o, a , ^, ,and6— p— ^^where 

a and ^ may be any Dumbers whatever. 

Let a =^3 and d=zl, then the first cube is 1 '^ the second 

/75\» ,,, ,,. j/53\» ,^, . . 21952 . 421875, 

\W , and the third (-; , and their sum is gj^^g+gj^^f 

148877 _ 592704 _ {^V 
21952 "" 21952 "" \28/ ' 

Otherwise, 

Let a' be the given cube^ and leta^v^z. Let one of 
the required roots = t? — z, and let the roots of the other two 
required cubes be ic + y and x — y. Then the difference of 
the two first cubes will he 2z X {z^ + ^^^)9 and the sum of 
the other two will be 2z{z^ + 3i/^). Here z^ + Sy^ maybe 
resolved into two factors {m^ + S«* ) x (/* + Sm* ), for making 
X = IW/+ Snu, and y = nt — tnu, we will have ar* = m*/' 
+ 6ww/w + 9n^u^, and 3y« = Sn^/* — 6mnfu + Sm«w«, 
therefore z^ + Sy« = w*/* + 3««/« + 3i»«m« + 9n«u« 
= (we« + 3»«) X (^« + 3w«). 

In like manner^ z^ + 32?^ may be resolved into the two 
factors (a« + 3d«) x (/* + 3w«), and since 2z («« + 3r«) = 
2ar (a;2 + 3^^), therefore 2{nU + Snu) x (w« + 3n^)x 
(/« + 3m«) = 2(a/ + 36w) X (a« + 3ft«) x (^« + 3tt«); 
whence (w/ + Snu) X (w« + 3»«) = (ai+3bu) x (a« + 
S6«), or w/ X (w« + 3n2) — at X (a + 3b^) = S^u X 
(«« + 36«) — Swtt X (w« + 3n«) ; whence / = 3d x (fl* 
+ S6«) — 3»x(w« + 3»«), and u = mx(m^ + Sn^) — 
« X (a* + 36*). Having thus found the value of t and u in 
terms of any values of m, n, a, and b, we can find :r = m/ + 
Sum, y = n/ — ww, t? = a^ + 3dw, and z=: bi — au, after 
which the numbers will he z + i/, z — ^, and v — z, and 
the root of the given cube will be v + zfor a', the cubes 

will be (S±yy^, ^^^^, and ^^,=^. 

Let w = 2, n = 1, o = 1, and 6 = 2, then fn* + 3n^ = 
4 ^ 3 = 7, and a« + 36« = 1 + S x 4 = 13 ; therefore 
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/ = S X 2 X 13 — 3 X 1 X 7 = 78 — 21 = 57, and w = 2 
X 7 — 1X13 = 14 — 13 = 1, whence ar = 2 x 57 + 3x 1 
X 1 = 114 + 3 = 117, j^ = 1 X 57 — 2 X 1 = 55, t? = 
1 X 57 + 3X2X1 =63, and ;? = 2x57 — 1x1 = 113; 
wherefore x + y = 172, ar — y = 62, 2; — t? = 50, and z 
4- V = 176, or taking their halves, the numbers are 86, 31, 
25, and 88, so that 86' + 31' + 25' = 88'. If the given 

86* 31* 
cube be not 88^ but 4', then the numbers are ^ + -^ + 

23» 88* ,, 

— - _ — /Lo 

22* "" 22* "* 

To find four numbers such, that if a given square be added 
to the product of any two of them, the sum shall be a square. 

Let a^ be the given square, and a* + 2az + z^, the 
square arising by adding the product of the first and second 
to a^ ; then if :r be the first, Qa + x =:z the second. Again, 
let a* 4- 4ttar + 4a;^ be the square arisinc^y adding the pro- 
duct of the first and third to a*, then' the third is 4a + 4a:. 
Next, let a® -f* ^^^ + 9x be the square arising by adding 
the product of the first and fourth to a^, then the fourth is 
6a + 9x. Likewise (a^ + Sta + x) (4a + 4a;) = (3a+ 9,x) «, 
and a« + (4a + 4ic) {6a + 6x) = {5a -|- 6xy. Also a« 
+ (2a + x)x\6a -f 9x)y or 13a« + 24aa; + 9x^ should 
be a square, suppose it = {ma — SxY = m^a^ — 6max 
+ 9x^ ; whence 13a* + 24aa; = m^a^ — 6max, or 

z = — ^ ^, — , whence the rest of the numbers are 

om + 24 

m'a + 12ma + 35a 4m«a ->- 24ma + 44a , 9m*a + S6ma -f 27a 
6in+24 ^ 6in + 24 '^ 6w + 24 ' 

where a and m may be any numbers whatever. 

121 X 10 — 130 



If we take a = 10, and m=:ll, the first is 



66 + 24 



= 12, the second is ^^ . g^ = 32, the 

, . , . 4 X 121 X 10 + 24 X 11 X 10 -k-M x 10 .^ j xi, 
third IS gg^ g^ ^ = 88, and the 

r _^i. • 9121 -10 + 361110 + 27-10 -^- 
fourth 18 ^^-fTii = 168- 
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1. To find two numbers such, that their sum and also the 
square of either added to the other shall be squares. 

Ans. Any two fractions of which the sum is \. 

2, To find three square numbers in arithmetical progres- 
sion. Ans. 1, 25, and 49. 

S. To find three numbers such, that the square of any one 
of them added to the other shall be a square. 

Ans. Any three fractions of which the sum is \, 

4. To find two numbers such, that their difiTerence shall be 
equal to the difference of their squai'es, and the sum of their 
squares shall be a square. Ans. f and f 

5. To find three numbers in geometrical progression such, 
that each of them increased by a given number (21) shall be 

4 
a square. Ans. 100, 4, tt. 

6. To find two numbers such, that their product added to 
the sum of their squares shall be a square. Ans. 3 and 5. 

7. To divide the number 10 into four parts, so that the 
sum of any three of them shall be a square. 

A , /? 186 J 681 
Ans. 1, 6, ggi^, and ^. 

8. To find two numbers such, that their sum either in- 
creased or diminished by their difference, or by the difiTerence 

of their squares, shall be a square. Ans. — - — 

9. To find two numbers such, that if unity be added to 
each of them, and also to their sum or difference, the sums 
shall be squares. Ans. 120 and l68. 

10. To find three numbers such, that if each of them be 
added to the sum of their squares the sums will be squares. 

A 1^— 6627 , 19881 

^"^* 31460' 31460' ^°^ 62920* 

1 1. To find three numbers such, that if their sum be either 
added to or subtracted from the square of each, the sums and 

remainders shall be squares. Ans. -^, -^, and -rr-. 

12. To find three squares such, that the sum of their squares 
shall be a square. Ans. 4f, -, and ^r 

13. To find three square numbers such, that the difference 
of any two of them shall be a square. 

Ana. 153«, 185«, and 697'. 
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14. Given two cubes^ a' and b^, to find two other cubes, 
of which the difference shall be equal to the sum of the given ^ 

cubes, viz. a' 4-^'. Ans. (fl , . 3 ) and {b , ^, J 

15. Given two cubes, I and 8, to find a third cube so that 

(20\s 
t) ' 

16. To find three cubes such, that if from each of them a 
given number (1) be taken, the sum of the remainders shall 

, A « 854670349 , 8365427 

be a square. Ans. 8, gg^^gg , and -^^-^. 

17. To find three numbers such, that if the cube of their 
sum be added to each, the three sums shall be cubes. 

A 63 124 , 342 

Ans. T^-^y 751 ^7> and 



12167' 12167' 12167' 

18. To find three numbers in arithmetical progression 
such, that the sum of their cubes shall be a cube. 

Ans. 149, 256, and 363, 

19. To find three cube numbers such, that their sum shall 
be a cube. Ans. 9', 12', 15^. 

20. To find two numbers such, that their sum shall be 
equal to the sum of their cubes. Ans. f and f . 

21. To find four numbers such, that the square of the 
greatest shall be equal to the squares of the other three, and 
that they shall be the least integers. Ans. 7» 6, 3, 2. 

22. To find two numbers such, that the sum of their 
squares, and also the sum of their cubes, shall be squares. 

Ans. 273 and 364. 

23. To find two numbers such, that their product and 
quotient shall each be a square^ and their sum a cube. 

Ans. 25 and 100. 

24. To find three numbers such, that both the sum and 
the difference of every two of them shall be squares. 

. 153« + 185« — 697» 697« + 153« — 185« , 
Ans. s , s > and 

697« + 185«--153« 
2 • 

25. To find three numbers such, that the square of each of 
them added to the product of the other two shall be a square. 

. ^257 , 129 
Ans. 2, ^, and -^. 
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26. To find two numbers such, that if each of them be 
added to their product the sums shall be squares. 

Ads. 9 and 360. 

27. To find three squares in arithmetical progression. 

Ads. 49^ 289> and 529. 

28. To find three numbers such^ that the square of each 
added to the sum of the other two shall be a square. 

Ans. ^, -^, and j 

29. To find two numbers such, that each of their squares 
added to their product shall be a square. Ads. 9 and 16. 

30. To fiDd two Dumbers such, that if 1 be takeu from the 
sum of their squares, aud also from the differeDce of their 
squares, the remaioders shall be squares. Ads. 8 and 9* 

31. To fiud three Dumbers such, that their sum shall be a 
square, and if the sum of their squares be added to each of 
the numbers^ the sums shall be squares. 

A gg 78 , 39 

^°®- 2401' 240l' *°^ 2401* 

32. To find three numbers in geometrical progressioD such, 
that any two of them in order taken together shall be a 
square. Ans. 40^ 360^ aod 3240. 

33. To find three numbers such, that if their sum be either 
added to or subtracted from the square of each, the sums aad 

. J , „ , .513 406 J 791 

remainders shall be squares. Ans. -^, -5^-, aud -^» 

34. To find three square numbers such, that if from the 
sum of any two of them the third be subtracted, the remain- 
der shall be a square. Ads. 241 «, 149«, aDd 269*. 

35. To find two numbers such^ that their sum shall be a 
square, and that the square of each added to the other shall 

also be a square. Ans. ~ aod rrz. 

36. To find two square numbers such, that their sum shall 
be a square, aud their difierence shall be the cube root of that 

. 784 , 441 

«q"^'^- ^°«- 15625 *°* i5«5- 

37* To find three numbers such, that if each be subtracted 
from the cube of their sum, the remainders shall be cubes. 

. 13851 18954 . 19467 
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38. To find three numbers such, that if the cube of their 
sum be subtracted from each, the remainders shall be cubes. 

Ans. j%%\%%, T^2%'oV and ^^^^-^^\. 

39. To find three numbers such, that the excess of the 
greatest above the middle one shall be 3 times the excess of 
the middle one above the least, and also that the sum of any 
two of them shall be a square. Ans. 58, 1878, and 7338. 

40. To divide the fraction \ into 3 parts such, that each 

of them diminished by the cube of their sum shall leave a 

. 250 61 , 89 

square. Ans. jg^, j^^ and j^. 



OF PERMUTATIONS AND COMBINATIONS. 

Permutations of things are the diflTerent orders in which they 
can be arranged ; thus the permutations of the three letters 
a, b, c, taken two and two together, are ab, ba; ac, ca; 
be, cb. 

Combinations of things are the different varieties which 
can take place in arranging them, by taking them two and 
two together, three and three together, &c. ; thus the Com- 
binations that can be made of the three letters a, b, c, taken 
two and two together, are ab, ac, be. 

Prop. I. The number of permutations that can be formed 
out of n things, taken two and two together, is n{n — 1 ) ; 
taken three and three together is n(n — 1) (w — 2) ; and 

taken s and s together, is n(n — 1) (w — 2) . . . (» — s — 1). 

Let a, b, e, d, &c., be the n things; it is obvious that a may 
be placed before each of the rest, and they form (n — 1) per- 
mutations, ab, €te, ad, &c. In like manner there are (n — 1) 
permutations in which b is placed first, and so on of the rest ; 
and since there ai*e n things, it is manifest that the whole 
number of permutations, when taken two and two together, is 
n(n — 1). 

Again, if we take (n — 1) things, b, e, d, &c., the whole 
number of permutations taken two and two together is (n — 1 ) 
(n — 2). Now, if we place a before each of these, there are 
(n — 1) (»— 2) permutations, when taken three and three 
together, in which a stands first ; and since there are also the 
same number of permutations when eadi oi V\i<^ o^^x^ %\:^^ 
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first, cousequently the whole number of permutations^ taken 
three and three together, is n(jt — 1) (n — 2). 

In the same way it may be shown, that when the things are 
taken four and four together, there are n(n — 1 ), (n — 2), 
(n — 3) permutations, and so on ,* therefore, if taken s and 8 
together, the whole number of permutations is n{n — l)i 
(» — 2), .... (w — 8 — 1). 

Cor. If all the things are taken together, the number of 
permutations is n(n — I) (n — 2). ..3. 2.1. Thus the 
number of permutations which can be formed of 7 things is 
7X6X5X4X3X2X1 = 5040. 

Prop. II. If the same thing occurs t times, then tbe 
number of permutations in n things taken altogether is 

n(n — 1) . . 2 . 1 
1 . 2... t ' 

It is evident, that if instead of the same thing occurring / 
timesj there had been t different things, they would hare 
formed 1.2.3.../ permutations from their interchange 
with each other ; but when these things are all alike there 
can be no interchange of place among them, and these per- 
mutations are all reducea to one. Now, since this is true, 
for every position of the other things there will therefore be 
1 .2.3.../ times fewer permutations when t quantities are 
alike than when they are all different. 

Prop. III. If the same thing occurs t times, another r 
times^ and a third 8 times, and so on, the number of permu- 

^ .. .„ , n(»— l)(n — 2) 2. 1 

tations will be i ,2, .. txi .2 ...rxl .2 . . .. ' 

It was shown in last Prop, that if t things be alike, there 
will be 1.2.../ times fewer permutations than if they 
were all different ; so if there be also r other things alike, 
but different from the first, there will be 1 . 2 . • . r times 
fewer permutations, and so on ; consequently there will be 
altogether 1.2.../X 1 .2...rxl«2...« times fewer 
permutations than when the things are all different. 

Prop. IV. The number of combinations that can be formed 
out of n things taken two and two together^ is *^*"^ ; 
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taken three and three together, is " T i J' I and when 



1.2.3 



taken s and s together, is — ^-^ — ^ * ' ' ^" — K 

It has been shown (Prop. I.) that the number of permuta- 
tions of n things taken two and two together is n{n — 1) ; 
but each combination of two things ab admits of 1 X 2 per- 
mutations ab^ ba, hence there are twice as many permuta- 
tions of n things taken two and two together as there are 
combinations. 

In like manner, there are w(n — 1) (n — 2) permutations 
in n things taken three and three together ; and since each 
combination of three things abc admits of 1 . 2 . 3 permuta- 
tions, abc, acb, cab, bac, bca, cba, hence there are 1.2.3 
times as many permutations as combinations of n things, 
taking three and three together. 

In like manner it is shown that there are n{n — 1) (» — 2) 
. . . (w — s — 1) permutations of n things taken s and s to- 
gether, and since each combination of s things admits of 
1 . 2 . 3 . . . « permutations, consequently the number of 
combinations of n things taken s and 8 together is 

n{n — 1) (n — 2) .... (^n — y — 1 ) 

X . iB.«S....# 

1 . Required the number of permutations that can be made 
of the letters in the word Edinburgh ? Ans. 362880. 

2. Required all the permutations that can be made of the 
letters in the word Waterloo ? Ans. 201 60. 

3. Required how many changes can be made with 14 men 
standing in a rank ? Ans. 87178291200. 

4. In how many different ways may a captain select three 
men out of his company of 100, so as to save five from the 
duty? Ans. 138415. 

5. How many different hands can be held at the game of 
whist? Ans. 635013559600. 

6. How many days can a company of 12 persons sit in a 
different position round a table at dinner ? 

Ans. 479001600 days. 

7. A general requested, as a reward for his services, a 
farthing for every file of 10 men which he could take out of 
a company of 100 men. How much did this amount to ? 
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8. Required the number of combinations or conjunctions 
that can occur with the 7 satellites of Saturn^ when taken 
two by two, three by three, &c., up to seven ? Ans. 120. 

9- How many changes can be made with 5 letters out of 
the 26 which compose the alphabet ? Ans. 7893600. 

10. How many changes can be rung on 24 bells ? 

Ans. 620448401 7332394.39360000. 

11. If the colonel of a regiment, with 30 officers^ invite 6 
each day to dinner, how long may it be before he invites the 
same company ? Ans. 593775 days. 

12. In how many different ways may a party of 10 men be 
drawn up? Ans. 3628800. 



OF PROBABILITIES. 

The probability that an event will occur may sometimes be 
inferred from the nature of the case ; thus, if a die with six 
equal faces be thrown upon a table, we consider it equally 
probable that it shall present any of its faces, and therefore 
that there is one chance in six it shall present an ace. 

In calculations of probabilities certainty is represented by 
unity, and any degree of probability by a fraction ; thus, a die 
being thrown, the chance that it presents an ace is ^, and the 
chances of not throwing an ace are |. 

Prop. I. If an event may happen in a ways, and fail in b 
ways, any of these being equally probable, the chance of its 

a b 

happening is , , and the chance of its failing is r. 

For the chance of its happening : chance of its failing : : 
a : by therefore the chance of its happening : chance of its 
happening + chance of its failing : : a : a + b ; but since 
it must either happen or fail, the chance of its happening + 
the chance of its failing is certainty, which is represented by 
unity. 

Hence the chance of its happening is . . In like manner 

it may be shown, that the chance of its failing is -. 

Prop. II. If two events be independent of each other, and 
a, a' be the number of ways in which they may happen, and 
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by U the number of ways in which they may fail, then tlie 

a a.' 

probability that they will both happen is . x ~rvrD = 



aa' 



(a + h) (a' + *')* 



For every way a in which the first event can happen may 
be combined with every way cd in which the second event 
can happen, and thus iorm na' combinations in which both 
can happen. Also, every way a + d may be combined with 
every wajr a' +6', and thus form altogether (a +6) (a' + ^') 
combinations, in which the events may either happen or fail. 

Hence the chance that both will happen is . > . ^ ,a « 

In like manner it may be shown that the chance that both 

hV 

will fail is jl. k\{ > ±.y\ > *^** ^^® ^^^^ ^^ happen and the 
second fail, the chance is -, — . . v . / . ,» ; and that the second 

' (a + *) (a + o') 

will happen and the first fail the chance is / j. ^w / . yy 

Pkop. III. If there are three independent events, and the 
probabilities of their happening be respectively ^-t-^> VWv* 

and „ y,y then the probability that they will all happen is 



floV 



(a + h) (a' + 6') (a" + h")' 



For since each of the ways a"y in which the third event may- 
happen, may be combined with each of the no! ways in whicn 
the two first can happen, therefore a€iV is the number of 
ways in which all the three can happen. Also every a"+^" 
may be combined with (a 4-6) {a! •\-h'^, and thus form alto- 
gether (a 4- b) (a' -f- ^) («" + h") combinations, or the 
number of ways in which the three events may either happen 
or fail, consequently the probability that all the three will 



aa'a" 



•m . I«l* Ml 

happen is („ + a) («/ + 4/j („// + ^vy 

In the same way we may obtain formula for any number of 
events. 



212 ALGEBRA. 

Prop. IV. If the probability that an event will happen in 
one trial be — t-t = r, and the probability of its failing be 

. = 8, then the probability of its happening exactly m 

times in n trials is 

n(« - 1) (n-2)....(«- m-H) ^^^^^ 

For the chance of its happening in any one particular trial being 
r, and the chance of its failing in all the other n — 1 trials 
being *" ~ ^j therefore the probability of its happening in one 
particular trial and failing in all the rest is rs^ — ^ ; and since 
tlierc are n trials, the chance that it will happen in some one 
of these and fail in all the rest is nr^ ~ ^. The chance that 
it will happen in two particular trials and fail in all the others 

is r*** "'; and since there are 7" different ways in whid 

it may happen twice in n trials and fail in all the others, con- 
sequently tne probability that it will happen twice in n trials 

is '*^* 7" — r**"-^ In like manner it maybe shown that 

the probability of its happening three times is "^** "^ f ^*"" 

f»z^ - 5 . of its happening four times is ^^^ i a"^ l* "^ 
r*^-*, and so on ; wherefore the chance of its happening m 
times m n trials is -^^ '-\ — 5-^5 ^^ -' r^^-". 

1. What is the chance of throwing either ace or six with 
a single die ? Ads. }. 

2. If 7 white balls, 6 black and 4 red, be put into a box, 
what is the chance of drawing out a red one ? Ans. ^\* 

3. If 5 white balls and 7 black be put into one box, and 
1 white ball and 1 1 black ones into another^ what is the chance 
of drawing a white ball from both ? Ans. j|j. 

4. A and B having gained one game at a rubber of whist, 
what is the chance that they gain the rubber ? 

Ans. f , the odds being 3 to 1 in their favour. 

5. A bag contains 12 counters, of which 4 are white ; what 
is the probability that precisely 3 white ones shall be drawn 
in 7 trials ? Axis. \\\, 
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6. A bag contains 2 white and 3 black balls ; what are the 
chances which A and B have of first drawing out a white ball 
if A has the first trial ? Ans. A f ^ and B |. 

7. What is the chance of throwing at one trial, with two 
dice, four and ace ? Ans. ^\. 

8. A pack of 52 cards is divided according to suits into 4 
equal heaps ; what is the chance of drawing one of the three 
court cards of spades ? Ans. /j. 

9. In how many trials may a person undertake for an even 
wager to throw aces with 2 dice } Ans. 24*6. 

10. If 4 cards be drawn out of a pack of 52, what is the 
probability that each is of a different suit } Ans. /^VsV* 



OF LIFE ANNUITIES. 

The value of annuities on lives depends upon two circum- 
stances, — the probability of the duration of life, and the rate 
of interest 

Prob. I. To find the probability that a person A will live 
any number of years. 

Let the number of persons in the table of mortality of the 
given age be a, and the number of those at the end of 1, 2, 3, 
. . . n years be respectively a^, a^, a^, . . , . Un, then the 
number of equal chances the person has of living to the end 
of one year is a^, since that is the number alive at the end of 
one year, and the whole number of chances of living, and of 
not living to the end of the year, is a, consequently the pro- 
bability that he will live one year, is — ^, that he will live two 

years, is — , and that he will live n years, is ~. 



Let -S-, -i, . . , -2, be represented by r^, Tg, and r„, then 

the probability that the person will be dead at the end of 1, 
2, 3, ... n years is 1 — r^, 1 — Tg, 1 — r^ . . . 1 — rn. 

1. What is the probability that a person aged 45 shall live 
5 years .?^ Ans. ff|J.* 

* The Table used here is the NoTibim^'Uni oxa. 



214 ALGEBRA. 

2. What is the probability that a person aged 40 shall live 
15 years? Ans. §fj}. 

3. What is the probability that a person aged 30 shall life 
other 30 years ? Ans. |f ff. 

pROB. II. To find the probability that tw^o persons A and 
B will live any number of years. 

Let, as in the last, b^, d^, b^, , . . bn, be the number of 
equal chances which B has of living I, Q, 3, . , , n years, and 
let *i, Sg, *5, • • • *n» be the probability that he will live 1, 2, 
3, . , . n years ; then since the probability that A will live n 
years is Tn, and that b will live n years is Sn ; hence the pro- 
bability that both will live n years is rnSn ; that A will be 
alive and B dead is r„ (1 — Sn) ; that B will be alive and A 
dead is s^ (1 — Tn) ; that both will be dead is (1 — f„) 
(I — Sn) ; and that one of them will be alive is 

Tn "T *n ""* ^n^n* 

What are all* the probabilities of living and dying, at the 
end of 1 5 years, of two persons, the one now 20 and the other 
25 years of age ? 

Ans. The probability that both will be alive is iffJI^f ; 
that only the younger will be alive is /iVanVs » t^*^ 
only the elder will be alive is j^V^gWa * ^^*^ ^^ 
will be dead is 5VAV/2 > *^*^ ^^^ ^^ them will be 
alive is miUh 

What are all the probabilities of living and dying, at the 
end of 20 years, of two persons aged 30 and 40 years } 

Ans. The probability that both will be alive is f^VWiVj y 

that only the younger will be alive is iWWiVy > t^** 

only the elder will be alive is yyVyViVy > *^at ^^^ 

will be dead is ^/gVi/iW * and that one of them will 

be alive is iHISHf 

In like manner it may be shown, that if t^ represent the 

probability that C will live n years, the probability that the 

three persons A, B, and C, shall all live n years is rt,Snin I 

that A shall die and B and C live is (1 — Tn) Sntn ; that B 

shall die and A and C live is (1 — « «„) Tntn I that C shall die 

and A and B live is (1 — /„) ^n^nl that at least two of the 

three shall live is the sum of these four probabilities, or tnSn 

+ '>'ntn-\'9nfn — ^^n^n^n I that at least One of the three shall 

live is I — {(1 — fn) (1 — %f,") {\ — tt^\ \ and the proba- 
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bility that the three shall die in n years is (1 — r„) (1 — Sn) 

(1— o. 

Pbob. III. To find the present value of an annuity of £l per 
annum during the life of A^ at any rate of interest. 

Let q be the rate per cent.^ then t-t— is the present value 

of £j\ certain at the end of one year ; let this be represented 
by/?. Then, since r^ is the probability that A shall live one 
year, the present value of £l to be paid at end of the year, 
on the contingency of A's being alive, is r^ p, the present 
values of the second, third, &c. years' annuities are respectively 
r^jD*, f^zP^ > &c. Hence the present value of £l during the 
whole life of the person is r^p + r^p^ + r^p^ + r^p^ + &c. 
to the end of the table. 

To find the present value of an annuity of jEl on a life of 90, 
at 5 per cent. 

Here from the table we have the probabilities |f^, f|, J J, 
•i^i 5%, and -^^y and/? and its powers are '9524, '9070, '8638, 
•8227, '7835, and '7462, whence the present value of the an- 
nuity is -^ji (-9524 X 34 + -9070 X 24+ 8638 X l6+ '8227 X 
9+-7835X4 + -7462) = ^l^^ = £17229. 

Since the present value of an annuity of £l during the life 
of A may be represented by S(a) = - {a^p + a^p^ + a^p^ 
+ &c.) ; and the present value of a life one year older may 
be represented by ^{a^ = — (««/?+ «3/'* + a4j»' + &c.) it 

is obvious that 1 + S(ai) z= -- (a^ + agp + a^p"^ + &c.), 

consequently S(a) = -^ (1 + S(ai) ). 

This is a remarkably simple formula for calculating the 
present value of annuities on single lives^ beginning with the 
oldest in the table of mortality. 

According to the Northampton Tables of Mortality, the 
value of an annuity upon a life of 96 is = : now if the rate 
is 5 per cent, we have for 

9,5 years (1+0) x J x •95?38 » -2381 

94 „ (1 + *2381) X I X -95238 » -5241 

93 „ (1 + -5241) X ,^ X -ostaa » -^Y^^ 
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92 


» 


(1 + -8165) X if X -95238 = 11533 


91 


» 


(1 + 11533) X II X -95238 = 1-4476 


90 


» 


(1 + 1-4476) X II X -95238 = 1-7229 


89 


99 


(1 + 1-7229) X II X -95238 = 1-9240 


88 


» 


(1 + 1-9240) X II X -95238 » 2*0802 


87 


» 


(1 + 2-0802) X jVt X -95238 ==: 2-1935 


86 


» 


(1 + 2-1935) X { Ji X -95238 » 2-3283 


85 


» 


(1 + 2-3283) X ill X -95238 = 2-4711 


Ac. 




&c. he. &c. 



Pbob. IV. To find the present value of an annuity of £l 
upon two joint lives A and B. 

If S(a) be the present value of an annuity of £l on the 
life of A, and S(d) the value upon the life of B, then S{ab) 
is the value of the two joint lives = ^i^i/^ + rg^gjo^+fj*, 
p^ + &c. to the end of the table. 

If the present value of two joint lives, each respectively 
one year older than A and B, be represented by S(ai6i)i 
then it may be proved similarly to the last problem that 

S(«*) = ^(i+S(M,))- 

Beginning our calculation then with the oldest, and taking 
10 years as the difference of the ages, we will have, for two 
lives, the one 9^ and the other 86, the value =: ; then 

95 and 85 = (1 + 0) x i x ||| x -95238 = £ -1856 

84 = (1 + -1856) X I X ill X -95238 == -3989 
83 r= (1 + -3989) X ^5 X ||| x .95238 = "6068 
82 = (1 + -6068) X If X Iff X -95238 = -8521 
81 = (1 + -8521) X II X III X -95238 « 1-0611 
80 = (1 + 1-0611) X II X III X -95238 = 1-2556 
&c &c. &c 

Pbob. V. To find the present value of an annuity of £l 
on the three joint lives A, B, C. 

If S(a) be the present value of the annuity on the life A' 
S(6) that on the life B, and S(^) that on the life C ; then 
the present value of the three joint lives is S(a6c) = f^s^tiP 
4- ^ii^s^aP^ + ^z^zhP^ + &c. to the end of the table. Now, 
if the present value of three joint lives, each respectively one 
year older than A, B, C, be represented by S(aj6jCi), ^* 
may be proved, as in Prob. III., that 



JFW 




93 




92 




91 




90 




< 


&c. 
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Beginning with the oldest life, and taking 10 years as the 
difference between each, we have, at 5 per cent., 

Ages. 
75 85 95 = (1 + 0) X III ^ 4|i X 1 X -95238 = £ -1678 

74. 84 94 = (1 + -1678) x %\\ x ^|| x | x -95238 = -3585 

73 83 93 = (1 + -3585) x l\\ x ||f x ^'j x -95238 = -5417 

72 82 P2 = (1 + -5417) X ,^75 X III X if X -95238= -7566 

71 81 91 =(1 + -7566) X ^fil X JJI X J$ X -95238 = -9365 

70 80 90 = (1 + -9365) X 4i|| x I^S x f J x -95238 = 1*1034 
&C. &c. Ace &C. 

Prob. VI. To find the present value of an annuity of £l 
on the longest of two joint lives, A and B. 

It has been already shown, that the probability that at 
least one of them shall be alive at the end of one year is 
r^+s^ — ^i*i» ^°d therefore the present value of £l to be 
paid on this contingency is pifi+s^ — ^i*i)- The pre- 
sent value of £l to be paid at the end of the second year 
upon the same contingency i%p^{r^ +9^ — ^2*2 )* ^i"^^ ^^ ^^^ 
end of three years it is jo'(rg +#5 — ^5*3 )> and so on. The 
present value of all the payments is consequently j»(ri + 8-^ 

— *'iSi)+pHr^+s^ — r^g^)+p^(r^+8s —r^^s^) + &c. 
Now the sura of all these \^{r y^p •\- r ^p^ -f &c.), + (jSyP+s^p^ 
+ &C.) — (ji^iP + ^gS^p^ + Sic.) and from what has for- 
merly been shown, this sum is obviously =: S(a) 4- S(6) — 
S(a6); that is. 

From the sum of the present values of the single lives take 
the present value of the joint lives, and the remainder is the 
present value of the longest of the two joint lives. 

Prob. VII. To find the present value of an annuity of £1 
on the longest of three lives A, B, and C. 

The probability that at least one of the three shall be alive 
at the end of one year has been shown to bel — (1 — r^) 

(1 — *i) (I — O. or (^1+*!+^) — (^i*i+Vi + yi) 
+ ^i^i^i> ^"^ therefore the present value of £l to be paid at 
the end of the first year on thi^ contingency is p( (r^ •^-s^ -|-/j ) 

— (^1*1 +^1^1 +*i^i) + '"1*1^1 )• T^® present value of £l 
to be paid at the end of the second year is p^( (fg + ^g + ^g) 

— (^«*fl +^«^« + *«^«) + ^«*8^«)» *°^ so on ; therefore the 
sum of these, or (r^p + r^p^ + &c.) + (s^p + Sgp^ + &c.) + 
(.^iP+fgP^ + &^) — {riS^p+rgSgp' + &c) "^ (r^t^p+Tg 
tgP^ + &c.)^(SitiP+8gegP^+&e.) + (r^9^e^P'\rr^s^t^^' 
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+ &c.) is manifestly equal to (S(a) + S(^) + S(c))—{8{ab) + 
S{ac) + S(bc) ) + S{al>c) ); that is, 

From the sum of the present values of the single lives sub- 
tract the sum of the values of the joint lives taken two by two, 
and to the remainder add the value of the three joint lives; 
the result is the value of the longest of the three joint lives. 

pROB. VIII. To find the value of an annuity of £l on tbe 
life of A, which shall not commence until the expiratioD of 
V years. 

The value of this annuity, from what has been already 
proved, may be shown to be 

= ""^ P"" X - {av + i;?+a„ + jjD« + ar + 3j»' +&c) 
= r^p"" S(«i,) ; that is. 

Find the value of an annuity on a life v years older 
than the given life, multiply this by the probability that the 
given life will continue v years, and this product multiplied 
by the present value of £ I payable in v years is the value re- 
quired. 

If we make S(a, v) to represent the value of an annuity on 
the life of A for v years, then it is manifest that 

S(rt, v) = S(a) — up^^ia^ ; that is. 

The difference of the value of an annuity on the given 
life, and the value of the deferred SLnnmty, as found above, is 
the value of the temporari^ annuity. 

From these principles it may be readily inferred, that the 
value of an annuity on the joint lives of A and B, deferred 
for V years, is 

rtSvP" S(aA). 
and consequently the temporary annuity on the joint lives 
for V years is 



MISCELLANEOUS QUESTIONS. 

1. What number is that to which if 56 be added the sum 
will be thrice the number ? Ans. 28. 
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2. Divide the number 92 into four parts such, that tlie 
first shall exceed the second by 10^ the third by 18, and the 
fourth by 24. Ans. 36, 20, 18, and 12. 

3. When the hour and minute hands of a watch are exactly 
together between six and seven o'clock, what is the exact 
time ? Ans. 32 j\ minutes past six. 

4. Divide £200 between A and B, so that if A's share be 
divided by B's the quotient shall be 3. 

Ans. A's share 150, and B's 50. 

5. Divide £56 between A and B, so that A's share shall 
be to B's as 5 to 2. Ans. A 40, and B 16. 

6. A person having a certain number of eggs, left one half 
the number and half an egg at one place ; half the remainder 
and half an egg at a second place ; half the remainder and 
half an egg at a third place, without breaking any, and then 
he had one egg left. How many had he at first? Ans. 15. 

7* After drawing 34 gallons out of one of two equal casks, 
and 80 gallons out of the other, there remained just twice as 
much liquor in the one as in the other. What was the con- 
tent of the casks ? Ans. 126 gallons. 

8. A hare, 50 of her own leaps before a greyhound, makes 
4 leaps for the dog's 3 ; but 2 leaps of the dog are equal 
to 3 of the hare's leaps. How many leaps must the dog make 
to catch the hare ? Ans. 300. 

9* A waterman can row 5 miles fvith the tide in three 
quarters of an hour ; but it takes him one hour and a half to 
row the same distance against the tide when it is only half 
as strong. What is the velocity of the strongest tide ? 

Ans. 2§ miles an hour. 

10. A person in a party at cards bet three shillings to two 
upon every deal, and after twenty deals found he had gained 
5s. How many deals did he win ? Ans. 13. 

11. A bill of £l20 was paid in guineas and moidores, the 
number of pieces of both sorts being 100. How many were 
there of each ? Ans. 50 of each. 

12. A farmer sold to one person 30 bushels of wheat and 
40 of barley for £l3, lOs. ; and to another he sold 50 bushels 
of wheat and 30 of barley for £17, which was at the same 
rate per bushel as the former. What was the price of a 
bushel of each ? 

Ans. The wheat was 5s. and the barley 3s. the bushel. 

13. A gentleman hired a servant for 12 months, and agreed 
to give him £20 and a livery ; but the aetYant \^ix. ^t IW 
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end of 8 months, and received £l2 and the hverj as his 
wages fur that time. What was the value of the livery ? 

Ads. £4. 

14. A man and his wife usually drank out a vessel of beer 
10 12 days, and it was found when the man was alone that it 
served him ^0 days. How long would it serve the wife? 

Ans. SO days. 

15. Four men having found a purse filled with shilliogs 
only, each took a number at an adventure, and on compariog 
their number afterwards it was found that if the first was tu 
take 25s. from the second, he wouhl then have as much as the 
second had left ; if tlie second was to take SOs. from the third, 
he would then have triple of what the third had left ; if the 
third was to take 40s. from the fourth^ he would then hare 
double of what the fourth had left ; and if the fourth was to 
take 50s. from the first, he would then have thrice as much 
as the first had left and 5s. more. What did each take ? 

Ans. The first lOOs.^ second 150s.^ third 90s.^ and 
fourth 105s. 

16. Several merchants enter into company ; each puts into 
the stock 65 times as many pounds as there were partners, 
and with that stock they traded^ and gained as many pounds 
per £ 1 00 as there were partners. Now, if £ 1 0, 10s. be added 
to and subtracted from their gain, the product of their sum 
and difference will be «£6*491 : 6 : 3. How many partners 
were there ? Ans. 5. 

17. A company of foot are 11 65 of their own paces before 
a troop of horse, and take 5 paces in the time that the horse 
take 4, but 3 paces of the horse are equal to 4 of the foot. 
How many paces must the horse marcli before they overtake 
the foot .J* Alls. 13980. 

18. To find a number such, that if it be divided into three 
equal parts, and also into four equal parts^ the continued pro- 
duct of the former shall be equal to the continued product o( 
the latter. Ans. 9}?. 

19. A spirit merchant mixes brandy worth 36s. per gallon, 
with whisky worth 10s. per gallon, in such proportions, that 
he may gain SO per cent, by selling the mixture at SOs. per 
gallon. What quantity must he take of each } 

Ans. 85 gallons brandy, and 84 gallons spirits. 

20. A and B, employed together on the same work, can 
earn £2 in 6 days; A and C together can earn £2, 14s. in 
9 days; and B and C together can earn £4 in 15 days. 
What can each separately earn in one day? 

Ans. A 3a, 8d., B 3%.^ and C 2s. 4d. 
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21. To divide 90 into four parts such, that the first in- 
creased hy 2, the second diminished by 2, the third multi- 
plied by 2, and the fourth divided by 2, shall all be equal to 
the same number. Ans. 18^ 22, 10, and 40. 

22. Find five numbers such, that the first with ^ the sum 
of the other four is equal to 2880, the second with j the 
sum of the others ^ 2205, the third with ^ the sum of the 
others = 2268, the fourth with ^ the sum of the others = 
2450, and the fifth with j the sum of the others = 2700. 

Ans. 420, 840, 1260, l680, and 2100. 

23. A person being asked his age, answered, if ^^^ of the 
years I have lived were multiplied by | of them, the product 
would be my age. How old was be } Ans. 96 years. 

24. What two numbers are those whose sum is 1, and 

1 100000 

whose quotient is 100000. Ans. j^^ and YqoooI' 

25. Two ships, laden with the same kind of wine, paid 
shore-dues in proportion to the quantity of wine they had on 
board. Now the first had on board 250 hhds., and paid 1 
hhd., and also S6 shillings; the second had on board 400 hhds., 
and paid 2 hhds., and got back 20 shillings. What was the 
value of the hhd. of wine ? Ans. £4, 14s. 

26. A merchant bought 40 bushels of wheat, 24 of barley, 
and 20 of oats, for £l5, 12s. ; he afterwards bought at the 
same price, for each sort of grain, 26 bushels of wheat, 30 of 
barley, and 50 of oats, for £l6; and at a third time he 
bought 24 bushels of wheat, 120 of barley, and 100 of oats, 
for £34. What did each kind of grain cost him per bushel ? 

Ans. The wheat 5s., the barley 3s., and the oats 2s. per 
bushel. 

27. A set out from London for Bristol on the same day 
that B set out from Bristol for London ; when they met, A 
said to B, I have travelled 20 miles more than you, and have 
gone as many miles in 6J days as you have gone miles in all 
hitherto. But said B, at the end of 15 days from this, I 
shall be in London if I travel still at the same rate. How 
many miles had each travelled when they met ? 

Ans. A had gone 60 miles, and B 40 miles. 

28. A wall containing 18,225 cubic feet is 5 times as high 
as it is broad, and 8 times as long as it is high. What is its 
breadth? Ans. 4^ feet 

29. Find three numbers such, that the sum of the first and 
second multiplied by the third may \ie &d> XVsa ^\xnv \:k^ ^^ 
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second and third multiplied by the first may be 28, and the 
sum of the first and third multiplied by the second may be 55. 

Ads. 2, 5, and 9- 

30. There is a number consisting of two digits whose 
square root is equal to the quotient of the number divided by 
4 times the difference of the digits, and the sum of the digits 
is equal to 5 times their difference. What is the number? 

Ans. 64. 

31. What number is that consisting of two digits, the 
square of whose sum is the number itself, and if the square 
of the difference of the digits be taken from the number, the 
remainder is 4 times the left hand digit ? Ans. 81. 

32. What two numbers are those whose product is 100, 
and the difference of their square roots is 3 ? Ans. 4 and 25. 

33. What two numbers are those whose difference is 15, 
and the half of whose product is equal to the cube of the less? 

Ans. 3 and 18. 

34. A manufacturer introduces a new branch of business 
into a country, and takes 5 apprentices, who are bound for 
7 years ; after which time he takes 5 more ; and each of his 
former apprentices takes 5 also ; and these in their turn, 
along with himself and the former apprentices, take 5 more; 
and so on. Now, supposing none to die, how many will be 
bred to the business in 42 years ? Ans. 46656. 

35. The duties on certain goods amounted to £24:60, out 
of which a discount was allowed of 2^ per cent, upon the sum 
actually paid for prompt payment. What did the discount 
amount to ? Ans. £60. 

36. A merchant discounted two bills at the bank, one of 
them for £550, payable in 7 months, and the other for £720, 
payable in 4 months ; and he received for the whole £1200. 
At what rate per cent, per annum was the interest charged? 

Ans. £ 13*267 per cent, per annum. 

37. The common difference of four numbers in arithmetkal 
progression is 4, and their continued product is 21945. 
What are the numbers? Ans. 7, 11> 15, and 19" 

38. The sum of ten numbers in arithmetical progression 
is 120, and the sum of their cubes is 291 60. What are the 
numbers ? Ans. 3, 5, 7, 9, &c 

39. Given the sum of the numbers 0, 1, 2, 3, &e. = 1225, 
to find the sum of their squares ? Ans. 40425. 

40. Two persons set out at the same time, from two places 
462 miles distant^ to nieet one another. The first goes 1 
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mile the first day, 2 the second, and so on. The other travels 
each day the cubes of the number of miles that the iirst tra- 
velled on that day. In what time will they meet ? 

Ans. 6 days. 

41 . A gentleman sold an estate for the value of the trees 
upon it above 7 feet in circumference, at one pound for the 
first, two for the second, four for the third, and so on, doubling 
the price of each successive tree. The value of the estate 
came to £65,535. How many trees of the above description 
were upon it.? Ans. l6 trees. 

42. A gentleman had seven children, whose ages differed 
successively by one year. In giving them new clothes, he de- 
termined to bestow as many yards of lace on the trimming of 
the youngest as he was years old, on the second as many as 
the sum of the ages of the two youngest, on the third as many 
as the sum of the ages of the three youngest, and so on ; and 
he agreed to pay the tailor for making each suit the product in 
pence of the child's age by the number of yards of lace on his 
suit. The bill amounted to £7 : 10:6. What were the ages 
of the children ? Ans. The youngest was 5 years. 

43. A merchant discounted two bills; the first had six 
months to run, and the other 8 months. The value of both 
came to £308 : 6 : 8, and the discount to £8 : 6 : 8. Had in- 
terest been charged upon the bills instead of discount, it would 
have come to 4s. 8§d. more than the discount. Required the 
value of the bills } 

Ans. The first was £205, and the other £lOS : 6 : 8. 

44. If £400 be the present value of an annuity to continue 
23 years after the expiration of 8 years, what would be its 
value for 21 years after the expiration of 10 years, interest at 
6 per cent. } Ans. £344-8624. 

45. A gentleman had 10 different annuities of £ 100 each ; 
their continuance differed by one year each, and the longest 
was for 60 years. He sold them all at 5 per cent, compound 
interest. What money did he receive for them ? 

Ans. £18653-2142. 

46. A bookseller purchases a work for £40, and pays for 
printing 1000 copies of it £15^ for paper £20, and for inci- 
dents £lO. He sells the edition in 10 years at 3s. each copy. 
How much does he gain per cent, per annum. 

Ans. £ll, 19s* per cent, per annum. 

47. A person who owes his creditor £320 just now, and 
£96 more at the end of five years, wishes to ^^y tlie ^lioU vx 
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one payment. What is the proper time for doing this, accord, 
ing to the true principle of equation of payments, namely, that 
the simple interest shall be equal to the discount ? 

Ans. At the end of one year. 

48. A usurer lent £]S6 for a certain time, and gained 
£31 ; and by lending £360 at the same rate for another time, 
he gained £90. The sums of the times they were lent 
amounted to 20 months. How long time was each sum leot? 

Ans. The first 8 months, the other 12 months. 

49. A vessel, containing 200 cubical inches, is filled with a 
mixture of wine and spirits, the specific gravity of the wine 
is '950, of the spirits '858, and of the mixture •881. How 
much of each does the vessel contain ? 

Ans. 50 cubic inches of wine, and 150 of spirits. 

50. Paid the sum of £30 in half-guineas and half-crowns 
only, and the number of pieces was 80. What was the num- 
ber of each ? Ans. 50 half-guineas, and 30 half-crowns. 

51. In how many ways may £lOO be paid in guineas, 
crowns, and moidores, the number of pieces being 100 ? 

Ans. 9 different ways. 

52. How many bushels of corn at 42d. and 48d. must be 
mixed with 72 bushels at 60d. so that a bushel of the mixture 
may be worth 54d. } Ans. At 42d. 1. 2, 3, &c. to 35. 

At 48d. 70, 68, 66, &c to 2. 

53. What two nnm])ers are those which are to one another 
in the ratio of 3 to 5, and whose squares added together make 
1666.? Ans. 21 and 35. 

54. Divide £l6 between two persons, so that the differ- 
ence of the cubes of their shares may be 386. 

Ans. £9 and £7. 

55. What two numbers are those, whose product multi- 
plied by the greater will produce 405, and whose difference 
multiplied by the less will produce 20 ? Ans. 5 and 9. 

56. What two numbers are those, of which the sura of 
their squares is 208, and the sum of their cubes is 2240 ? 

Ans. 12 and 8. 

57« To find a sum of money in pounds and shillings whose 
half is just its reverse.* Ans. £lS, 6b, 

58. An oblong pond measuring 15,000 square yards was 
surrounded by a walk 7 yai'ds broad, and measuring 3696 



* The reverse of a sum of money soch as £^ 108.> is XIO^ SIb. 
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square yards. What was the length and breadth of the 
poud ? Ans. 150 yards long and 100 broad. 

59. Required a number consisting of two digits such, that 
when divided by the product of its digits the quotient is 3, 
and if 18 be added to it the digits are reversed. Ans. 24. 

60. A traveller sets out from one city A, to go to another 
'B^ at the same time that another traveller sets out from B 

to go to A ; they both travel uniformly at such rates, that 
the former 4 hours after their meeting arrives at B, and the 
latter in 9 hours after at A. In what time did each perform 
the journey? 

Ans. The former in 10 hours and the latter in 15 hours. 

61. A sets out on a journey, and goes 8 miles the first day, 
12 the second, and I6 the third, and so on ; at the same time 
B sets out and goes the same way, 1 mile the first day, 4 the 
second, 9 the third, and so on, according to the square of the 
number of days. In how many days will he overtake A ? 

Ans. In 7 days. 

62. Bought 12 loaves for 12d., some of the loaves were 2d., 
others Id., and the rest one farthing each. How many were 
there of each sort ? 

Ans. 3 at 2d., 5 at Id., and 4 at one farthing. 

63. In how many different ways is it possible to pay 
£1000 without using any other coin than moidores, guineas, 
and crowns ? Ans. In 70,734 different ways. 

64. Required the diameter of a globe of which the super- 
ficial and solid contents are both expressed by the same num- 
ber? Ans. 6. 

65. A board is 10 feet long, 8 inches in breadth at the one 
end, and 6 inclies at the other. How much must be cut off 
from the less end to make a square foot ? 

Ans. 23*2493 inches. 

66. A garden is 100 yards long, and 80 yards broad, and a 
border of equal breadth surrounds the sides of it, which is 
just one-half the content of the garden. What is its breadth ? 

Ans. 12*9844 yards. 

67. A person received a box of oranges, containing between 
1 00 and 200, and on counting them over by 2, 3, 4, 5, and 6 
at a time, he found there were none over ; but when he told 
them over by 7 at a time, there were 5 remaining. How 
many were in the box. Ans. 180. 

68. A gentleman by accident broke a basket of eggs, and 
ofiTered at once to pay for them if the owner could t^ll ^W 
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the number that were in the basket. The owner said there 
were between 300 and 400, and that when they were reckoned 
by 2, 3y or 5 at a time there always remainedf'] , but when he 
reckoned them by 7 ^t a time none remained. What number 
of eggs were in the basket ? Ans. SOI. 

69- Given the sum 170, and the product 9^S64!, of the sides 
of an isosceles triangle, to find the sides. 

Ans. The sides each 77^ and the base l6. 

70. A tobacconist has three kinds of tobacco ; one at 2s. 
8d. per pound, another at SOd., and a third at l6d. He 
wishes to make a mixture of 56 lbs. of these worth 22d. per 
pound. How many pounds of each sort must he take ? 

Ans. Of the first, 10, 11, 12, 13,14, 15,16,17, 18, 19, or 20. 
Of the second, 44, 40, 36, 32, 28, 24, 20, l6, 1 2, 8, or 4. 
Of the third, 2, 5, 8, 11, 14, 17, 20, 23, 26, 29, or 32. 

71. Given x* ^ 1*2655, to find an approximate value of J. 

Ans. z = 1-3876. 

72. Two joiners are employed at different wages ; the first 
wrought a certain number of days and received 96s., the 
other wrought 6 days less and received 548. If the second 
had wrought the whole time, and the first 6 days less, their 
wages would have been equal. Required how many days 
they wrought, and their daily wages ? 

Ans. The first worked 24 days at 4s. a-day^ and the 
second 18 days at 3s. a-day. 

73. To find four square numbers such, that their sum 
added to the sum of their roots shall make 12. 

361 169 m , JO 
'^^^' 100' 100' 100' ^"" 100' 

74. To find four square numbers such, that their sum 
diminished by the sum of their roots shall leave 4. 

. 441 289 169 , l«i 
^"®' 100' 100' 100^ *°^ 100- 

75. To find two numbers such, tfcat their product with 
their sum either added to, or subtracted from it, shall make a 

S7 91 

cube ? Ans. —, and tt. 

76. In how many different ways is it possible to pay 
£20,000 with guineas and crowns only ? 

Ans. 190 difiTerent ways. 

77* To find three numbers such, that their sum shall be 2, 
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and that the sum of their cubes diminished by any one of 

, , ,, , . 97751 97751 , 104036 

them shall be a square. Ans. j^^—, jj-^— , and — — . 

78. A merchant bought two pipes of wine, one consisting of 
measures of 5 drams, and the other of measures of 8 drams, 
and for the whole paid a price which was a square number of 
pieces of money, to which if 60 be added, the sum will be a 
square, of which the root is equal to the whole number of 
measures. Hovf many measures were there of each ? 

Ans. Ts the number of measures of 5 drams, and r-^ 
12 ' 12 

the number of measures of 8 drams. 

79. To find a right-angled triangle of which the hypothe- 
nuse lessened by either side shall leave a cube ? 

Ans. 13, 12, and 5 are the sides. 

80. To find a right-angled triangle of which the sum of 

the hypothenuse and either of the sides shall make a square. 

. 377 133 , 352 ,, . , 

Ans. -r^, -gT", and — are the sides. 

81. To find a right-angled triangle of which the difference 
of the sides about the right angle, as also the greater of them, 
shall be each a square, aud likewise the sum of the area and 
the smaller side shall be a square. 

Ans. The two sides 484 and 363, and the hypothe- 
nuse 605. 

82. To find a right-angled triangle such, that the sum of 
the area and hypothenuse shall be a square, and that the 
sum of the three sides shall be a cube. 

Ans. The three sides are 2, — , and -^. 

83. To find a right-angled triangle such, that the square 
of the hypothenuse shall be the sum of a square and its root, 
and if it be divided by one of the sides about the right angle, 
the quotient shall be the sum of a cube and its root. 

Ans. The three sides are — , -—, and — • 

84. Required three numbers in continued proportion such, 
that their three differences shall be all squares ? 

Ans. 567, 1008, and 1792. 

85. Given ai^ = 5000, and y» = 3000, to find approxi- 
mate values of x and y. 

Ans, X = 4'691445> and y -=, 5'S\ttV%<l, 
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86. To find the sides of three right-angled triangles tliat 
shall haFe equal areas. 

Ans. 74, 24, and 70; 58, 40, and 42 ; 113, 15, and 112. 

87* Divide 100 into three parts such, that half the first 
plus \ of the third plus 1 ; J of the second minus 1 plus 
naif the first ; and | of the third minus 1 plus ^ of the 
second, shall be all equal to each other. 

. 922 390 J 788 

^°^- *2r' ■2r^ ^"*^ w 

88. To find three numbers such, that the product of any 
two of them added to the sum of the same two, shall make a 
square. Ans. 4, 9, and 28. 

89- To find three numbers such, that the product of any 
two of them diminished by the third shall be a square. 

. 5, 13 , 20 

Ans. T -r-, and — . 

90. To find two numbers such, that the square of their 
sum taken from either of them shall leave a square. 

91. To find two numbers such, that if a given square (4) 
be added to each, and also to their sum and diflTerence, the 
four results will be squares. Ans. I2096 and 22496. 



THE END. 
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ness to instruct his Pupils in the meaning of what is read as well as in the 
art of reading; and the five, of which the titles are here given, will be 
found to serve the double purpose of introducing the Scholar by easy gra- 
dations to the pronunciation of the English language, and of providing lum 
with a kind of reading adapted to interest and exercise his opening &cmties. 
In the introductory Books, the Lessons are arranged on the principle of 
fanuliarizing the Pupil with the mwe common sounds before embarrassing 
him with varieties and anomalies ; so that he may be taught the laws of 
English Orthoepy in a gradual order of development suit^ to his tendter 
capacity. In the Fiasi Book, all that is attempted is to make him ac- 
quainted with the powers of the lon^ and short vowels, and the primitive 
sounds of the consonants. Words m wluch the letters have other than 
their simple sounds are reserved for Book Second. And it is not until 
'he has proceeded to the Third Book, when he may be supposed able to 
read a simple lesson with tolerable facility, that he is introouced to words 
in which an arbitrary combination of vowels and consonants is found. 

The important object of exercising the juvenile mind, by means of Les- 
sons on useAil and interesting subjects, is steadily kept in view throughout 
all the books of the series ; but it is especially provided for in the <* Les- 
sons " and the " Course of Reading." In tMse, but particularly the last 
mentioned, will be found, in addition to a copious selection of Miscellane- 
. one Pieces both in prose and in verse, an extended series of Scientific Les- 
sons, in which the principal facts m Mechanics, Astronomy, and Katural' 
History, are presented in a form adapted to the practical business of Edu- 
cation. Elliptical Lessons also, intended to serve as an exercise to the 
ingenuity and sagacity of the Pupil, are occasionally interspersed; and 
both works have appended to them a copious List of Latin and Greek 
Primitives, in order that the Pupil may hove all the AiciKties for under- 
standing his mother tongue which a previous acquaintance with its roots 
can supply. — It may be i^ded, that each book is preceded by ** Directions " 
relative to the mode of teaching it, as well as by other Twles and Lists 
calculated to assist in the process of mstructioii. 

I. 

A FIRST READING-BOOK ; containing the Alphabet, 
and Progressive Lessons on the Long and Short Sounds of 
the VofT^ By J. M. MK^ulloch, D.D., fbrmerly Head-Master 
of Gircas-Flacs School, Sdinbui^ 7th Edit, Itaoi l^d. sewtfd, 

A 
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II. 

MHDULLOCH'S SECOND READINGn-BOOK; contaming 
ProgressiTe Leisoint on the PronundacioD of Doable Conionanti 
and Diphthongs, and on the Middle and Broad Sounda of the Vowdi. 
7th Edition. 18mo. 3d. sewed. 

iir. 

M'CULLOCH'S THIRD READING-BOOK ; contaming 
simple Pieces in Prose and Verse, with Exerdaes on the vaxxt 
difficult Words and Sounds occurring in thenu 7th Edition. 18mo. 
lOd. bound in doth or leather. 

** These little works Tthe First and Second Bookc^ present the difBcnlto oTicad- 
ing very gradually, and are among the best that hare been published.— Tbii [the 
Third Book] is a very good collection of small pieces for voung readen.— Tbelxx4( 
is well got up, and uncommonly cheap.**— fFeiAntiMfer Uanew, 

IV. 

MCCULLOCH'S SERIES of LESSONS in Proae and Vene, 
progressively arranged ; intended as an Introduction to die 
^ Course of Elementary Reading in Sdence and Liitemtuie.*' To 
which is added, a List of Prefixes, Affixes, and Liatin and Gieek 
Primitives, which enter into the Composition of the Words ocemring 
In the Lessons. 14th Edition. 12mo. 2s. bound. 

•* This is an exceedingly good selection for young persons^ Many intereitinK 
extracts from recent authors in prose and verse are givm ; and the work well 
Reserves the encouragement it has received. It is well got up^ and Tory chesp^*^ 
Wettmintter Beoieuh 

V. 

M'CULLOCH'S COURSE of ELEMENTARY READING 
in Science and Literature, compiled from Popular Writers; to 
-which is added, a copious List of the Latin and Greek PrimldTei 
which enter into the Composition of the English Language. Shis- 
trated by 40 Wood-cuts. 11th Edition. 12mo. Sa. bound* 

CRITICAL NOTICES ofDr WCvUoeh't Seriet of EdueaUonai Worlti. 

<* The point which distinguishes Dr M*Cunoch*8 educational books from othm 
that fiUl under our notice, is their orinnality. By which wont we do not 
mean, a mere novelty of arrangement, often only change and sometiines wone: 
nor an apparent simplicity or brevity, which is gained by amputations or om^ 
slons ; but a clearer, more distinct, and more effective prinidple of InwtnMtiPgi 

Sained by studying the nature of the subject the author propoees to *9»r\ and 
nen developing it without r^rd to what others may have written or taiMlit>« 
This was the character of Dr M*CuUoch*s unpretending English Gnunnur; 
and this too is the character of the little books before us, which form in tfacsB- 
selves a complete library for teaching to read. The series commenoet with ths 
Alphabet, and closes with a Reader; which, when the pupil has mastered, he mvf 
be considered a proficient in his art. The lessons in the Ftrtt RnkUmglBoak an 
framed to get over, as well as may be, an anomaly in our language, whkh, wkOe It 
poss es s es thirty.nine sounds, expresses them by twenty-six characters. The autbtt 
therefore has selected his examples with a view to exemplify only the sfanple sooadi 
of the letters— the long and short vowels, and the primitive consonants mciat In viti 
In the Second Sook, the pupil is conducted succeadvely to exeidses • cat doiAlft oaai 
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sonants, on diphthongs, on the middle and broad sounds of the rowels, and cm iinglm 
consonants such as e and g^ which have two different, sounds.* The TMrd Book 
takes him to exceptions, or at least to arbitrary combinations of vowels and conson- 
ants ; after which the tyro is supposed capable of procee^ng to a Seri^ qfLettona 
in Prose and Verte, "whesre the progressive principle is in action, though not ob- 
truded. The series is completed by A Course qf Elementary Beaikng in Sdeneo 
and Literature^ selected not <nily with a view to exercise the l>upil in the soundi 
and meaning of words, but for the purpose of storing his mind with as much know- 
ledge as desultory lessons of this kind can convey. — In recommending these booki^ 
it must not be conceived that wc recommend them as likely to save trouble to tha 
teacher, or to operate by witchcraft on the pupil. At their first introducti(m they 
will require some care on the part of the master, as well as the exercise of soma 
patience, to enable the pui^ to profit by the lessons. But this once done, tbdr 
foundation is sound, and thdr progress sure. And let both parents and teachen 
bear in mind that these are the only means to acquire real knowledge. Many em- 
pirics are abroad recommending various easy roads to languajp;e« and the other 
sciences. In mere superfidal accomplishments, where failure is of small importance^ 
their schemes may be tried ; but in matters of daily use we must mibmit to labOKi> 
ous practice if we um at ready skill.**— Spectator. 

** Within the compass of these five volumes, Dr M*Culloch has presented to 
parents and teachers a perfect cyclopsedia of the most interesting, instructive and 
sound description, adapted to aU stages of the educational process.— It is not onl/ 
our conscientious belief, but the opinion of many intelligent teachers, that thifl 
series of schoolbooks is the cheapest and most complete ever ofi^ed to tiie world ; 
and we strongly recommend it to the attention of the clergy, teachers, and other 
guardians of education throughout the empire.**— CAwrcA Review, 

" These works compose an admirable series of schoolbooks, ftamed upon a ra* 
tional plan, adapted, in their several forms, to the different grades of leamera. 
They are a decided improvement upon the improved methods of tuitioa.*^— Jiiftilte 
JounuU, 

" We may assert, without fear of contradiction, that a series of books more ad- 
mirably and philosophically contrived to lead the pupil flrom the elements of speech 
to the farthest point which the aid of an instructor can avail him in reaching, doet 
not exist in the f^glish language.**— £cf<n^rgA Weekly JoumaL 

*<The First, Second, and Third Reading Books are destined no doubt to be ai 
generally introduced into schools as the two larger ones have been. SciencCf in- 
timate acquaintance with the powers, capacities, and habits of the opening mind^ 
a generous and high-toned sympathy with the rising generation, and an enthusiastio 
as well as constant striving to improve his species, are features which are stamped 
on the very tiniest efforts of Dr M*Cu\loch,^— Monthly Review, 

" We have devoted not a little time to the perusal and examination of these 
tmoks, and firom what we have seen of their excellence, hesitate not to recommend 
them to general attention, as highly adapted to promote the end they have in view. 
I'hey deserve the very widest circulation, were it for nothing else than the clear 
and able manner in which he has subjected to analysis the whole art of teaching 
Knglish, fh)m its commencement to its close ; but we state only a negative sort of 
praise in saying this much— it is their moral, their Christian character that wo 
chiefly look to— a character which will command and continue to maintain a rank 
among the standard books of education commonly in use, to which few othen, if 
any, will ever attain."— CAwrcA of Scotland Magazine, 

Opinions equally favourable have been expresaed by ntaneroui otktr 

periodicals throughout the empire, 

VI. 

MCCULLOCH'S MANUAL of ENGLISH GRAMMAR, 
Fhiloflophical and Practical; with Exercises; adapted tp th« 
Analytical Mode of Tuition. 8th Edit. I8mo. Is. 6d. bound. 

The object of this volume is to fiimish a School- Grammar of the 
English tongue, sufficiently scientific in its principles and comprdiensiTa 
in its details, to meet the exigencies of the present improved methods d( 
Elementary Teaching. An attempt is made to exhibit the various branches 
of the science, not onlyin their proper order, but in their due uid relativt 
proportions ; and the Work will be found much mor« full than any oth«r 
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Ib a d qmrtm e nt which has of late jostly attracted the partieular attention 
«f Teachers— the DeriTation of the language. 

•• This work shows ability and research, and is by no means to be dassed intb 
thesehocd graxnroars which qipear in shoals.'*— FfedmAwler Bariew. 

•* No Khoolboolc has of late been more wanted than a Man^ial of EngHsb Giam. 
var, adapted to the improved metlKMls of teach i ng, and treating the sutiiect not « 
an art but as a science. Most of the text-books in comnoon use are ^hcr so mcsgre 
as to be in a great measure unintelligible, or so full of erroneous views as to ban 
a tendency rather to perpetuate inaccuracies of language ihaxt to meacne its nurity; 
while ail of them have been compiled on the fake principle that it ia Uie bustneatof 
tile grammarian to prescribe arbitrary rules for the expression of thought, iostod 
cf merely collecting the usages of speech and writing^ and firom tbeae dedudog 
tibelr general ininciples. It was therefbre with the greateat pleasure that we asv 
the announcement of this little work bv Dr M*CuUoch, wnoae experience ss s 
public teacher, success as a compiler of scboolbooks, and varied and extcaare 
teaming, were the surest pledges that he would bring to the composition of it tbe 
necessary practical and philological knowledges We regard this Maniudaf EaslMh 
Grammar as decidedly the best book of the Icind in the language.** — PrabifUrUin 



** We have not the least hesitation in saying that this is by far the best Maniulof 
Bnglish Grammar at this moment extant. It is decidedly at once iiKMre full, more 
complete, and more Judicious than any similar work with which we are acquainted. 
Into each of the departments new modes of illustration have been introduced, and 
In every instance these are singularly happy and judicloua. Those that embrace 
Etvmology and Derivation, in particular, are executed in a most masterly manner." 

** We can with confidence bestow on this elegant little volume our best recon* 
aocndation. The author has an intimate acquaintance, not only with the cob. 
ftruction and the peculiar laws of our language, but with tbe philosopbidl 
■rinciples on which these laws are founded, and hence he haa been enaUed to 
introduce into his work a great variety of important improvements in the <^u«& 
cation and arrangement of the various parts, and in fact so to re-OMMlel the whole 
Science of Grammar as to j^esent it in an original and highly advantageous finm." 
^Be{fast News Letter, 

KEY to MCCULLOCH'S ENGLISH GRAMMAR. In 

preparation, 

vn. 

MCCULLOCH'S PREFIXES and AFFIXES of the 
ENGLISH LANGUAGE; with Examples. To be eom- 
■dtted to Memory. New Edition. 18mo. 2d. sewed. 

vin. 

MCCULLOCH'S ENGLISH PRONUNCIATION and 
SPELLING. In preparation* 

"pUDIMENTS of ENGLISH GRAMMAR. By Alo- 
-tV ANDER Reid, a. M., Head-Master of the Circus- Place School, 
Edinburgh. 4th Edition, reviaed. 18mo. 6d. bound in dothw 

In order to mal^e the Rudiments of Grammar, iivhich are designed for tbe 
use of Elementary Classes, concise, simple, and of easy application, each 
sentence contains only one fact or principle ; the general rules are piiated 
in larger type than the notes and exceptions ; and the prineipal uidaBxi- 
liary verbs are inflected first separately and afterwards in eombinatioB. 

M Tbe definitions are written In very clear and intelligible hmgiuqm. and the 
rules are simplified and stated in the fewest possible words^ in Mr Reid'iRudinwntL 
which may be put into the hands of children as a safe and early Introdoctioa to 
ike moie extensive and often less instructive treatises, called grammaiSi**— ^Ooii 
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** Viewed as a text-book for elementary classes, this little manual is singularly 
eoncise, simple, and of easy applloation. It is deaifned as an introduction to 
M*Culloch*B Grammar, and other works on the same subject, for which it seems 
admirably adapted. In point of cheapness, it cannot be surpassed, and we cordially 
recommrad it to teachers as a work of intrinsic merit, peculiarly fitted for Junior 
scholan."— JEdln&iiryk WeMjf Journal, 

" When the pupil has made acquaintance with this tiny volume, into which ft 
great mass of matter is pressed by a very dear arrangement, he will be well pre. 
pared to enter upon a more elaborate and philosopliical inquiry, and to venture 
ipto the more abstruse paths of knowledge that lie beyond.**— (Tourf MagaxbM, 

** This is decidedly a valuable grammatical compendium. From its conroiient 
size and cheapness, we consider it exceedingly well adapted for the use of our schools 
in general, more particularly our country schools; anid we doubt not our paroduidi 
teachers will, while they avail themselves of so useful a work, confer no inconsidcr* 
able benefit on the community by introducing it extensively into practice. Bfr 
Reid's Grammar embraces all the essential and leading principles, leavinR the illus- 
tratioa to be suggested by the teacher's own taste and Judgment. **—Ihainfiiiu Tfma^ 



"P BID'S RUDIMENTS of ENGLISH COMPOSITION; 
-■-^ designed as a Practical Introduction to Correctness and PerspU 
cuity hi Writing, and to the Study of Criticism : with copious Exer* 
cises. 3d Edition, revised. Royal 18mo. 2s. bound in doth. 

This little work is intended as a sequel to the ordUnar^ text-books on 
GranuDar ; and, it is hoptd, will be found nsefnl in teaching stioh as ar« 
their own Instructors, or have time for only a school education, to express 
their ideas with sufficient perspicuity and taste for their purposes in life ; 
while to those who are to oaTe the advantage of making higher attainnwnts 
in learning, it will serve as a practical initiation into the critical study of 
the English language and literature. 

'* There is the same correctness, the same conciseness and simplicity, in tbfs 
little guide to the writing of pure English as in Mr Reid*B Rudiments of Grammar, 
fais Geography, and other works intended for the use of the young. Its plan and 
arrangement are exeeUent.'*— Af«^ro]9oUton Mugaadne, 

'* The author has rendered a very acceptable service to letters by this unpretend- 
ing worlc, which no respectable school should be without, and which may be 
acRrantageously read Ibr correction and improvement of style even by many wfa« 
fimcy they have nothing to learn in the art of oompo8ition.''<—^«ia<ic«rotimal. 

«* A useful little work, which cannot be too strongly reeommended to heads of 
schools and persons engaged Ui private tait\aa,*'^Atheiutum, 

•* This is really an admirable work, well conceived and skilfViIly executed. It 




general improvement of his intellect and increase of his knowledge.**— ^co/tman. 

" One of the most useftil compendiums that we know. It will not only be 
serviceable in schools, but to those young parsons, who, not having had the advan. 
tage of an early education,wish to improve themselves.**— ff^es^^yon Methodist Magm 

KEY to RUDIMENTS of ENGLISH COMPOSITION. 

By the same Author. Royal 18mo. 3s. 6d. bound in doth. Just 

Published, 

The Rudiments and the Keif may also be had bound together, price Af . ftC 



w 



EID'S (Alexander, A.M.) DICTIONARY of the ENG- 
^ LISH LANGUAGE ; containing the Pronunciation, Etymo- 
logy, and Explanation of all Words authorized by Eminent Writers : 
To whidi are added, a Vocabulary of the Roots of Englirfi Words, 
and on Accented List of Greek, Latin, and Scripture Proper N«Qiei» 
1 thidc voL 13mo. WiU be ready in Julp, 1844. 
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CESSIONAL SCHOOL FIRST BOOK. ledi Ediaoo. ISnuw 
^ Jieditced in price, 2d. sewed* 

CESSIONAL SCHOOL SECOND BOOK.' 13th EdidoB. 
^ ISmo. Is. half-bound. 

CESSIONAL SCHOOL COLLECTION, llth Edition. 12mo. 
Reduced in price. 2s, 6d. bound. 

TNSTRUCTIVE EXTRACTS. 6th Edition. 12mo. Reduced 
"^ in price, 3s. bound. 

XpiRST ELEMENTS of ENGLISH GRAMMAR. 2d Edition. 
"** ISmo. 2d. sewed. 

HELPS to the ORTHOGRAPHY of the ENGLISH LAN. 
GUAGE. Sd Edition. 18mo. 4d. sewed. 

■p T YMOLOGICAL GUIDE to the ENGLISH LANGUAGE. 
-^ 3d Edition^ greatly enlarged. ISmo. 28. 6d. bound. 

QLD TESTAMENT BIOGRAPHY. 13th Edition. 18mo. 
^^ 6d. sewed. 

■^EW TESTAMENT BIOGRAPHY. Stereotype Editios. 
"*"^ ISmo. 6d. sewed. 

n ATECHISM of CHRISTIAN INSTRUCTION. By the Rcf. 
^ Robert Mobehead, D. D. 18mo. 9d. sewed, or Is. bound. 

pATECHISM of GEOGRAPHY. By Hugh Mureat, 
^ F. R. S. E. 7th Edition. 18mo. 9d. sewed, or Is. bound. 

pATECHISM of ENGLISH COMPOSITION. By Robert 
^ CoKNEL. 3d Edition. 18mo. 9d. sewed, or Is. bound. 

pATECHISM of the HISTORY of ENGLAl^D. By Peter 
^ Smith, A.M. 6th Edition. 18mo. 9d. sewed, or Is. bound. 

pATECHISM of the HISTORY of SCOTLAND. By W. 
^ Morrison. 5th Edition. 18mo. 9d. sewed, or Is. bound. 

CONCISE and FAMILIAR EXPOSITION of the LEADING 
PROPHECIES regarding MESSIAH. 3d Edition, l&now 
4d. sewed. 

"PXPOSITION of the DUTIES and SINS pertaining to MEN. 
•*-^ 12mo. 6d. sewed. 

C ACRED HISTORY, in the Form of Letters. In Seven Vols 
^ 18nio. Reduced in price. 2s. each, neatly half-bound. 

A LPHABET and SPELLING LESSONS, printed on nine large 
"^ sheets with a bold type. Is. per set, or pasted on boards, 5s. Si, 
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nPHE ENGLISH LEARNER ; or, a Selection of Lessons in 
•^ Prose and Verse^ adapted to the Capacity of the Younger Classes 
of Readers. By Thomj^s Ewiko, Teacher of Elocution, Geography, 
History, &c. 12th Edition. 12mo. 2s. bound. 

** The intrinsic beauty of many of these extracts is wdl calculated to form tba 
taste of juvenile readers ; and Mr Ewing, we tliinlt, has Judged properly in intro- 
ducing them to an acquaintance with some of the most admired specimens of con- 
temporary eloquence and poetry. The Learner is intended as an mtroduction to a 
laiiger compilation, entitled * Principles of Elocution.' "^Edin. Weekly Journal, 

Xp WING'S PRINCIPLES of ELOCUTION; containing 

•^^ numerous Rules^ Observations, and Exercises, on Pronunciation^ 

Pauses, Inflections, Accent, and Emphasis ; also, copious Extracts 

in Prose and Poetry ; calculated to assist the Teacher, and to improve 

the Pupil in Reading and Recitation. 26th Edit. 12mo. 3s.6d.bd. 

'* Swing's * Principles of Elocution* appears to us to be an excellent book of its kind. 
Its materials are gathered with a tasteful hand from every period of our literature, 
and comprehend a wide range of authors, firom Shakspere to the Poets whom we 
are still able to number among the living, lliere is also a great and pleasing variety 
in the subjects chosen— their classification is good } and we are not surprised at per- 
ceiving firom the titlepage now before us, that a thirteenth edition [now a twenty- 
sixth] has been called for in five years from the first publication.**— QiiarterJy 
Joumai qfEduealion. 

RATIONAL READING LESSONS : or Entertaining In- 
tellectual Exercises for Children. With a Key. By the Author 
of *' Diversions of Hollycot, or the Mother's Art of Tliinking," 
¥ Nights of the Round Table," &c. 18mo. 2s. 6d. doth. 

** A capita] and well considered book for begimners. The author of this volume 
Ik a practical philosopher amongst children, and has tested in every way every 
possible mode of reaching their hearts and understandings. She has thoroughly 
succeeded, and this little book may be regarded as a boon to children of the tendereK 
me.^'—AUas. 

** An excellent selection of reading lessons upon all sorts of sub}ects likely to in* 
terest children, arranged in the elliptical manner, and with (in a pocket in tha 
cover of the book) a * Key ' containing the omitted words.'*— FFe«/i»in«/«r Review, 



LESSONS in READING and SPEAKING ; being an Im- 
provement of ScoWi Lessons in Elocution, By William 
Scott, the original Compiler. 29th Edition. To whidi is prefixed, 
An Outline of the Elements of Elocution. By J. Johkstomx. 
12mo. 38. bound* 

DR HARDIE'S EXTRACTS, for the Use of Pariah Schools. 
12th Edition. 12mo. 2s. 6d. bound. 



A PRONOUNCING SPELLING-BOOK, with Reading 
Lessons in Prose and Verse. By G. Fulton and G. 
Kkioht. 17th Edition. 12mo. Is. 6d. bound. 
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SCOTTS BEAUTIES of EMINENT WBITEBS (Olha 
and Boyd'i improved Edition) : Selected and ananged for tk 
Instruction of Youdi in the proper Reading and Reciting of the 
English Language ; containing an Outline of the Elements of Eloco* 
tion^ Biographical Notices, &c Bj J. Johmstoke. In 2 vols 
12mo« VoL L 2s. 6d. ; VoL IL 2s. ; or both bound togediei^ 4Si 



F ETON'S impiOYed and cnlaiged EdiUon of JOHNSOFS 
DICTIONARY, in Miniature: To which are subjoined^ 
Vocabularies of Classical and Scriptural Proper Names ; a ooodse 
Account of the Heathen Deities; a Collection of Qaotadons snd 
Phrases from the Latin, French, Italian, and Spanlrii I/aaguagei; s 
Chronological Table of Remarkable Events ; and a liist of Men of 
Genius and Learning ; with a Portrait of Dr Johnson. 2(Hh EcUtioD. 
Ifttt0» Reduced in price, 2s. 6d« richly embossed. ^ 
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STEWART'S COMPENDIUM of MODERN GEOGRA- 
PHY ; with Remarks on the Physical Peculiarities, Pradoe. 
tions, Commerce, and Government of the various Countries ; QuestioDl 
for Examination at the end of each Division ; and Descriptive Tabk% 
in which are given the Pronunciation, and a concise Account of eveiX 
Place of importance throughout the World. 7th Edition, carefully 
revised and enlarged. Illustrated by Ten New Maps constructed fiv 
the Work, and an Engraving showing the Heights of the psind^ 
Mountains on the Globe. 18mo. Ss. Od. ridily embossed. 

*' This excellent acboolbook contains as madb accurate and valuable iaIbmatiOB 
aa many volumes of twice its ^e and price. Indeed, in the latter respect, tt Is 
matched by few productions of the preM, even in this age of cheap booka. A haad- 
some volume or upwards of three hundred very closely-printed pages, strongly 
bound, and containing ten well-executed maps, has never before, we think, been 
ofTiered to the public for so small a sumu It is a work, moreover, which, while its 
explanations are well adapted to the capacity of youth, lieata throughout themarkf 
of patient and careful research in a very superior degree to most achoonKxriob 
"We would particularly recommend to attention the descriptive tables appended to 
the general account of every country, which are drawn up with extcaordkiaiy 
neatness, and in such a manner as to comprehend really a wonderful quantity of in- 
formation in a very small space. Taken altogether, they serve the purpose of a 
Gazetteer of all the principal places in the world, with a short deacrlption of eaeh*. 
and, what is extremely useful and important, the correct or customary pronunda> 
lion in all cases in which any doubt or difficulty can be felt. Teachers as wdltf 
pupils will feel grateful to the author for tlus part of bis hibow[9.'''-^Mkentgum, 

** What an admirable elementary book — how elaborate, and yet how simple i 
how precisely exact, and still how abounding ; how superfluously crowded, we had 
almost said, with details interesting as they are important." — Month^ Review, 

** We cannot speak in too favourable terms of the admirable arrangement of this 
work.*'— ilsia«c JoumaL 

" A more compact, carefully ccrni piled, and usefUl volume has sddom fallen un- 
der our observation. It is illustrated by ten maps, excellently executed, consido^ 
ing their size; and, with its judicious descriptive tablet, combines, in sons 
measure, the advantages of a Gazetteer with a Geographical Grammar.*'— JE^vamiMr. 



GEOGRAPHY. 



RUDIMENTS of MODERN GEOGRAPHY; with 
Appendix, containing an Outline of Ancient Geography, an 
Outline of Sacied Geogn^j, Problems on the Use of the Globes^ 
and Directions for the Construction of Maps. By Alexakdeb. 
Reid, a. M., Head-Master of the Circus-Place School, Edinburgh ; 
Author of '^ Rudiments of English Grammar," &c With a large 
Map of the World, and illustrative Plates. 4th Edit., revised and 
enlarged. 18mo. Is. bound in doth or leather. 

In the Radiments of Geography, which have been prepared for the use of 
youngs Classes, and to supply the plaee of larger and more expfflasive 
works in schools where only a limited portion of time can be devoted tO" 
this branch of education, the names of places are accented, and are aceom- ' 
paoied with short descriptions, and occasionally with the mention of some 
remarkable event ; and to the several Countnes are appended notices of 
their Physical Geography, Productions, Government^ and Religiao. 

** We willingly recommend this little work to all who take an mteresi In 
eilucation. It u the production of an experienced and judicious teacher, and 
contains a greater quantity of well-selected information than we recollect to have. 
seen elsewhere in the same compass. The brief outlines of Ancient and Sacred 
Geography give it an additional value.* — Presbyterian Review, 

** The want of a cheap elemmtary wor|^ on Geography has been long tsAt, bat 
is now ably supplied in the present Manual, which is introductory to the tezU 
books of Stewart, Ewing, and others, and particularly adapted for younger classesi 
Mr Reid has successfully illustrate the various subjects connected with this 
important branch of education, and in the notices appended to the several coun. 
tries has displayed both taste and judgment The cheapness as well as ctMopleiab 
ness of Mr Reid's Geography, together with its great superiority to any similax 
work, cannot fail to recommend its adoption in the schools throughout tiia 
British dominions, and to secure for it a passport to public {a,\out."~-^£dinintrgk 
Weekly Journal. 

** In announcing Mr Reid's Geography, we hesitate not to state that it claims, is 
ah eminent degree, our unqualified approbation."— i}un0^< Courier, 

REID'S OUTLINE of SACRED GEOGRAPHY ; with 
References to the Passages of Scripture in which the most le- 
markable PUcea are mentioned ; and Notes, chiefly Historical and 
Descriptive. 6th Edition, revised. With a Map of the Holy Land in 
Provinces and Tribes. 18mOb 6d. sewed. 

*' It ought to become a manual in all our parochial and sabbath schools.**—* 
Presbyterian Review, 

•* Brief as this manual is, we know of no sjiftem of Sacred Geogiapby. evc» 
incorporated in Isaget works, in following which the teacher may conveoientlf 
commne so much of the history and geography of the Scriptures. The notea 
which are appended to the Outline are fUll of interestj and admirably executed."— 
ScotHeh Guardian, 

MURPHY'S CLASSICAL ATLAS, with a Memoir on 
Ancient Geography. Comprising 21 Maps, drawn and en* 
graved from the best Authorities, viz. Orbis Veteribus If otus, Orbis 
secundum Strabonem, Britannia, Hispania, Gallia, Germania, Vinde- 
licia, Italiae Pars I., Italian Pars II., Macedonia, Grscia extra Pelopon- 
nesum, Peloponnesus, Insulae Maris ^gaei, Asia Minor, Oriens^ 
Armenia, Syria, Palaestina, Africa, Mauritania, Numidia and Africa 
Propria,, ^gyptus. Sq» 16nko. Coloured outlines. 38. 6d. half-bound. 

**It Is admirably adapted for geuetal use in public seminaries."-- JDM^ttn 
UnivertUy Magazine, 
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MURPHY'S BIBLE ATLAS : A Series of 24 Ma^ 
illustrating the Old and New Testaments; comprising the 
World on Mercator^s Projection, the Settlements of Noah^s Descend, 
ants, the Joumeyings of the Israelites, Palestine or the Holy Land, 
Maps of the Trihes, Plans of the Temple and City of Jerusalem/ 
Journeys of Jesus Christ, Countries traversed by the AiK)stles, Asis 
Minor, Syria, Palestine, and Greece, Places mentioned in thie Bible, 
&c With Historical Descriptions. Square 16mo, half-bound. 
Coloured outlines, 28. 6d. ; full-coloured, 3s. 

*< We recommend this Atlas to teacben, parents, and indiridual Christiam, n 
a comprehensiTe and cbeap auxiliary to the intelligent reading of the SeripctiKf.'* 

•< This work Is admiialdy fitted for a schodbook.**—- ^'dtn^ti^;^ Obsener^ 

MURPHY'S MAPS of the HOLY LAND, Joumeyings 
of the Israelites, and the Travels and Voyages of St Paul; 
with Historical Descriptions. 8vo. 6d. sewed. 

MURPHY'S MAP of the JOURNEYS of OUR LOBJ) 
and SAVIOUR JESUS CHRIST; with an HistoiiisI 
Description. 2d. sewed. 

REID'S ATLAS of MODERJN GEOGRAPHY ; with an 
Index, containing upwards of 5000 Names, being those of 
every important Place laid down in the Maps, and sped^^ing 
the Countries in which they are situated, and also their liatitude sod 
Longitude. New Edition, with three additional Maps, vis. 
Hindostan, United States and Canada, and Palestine. Beautifully 
coloured, and neatly half-hound in morocco, price only 7s. 

This Atlas has been j^repared chiefly with the view of supplying the de- 
mand occasioned by the increasing attention paid to the study of Geogrw^j 
in Parochial and other Elementary Schools ; and it is offered to the Pub- 
lie at a price which places it within the reach of many who have hitherto 
been prevented, by the want of a cheap Manual, from cultivating that in- 
teresting and useful branch of education. Very great labourhas been 
bestowed upon the Index : it contains the Name of every important pkee 
laid down in the Maps, and, besides the Number of the Map in which each 

J lace is to be found, mentions also the Country in which it is situated. The 
^ fames of Places are accented aceor<ting to the best authorities on the sob- 
ject, or according to the analogy of siimlar words, either in the langoage 
of the country in which the places are situated, or in the English language. 
In short, no exertions have been spared to combine cheapness of ranee 
with convenience of form and size, distinctness of delineation in the Maps, 
and accuracy m every department of the Work. 

** This Atlas, which is marvellously cheap considering its execution, li bitended 
for the use of parish and elementary schools. The coloured maps are dear, neat, 
and accurate; there is an elaborate and copious index, which might fitly accompany 
a fax dearer iwork."— TatT* Magatine. 

** We hare no hesitation in pronouncing this Atlas to be a most inyaluablt 
manual for all ivho wish to acquire a knowledge of geography. The minute ac- 
curacy and the beauty of the engraving, as well as the attractive manner in wbicta 
the Maps are coloured, cannot be too highly commended. The index possesses 
new and important features, and will prove highly useful ; answering in son.* 
degree the purposes of a gasetteer.'*— JScriR6«r^A fVeekljf J<mmai» 
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E WING'S SYSTEM of GEOGRAPHY, on a new and eai^ 
PUn^ from the latest and best Authorities ; including also the 
Elements of Astronomy^ an Account of the Solai System, a variety 
of Problems to be solved by the Terrestrial and Celestial Globes, and 
a Pronouncing Vocabulary containing all the Names of Places which 
occur in the Text. 16th Edition, greatly improved and enlarged. 
12mQi 4s. 6d. bound ; or with Nine Maps, 6s. 6d.-^u«^ ptUtlished* 

Advertisement to the New Edition, 



In preparing the present edition for 
the press, every effort has been made to 
render the details in strict accordance 
with the advanced state of geographical 
knowledge. With this view, while the 
original plan and arrangementof the work 
are rigidly preserved, the whole has l>een 
subiected to a scrupulous revision, much 
of the descriptive portion has been entire- 
ly re-written, and, where necessary, ex- 
tended. Id compliance with the wishes of 
many intelligent teachers, the Vocabu- 
Ifiiy at the end is now greatly enlarged. 



so as to comprise every name mentioned 
in the work ; and besides hidicating the 
pronunciation according to the best au- 
thorities, it contains the population of 
every country, city, and important place- 
throughout the world,with a brief account 
of the principal mountains, rivers, &c.*. 
thus pre!»eating several of the more valu- ■ 
able features of a Gazetteer. Altogether^, 
the present edition of this popular school- 
book may be confidently recommended as 
one of the most comprehensive works on 
Geography ever offered to the public. 



** We think the plan of Mr £wing*s Greography is Judicious ; and the informational 
which with much industry he has collected in his Notes, cannot fail to be extremdy 
useful, both in fixing the names of places more deeply on the pupils' memory, and. 
in storing their minds with useAil knowledge; while, by directing their attention, 
to the proper objects of curiosity. It lays a broad foundation for their future im«- 
pTovexaent,""JBiackwood** Magaxine, 

** The extraordinary success uf Mr Swing's book is just what its merits had a 
right to expect. It is one of the very best systems of Geography, for the adult as 
well as the young, that we ever saw constructed. The plim is clear, simple, and 
comprehensive ; the scientific portion of it especially, so far flrom being set forward 
in that diflkult form which might deter the beginner, is admirably calculated to- 
attract his attention and reward his pains.*'— DuA/in UnitfersUp Magazine, 

*' We have examined this work with care, for the sake of our children, and can 
tpeak with decision both as to its plan and execution. We doubt not that it will 
always remain a standard work."—- fvan^e^o/ i^xgaxine, 

** We rejoice to find that an extensive and increasmg sale Justifies the praise 
which we bestowed on a former edition of this useful woric *'^AtAeiueum. 

- This work is much more full than usual in its details, which are better classified 
than in the ordinary school-books, and is one of the best of its kind."— fVestminster 
Mewiew, .ur^^.r..^.^. 

E WING'S NEW GENERAL ATLAS ; containing distinct 
Maps of all the principal States and Kingdoms throughout the 
World. New Edition, including the most recent Geographical Dis- 
coveries, with Preliminary Illustrations by Hugh Murray^ 
F. R. S. E. Greatly reduced in price. Roydl 4to, half-bdund ; 
plain, 9s. ; coloured outlines, 10s. 6d. ; full-coloured, 12s. 6d. 

" IVe can very confidently recommend Mr Ewing's Atlas as by far the most ele. 
gant and accurate which we have seen on a similar scale.**— BtedbwcNMrs M<Vfa»ine» 

** As a companion to his Geography, Mr Ewing has published an Atlas, whicn, iur 
elegance, accuracy, and distinctness, we do not hesitate to pronounce superior to 
any we have seen on a similar scale.*'— JfTi^Hcan JoumaL 

GIBSON'S ETYMOLOGICAL GEOGRAPHY; being a 
Classified List of Terms and Epithets of most frequent Occur- 
rence, entering, as Postfixes or Prefixes, into the Composition of Geo- 
graphical Names. Intended for the Use of Teachers and advanced 
Students of Geography, and as a Reference Book in Geographical 
Etymologies. 2d Edition. 38. 6d. bound. 
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ELEMENTS of ASTRONOMY ; adapted for Friyate la- 
struedoii and Use in Schools. Illustiated by Fifty-six Engrav* 
ings oo Wood. By Hugo Reid^ Lecturer on Natural Phiknoi^y. 
12mo. 38. 6d. bound. 

•* This !• by far the bttH manual of Astronomy with which we are acqouoted. 
Mr Heid i« evideotly a man of real scieacet and bas done what do other compiler 
of ftlmilar boolLs hiu done — he bas begun at the beginniog. The mathematical 
part of the book Is dear and comfvehcnsive, and the ■ results * are detidled jaaa 
able and lucid manner."— CftaircA qf £ngland Quarterly Review, 

*' Until this little volume fell into our hands, we nerer saw any thing Uke a 
sdentific 8chooil)ook on the subject of astronomy. — The ' Eaementa* before as give 
as- much mathematical information as is absolutely neceasary to understand the 
outlines of astronomy, without going into those technical details whldi can oo^be 
required by the practical astronomer.**— TAe Churchman, 

'* We wiUlugly recommend Mr Reid*s volume as one of tbe beat of tbeUnd we 
have met with. Tlie careful teacher in his scliool, or the ael& teacher in his rtndj, 
if our recommendation should lead them to procure the book, will thank ui Us. 
iV'^-MeihodUt Magaxine. 

ELEMENTS of UNIVERSAL HISTORY, on a Kew and 
Systematic Plan ; from the Earliest Timea to the Treaty of 
Vienna. To which is added^ a Summary of the Leading Events 
since that Period. For the Use of Schools and of Private Students. 
By H. White, B. A., Trinity College, Cambridge. Ctoe thick 
volume 12mo. 8s. 6d. elegantly bound. 

This work is divided into three parts, corresponding with Ancient, Middle, and 
Modern History, and again subdivided into centuries, so that the various e^etd» 
are presented in the order of time ; while it is so arranged that tbe annals of escb 
country may be read consecutively. To guide the researches of the Stuitent, the 
worli contains numerous synoptical tables, with sketches of literature, antiquities, 
and manners at tbe great chronological epochs. 

*' The Efements qf Universal History is entitled to great praise: the writer hai 
taken n firm grasp of his subject, he exhibits a Just estimate of things, and se|»- 
rates, by typographical divisions, the narrative of events firom the conunentary 
upon ihem.— Spectator, 

<< We consider this the most complete and valuable compen<?ium of general his* 
toi7 for the use of the young that we have yet seen.**— Totf* Magazine. 

*< This work has been compiled with care and skiU ; and is a useful addition to 
the list of schoulbuoks."— ^(A^(3Pum. 

(< The great merit of this work is, that it conrprehends a wide range of Mstorical 
knowledge within a short compass. The accuracy of tbe author's information is 
unquestioned, as it has been collected with great labour from original authorities, 
and the skill with which he has digested his various materials into order has given 
unity to the ythole."—Edmbfargh CauranL 

** This is an able treatise — at once clear, correct, and comprehamve."— 
. Scotsman. 

** This is a most excellent and valuable work,— one of the beat, clearest, and 
compacte»t epitomes of general history, ancient and modern, Uukt we have met 
ViWh,^' —Edinkurgh Advertiser, 

T7LEMENTS of GENERAL HISTORY, Ancient and 
-*-^ Modern. To which is added, a Comparative View of Ancient 
and Modem Geography, and a Table of Chronology. With Two 
Maps. By Alexander Eraser Tytler, Lord Woodhouselee, 
late Lord Commissioner of Justiciary in Scotland, and ibrmcrlj 
Professor of Civil History and Roman Antiquities in the University 
of Edinburgh. A New Edition, conected and improved: ccnnplete 
in one volume thick 24to. 4s. cloth. 
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SIMPSON'S HISTORY of SCOTLAKD, from the.Eailksi 
Period to the Accession of Queen Victoria. To which is added^ 
An Outline of the British Constitution ; with Questions fot Examin- 
ation at the end of each Section. 24th Edit. 12mo. 3s. 6d. embossed. 

The simple fact that twenty-four large impressions of this work have been 
thrown off, bears sufficient evideace to uie high estimation in which it is held 
by the public With a view to increa^ its uwity, various improvements were 
made on the twenty-first edition ; among the most important of irtiich was the 
re-composing of the more ancient part of the narrative by a distinguished writer^ 
whose works have thrown great light on the annals of Scotland. A simikur proceet 
has been adopted with regard to the remainder of the volume, a large portion 
having been written anew, and the whole carefully corrected. A valuable chapter 
has been added, which brings down the record of public events from the death of 
QeoTge IT. to the reign of Victoria ; and the chapter on the British Constitution 
has been completely remodelled. — Theae hnprovements, it is hoped, wUI be eon* 
sidered at the same time valuable in themselves, and wdl caleulatea to fiidlitate 
the study of Scottish history. The publishers therefore trust that the work, wUdi 
is not enhanced in price, will be considered worthy of an increased dc^pree of 
approbation ; and the volume having been stereotyped, the uniformity of dl sob- 
sequent editions is secured. 

SIMPSON'S improved Edition of Dr GOLDSMITH'S 
HISTORY of ENGLAND, from the Invasion of JuHus Caesar 
to the Death of George II. ; with a Continuation to the Accession of 
Queen Victoria. To which is added, an Outline of the British Con- 
stitution ; with Questions for Examination at the end of each Sec« 
tion. 15th Edit. 12mo. 3s. 6d. richly embossed. Stereotype Edition, 

SIMPSON'S improved Edition of Dr GOLDSMITH'S 
HISTORY of ROME ; with Questions ibr ExaminatioB at 
the end of each Section. To which are prefixed, the Geography of' 
Ancient Italy, Roman Antiquities, &c., and a Vocabulary of Proper 
Names accented. With a Map of Ancient Italy. 12th Edition. 
12mo. 3s. 6d. richly embossed. 

SIMPSON'S improved Edition of Dr GOLDSMITH'S 
HISTORY of GREECE ; and Questions for Examinatioa at 
the end of each Section ; with Chapters on the Geography, Manners 
and Customs, &c., of the Greeks ; and a Vocabulary of Proper Names 
accented. Illustrated by a Map of Ancient Greece. 8th EditioxL 
12mo. 3s. 6d. richly embossed. 

CRITICAL NOTICES of Mr Simpion*s School HUtoriet. 

■' These are neat and cleverly-edited reprints of very popular scbooObooks."— 
Affterutum, 

** To the master who wishes his mipils to be readily acquainted with what aH 
should know, and to the parent wtio is anxious that his children should learn 
history through an honest and impartial medium, we recommend %mpson*ii 
pditioRS of the Histories of Greeee, Rome, England, and Scotland.*'— XKcrary 
C^romde^ 

STEWART'S improved Edition of Dr GOLDSMITH'S 
Abridgment of the HISTORY of ENGLAND, from the 
Invasion cff Julias Caesar to the Death of George II. ; with a CON. 
TINUATION to the Commencement of the Reign of George IV. 
T« which are subjoined, copious Exercises; 9th Edition, I2mab 
Reduced in price, 4s. bound. 
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STEWART'S STORIES from the HISTORY of SCOT- 
LAND. 18mo. 3d Edit. Frontiipiece and Vignette. Reduced 
in price. 2t. bound in doth. 



Penmanidilp. 

BUTTERWORTH'S YOUNG WRITER'S INSTRUC- 
TOR. 4to. 7i.6d. sewed. 

COPY UNE8 REDUCED W PRIGL 
BUTTER WORTH'S COPY LINES; 35 Sorts. Each 4d. wwed. 
INTRODUCTION to PENMANSHIP. By J. Weir. 6d. sewed. 
RANKINE'S ROUND TEXT SPECIMENS of WRITING. 6d. sd. 
RANKINE*S SMALL HAND SPECIMENS of WRITING, tfd. sd. 
FINDLAY'S COPY LINES; 3 Sorts. 4d. each» sewed. 



Aiithmetlc and acathematicft. 

LESSONS in ARITHMETIC for Junior Classes. By 
James Trotter, of the Scottish Nsval and Military Academy, 
&c ; Author of ^ A Key to Ingram's Mathematics^" &g. A New 
Edition^ revised. 18mo. 6d. sewed. 

** An excellent little oompendium for teaching Arithmetic*'— ^«la<ic Journal 

** It contains much fundamental information clearly expieued, a variety of lueAJ 
tables, and some progressive and well-arranged exercises on the rules of Arithmetic 
yp to the Rule of Three.*'— ^p^c/o/or. 

A KEY to LESSONS in ARITHMETIC. By the same 
Author. New Edition. 18mo. 6d. sewed. 



THE PRINCIPLES of ARITHMETIC, and their Appli- 
cation to Business explained in a popular Manner, and clearly 
illastrated by simple Rules and numerous Examples. By Alex- 
ander Ikobam, Author of ^^ A Concise System of Mathematics," 
&c 23d Edition. 18mo. Price only One Shilling baumU 

** No other initiatory book with which we are acquainted possesses so many and 
•uch strong claims upon all who are employed in the business of education.*'— 
Edinburgh Weekly Journal, 

" The arrangement is scientific,— the rules are perspicuous and timide,— the 
numerous exercises are well chosen to elucidate those rules, and to exemplify the 
arithmetic of actual life,— the results are remarkably accurate,— and last, though 
not least, the price is so trifling as to place it within the reach of all classes of 
the community.**— £(2ifi6urpA Evening Post, 

** In this small volume there are more than eleven hundred examples, and many 
of these so judiciously chosen as to call forth the learner's thinking powers, and thus 
improve his mental faculties, as well as fit him for the active business of life.— It 
possesses all that an mtroductory work should have, and at the same time has 
nothing redundant.**— /)»m/rie« Courier, 

A KEY to the PRINCIPLES of ARITHMETIC ; con- 

taining Solutions at full length of all the Exercises in that Work. 
By the same Author. 4th E(fition, revised and improved. By 
James Trottxb. 18mo. 2s. 6d. bound* 
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TlfELROSE'S CONCISE SYSTEM of PRACTICAL 

•^U ARITHMETIC; containing the Fundamental Rules and 

theii Application to Mercantile Calculations ; Vulgar and Decimal 

Fractions; Exchanges; Involution and Evolution; Progressions; 

Annuities, certain and contingent; Artificers' Measuring, &c* 

Revised, greatly enlarged, and adapted to Modem Practice. By 

Alexandeb Inobam and James Tkotteb. 20tli Edition. 

18mo. Is. 6d. bound. 

The Publifbers again submit this work to public notice, not merely as an fiu 
troduction, containing the most simple and useftil Principles of Arithmetic, but 
as a complete treatise, comprehending every thing necessary for enabling the pufril 
to l)ecome master of this valuable science. The various Rules are so arranged as 
to reflect light on each other. Many new and easy methods of calculation are In- 
troduced, not to be found in any other work ; and the unprecedented number and 
Tariety of questions subjoined to each section will afibrd a singular fiacility to th* 
teacher in conducting his scholars, and to the pupils themselves in understanding 
and applying the rules.— Every attention has t>een paid to the accuracy and neat- 
ness of the worlc ; and the publishers confidently hope, that it will be found possessed 
of every quality requisite in a texubook. 

A KEY to MELROSE'S ARITHMETIC; containing 
Solutions at full length of all the Exercises in that Work* By 
Alexander Ino&ah. 6th Edition, revised and improved. By 
James Tbottes. ISmo. Reduced in price* Ss. 6d. bound. 

HUTTOITS COMPLETE TREATISE on PRACTICAL 
ARITHMETIC and BOOEl-KEEPINO. Edited by 
Alexavdeb, Ikgham. A new Edition, with many important 
Improvements and Additions ; Including new Sets of Books, both 
by Single and Double Entry, exemplifying the Modem Practice of 
Book-keeping. By James Tbotteb. 12mo. Reduced in price* 
28. 6d. bound. 

TROTTER'S EDITION of HUTTON'S PRACTICAL 
BOOK-KEEPING. New Edition. I2mo. 2s. half-bound. 

This publication has been issued to supply a waint long felt in onr Schools and 
Academies. It is composed on correct mercantile principles, embodies all the 
modem improvemenis, and is sold at a moderate price. 

ELEMENTS of ALGEBRA ; for the U§e of Schools and 
Private Students. By James Tbot teb, of the Scottish Naval 
and Military Academy; Author of "A Manual of Logarithms,** 
" Key to Ingram's Mathematics," &c 12mo. Nearly ready. 

THE ELEMENTS of EUCLID, viz. the first Six Books, 
together with the Eleventh and Twelfth ; and also the Book of 
Euclid's Data. By Robert Simsok, M.D., Emeritus Professor of 
Mathematics in the University of Glasgow. A New Edition, care- 
fidly revised and corrected ; to which are annexed, Elements of Plane 
and Spherical Trigonometry, by John Dayidson, A.M. tfvo. Os. 
bound. 
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INGRAM'S CONCISE SYSTEM of MATHEMATICS, 
in Theory and Practice. With many important Additions and 
Improvements. By Jamsb Teotteh, of the Scottish Naval and 
Military Academy, Ac 6th Edition. In one thick volume 12mOy 
containing 520 pages, and illustrated by 340 wood-cuts. 7i- 6d. bd. 

This work is onqaettionably the cheapest Manual ot Mathematics ysft 
given to the public. Several of its sections are so complete in theon^ ioA 
minate in practical details, that if orinted with a moaerately -sized type 
and published separately, they woula each cost more than the whole piee 
at wnich the volume is now offered. The completeness of the wirt» 
indeed, will at once appear firom the subjoined 

ABSTRACT OF COHTKKT8. 



Algebra. 

Plane Geometry. 

Intersection of Flanes. 

Practical Geometry. 

Plane Trigonometry. 

Spherical Trigonometry. 

Mensuration of Surfaces & Solids. 

Conie Sections. 

Surveying, Gaugii^. 

Speeific Gravity. 



Practicsl Cannery. 
Mensuration of Artifieers' Work. 
Strength of Materials. 
Logarithms of Numbers. 
Logarithmic Sines, Tangents, kt» 
Natural Sines and Tangents. 
Areas of Circular Segments. 
Squares, Cubes, Square RooCs, 
Cube Roots, See. &g» 



** This U one of the most comprehensive works extant. As a general text-book 
it is superior to most works, and much more portable and cheap than any we could 
tiBme.**-'We*tminster Btvigm. 

- This is perhaps, taking everr thing into the account, the best book of iti Uuf 
and extent in our language— at least we are not acquainted with a better. It coo- 
Cains every thing essential for the student of Elementary Mathematiea, ezMBSstd 
most luminously, and with that proper medium of ezpositioQ equally removedflna 
verbose amplification and obscure brevity. The arrangement too of the suUects 
meriU praise, and the tables annexed to the end are beautiftilly, and. as Or as wt 
have been able to examine them, correctly printed. It is high but hardly exaa 
ated praise, to say of this little manual, that it comprehoids nearly as much 
thematics, that is, as many useAiI mathematical facto, as the three-Tolume • 
of Dr Hutton. It has our entire approbation.**— ^(fur Monthly Magazine, 

•* It is certainly one of the most comprehensive manuals which have erer 

drawn up either for schools or private students ; none of the latter of whom, wt 
apprehend, although even left without a master, will find any thing waathig in 
it which the title authorizes him to expect. We have, indeed, met with no 
other work of the kind which is at the same time so complete, various and ac- 
curate, on the one hand,— and so cheap, and in every way oommodiousL on tltt 
other.**— JWtfiupum. 

** We consider this book to be, in point of practical utility, unrivalled, and 
earnestly recommend it to the notice of our numerous readers, as the nttsst 
work we have seen for being put into the hands of students in Mensiamtien.** 
^mMechaniet* Magaaine, 

•< We have carefUUy examhied this valuable work, and find it throughout Sb 
cellently calculated for the purposes stated in the title. The matter is wdl witwted 
and judiciously arranged ; the practical rules are given with great clcernesa. ami 
the illustrations prove the thorough knowledge (tf the late excellent author in all 
the practical details of this important branch of education. It is neatly aod cor- 
rectly printed, and, what we consider of importance in a work oi this desodptlai^ 
b remarkably cheap.*'— £cfm6argA iVinu PhUasopMcal JoumaL 

ALSO, 

A KEY to INGRAM'S CONCISE SYSTEM of MATHE- 

MATICS, containing Solutions of all the Queationa prescribed in 
that Work. By James Trot T£B. 4th Edition. Reduwd Im priot^ 
12mo« 78. 6d. bound. 
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A MANUAL of LOGARITHMS and PRACTICAL MA- 
THEMATICS ; for the Use of Students, Engineers, Navi- 
gators, and Surveyors ; comprising Tables of Logarithms of Numbers, 
Logarithmic Sines and Tangents, Natural Sines and Tangents; 
Barometric Tables for calculating the Heights of Mountains; and, 
various others used in Navigation, Surveying, &c. With an Intro- 
duction, containing an Explanation of the Construction and Use of 
the Tables ; also a great Variety of Formulae for Compound Interest 
and Annuities, Mensuration, Mechanics, and Plane and Spherical 
Trigonometry. By James Tbotter. 12mo, 4s. 6d. half-bound. 

** This work contains a i^reat number of tables used in the mathematics, natural . 
philosophy, and mensuratiun ; with a lon^r introduotion Explanatory of the use of 
the tabieSf and including an epitome of mensuration and trigonometry. It is a 
portable, useful, and cheap work.*'— 'Westminster Beview, 

** A concise and lucid treatise, which will be highly valuable to students, and. 
which, for the sake of its foimulse, will be equally useiul to engineers and practical 
mechanics, "—^/a A 

Works liy Str Jobn liCSlie, K. H. 



THE PHILOSOPHY of AR- 
ITHMETIC. 2d Edit. 8VO. 98. 
cloth. 

P UDIMENTS of PLANE 
-L^ GEOMETRV, including Gso- 
METRICAL Analysis and I*lans Trigo- 
MoMETftT. 8vo. 5s. bound in cloth. 



ELEMENTS of NATURAL 
PHILOSOPHY, Vol. I. Mechan- 
ics and Hydrostatics. 2d Edit. 8vo« 
10s. 6d. cloth. 

DESCRIPTION of INSTRU- 
MENTS, designed for extending 
and improving Meteorological Ub6erv»> 
Uons. With Engravings. 8vo. 2s. cloth. 



PNEUMATICS. A fuU Treatise on the Mechanical Pro- 
perties of Aebial Fluids ; with a Description of Pi^euma.- 
Tic Machines, and an Account of the Applications of the Principki 
of Pneumatics to the Arts, and to the Explanation of the Phenomena 
of Nature. By Hugo Reid, Lecturer on Natural Philosophy^ 
Foolscap Svo, with 70 Engravings on Wood. 28. cloth. 

** Written with that comprehensiTe clearness which distinguishes the scientific 
productions of Mr Reid.**— Spectator. 

** The treatise i» one of the most comprehmsive and (wactical ever written fltt 
the subject.'*— Britonnto. 

MATHEMATICAL and ASTRONOMICAL TABLEI^ 
for the Use of Students in Mathematics, Practical Astronomen^ 
Surveyors, Engineers, and Navigators ; preceded by an Introduction, 
containing the Construction of Logarithmic and Trigonometrical 
Tables, Plane and Spherical Trigonometry, their Application to 
Navigation, Astronomy, Surveying, and Oeodetical Operations ; with 
an Explanation of the Tables ; illustrated by numerous Problems and 
Examples. By W. Galbraith, M. A. 2d Edit. 8vo. 98. boards* 

/^HRISTISON'S MATHEMATICAL TABLES; oonsist- 
^^ ing of the Logarithms of Numbers, Logarithms of Sines, Tan- 
gents, and Secants, Natural Sines, and various other Tables useful 
in Business and in Practical Geometry; together with Tables ai 
Compound Interest, Probabilities of Life, and Annuities. Carefully 
revised and corrected. 8vo. 4s. 6d. boards. 



Ig QLIVBR k BOYD'S EDUCATIONAL WORKS. 

Ziatln, Greek, dbC« 

— ^•^< — 

Edlnbnrvli Aeademy Glass-books. 

Tsa adunowledged merit of tbeie initiatory Scboolbooks, and the liigfa npaMkn 
of the Seminary tnm wliich they have emanated, supersede the necessity of any 
leofthened notice on the pan of the publishers. 

llie •• Latin *' and ** Greek Rudimenu" form an introduction to these languages 
at oaoe simple, penpicuout, and comprehensiye. The '* Latin Rudiments ** contain 
an j^ipenMg, which renders the use of a separate work on Grammar quite nn- 
neeessary j and the List qfAnomalotu Verbt in the ** Greek Rudiments** Isbefieved 
to be more extensive and complete than any that has yet appeared. In the ** Latts 
Delectus ** and ** Greek Extracts " the sentences have been arranged strictly on the 
pnffressive prineif^ increasing in difficulty with the advancement of the Pupil*! 
knowledge; while the Focofrutorief contain an explanation, not only of every wrd, 
but also of every difflctM exprtaion which is found in the Works, — thus rendering 
the acquisition of the Latin and Greek languages both easr and agreeaUsL The 
** Outlines of Modem Geography ** have been compiled from the best and most recent 
Authorities, and sldlftilly adapted to the present state of the science. They inB be 
fbund to comprise an unusual amount of aecwralt topMraphieai and tUUistkal in* 
fcrmatUm. in compiling the ** Outlines of Ancient Geography** the Author has 
drawn his materials from the Classical Writers themselves, and has produced s 
work, which, for lucid arrangement and accurate detail, is perhaps unequalled. 
His object has been, as much as possible, to fix the locality of places in the mind of 
the Pupil, by associating them with the historical events with which theyareoonnected. 
The « Selections ftrom Cicero" embrace those portions of his wwka whidi are bed 
adapted for Scholastic Tuition. 

I. 

■pDINBURGH ACADEMY RUDIMENTS of the LATIN 
-^-^ LANGUAGE, with Alterations, and an Appendix. Sth Edi- 
tion, enlarged and greatly improved. 12mo. 28. bound. 

II. 

EDINBURGH ACADEMY LATIN DELECTUS; with 
a copious Vocabulary, containing an Explanation of every diffi- 
cult Expression which occurs in the Book. 6th Edit. I2mo. Ss. bd. 

** Hiis Delectus is as good a work of the kind as we have seen. The vocabulaiy 
U very ftill and goo±**—Westmfnster Reoievo. 

The Bdinfntrgh WedUp Journal, in reviewing the work, thus closes a comparisoa 
between Dr Valpy's Delectus and that of the Edinbiurgh Academy :— <* Vfhea we 
take into consideration that the seritences are more equally progressive and better 
■elected, and present us at the same time with a choice collection of the beauties of 
the Roman authors, we cannot hesitate to affirm, that the Editor of the Edinburgh 
Academy Latin Delectus has given to the public an initiatory schoolbook iafint^ 
superior to that of Dr Valpy, and calculated to imbue the youth Ail mind with a love 
of classical learning ; while it removes altogether the obstacles which have hitherto 
rendered the attainment of that elegant accomplishment difficult and repulsive." 

III. 

EDINBURGH ACADEMY RUDIMENTS of the GREEK 
LANGUAGE. 5th Edition, enlarged. I2mo. 3s. 6d. bound. 
• ** This Grammar has challenged the warmest encomiums of the best scholars 
both in England and Germany. The anomalies of the Greek verb and the epochs 
of the Greek language are more fully and clearly traced in this little volume than 
In any single worlc extant. It contains the condensed essence and final results of 
Greek philologv, from the Alexandrian scholiasts down to Richard Bmitley and 
the latest editor of Stephens.*'— .1/ancAr«/<rr Chronicle, 

IV. 

EDINBURGH ACADEMY GREEK EXTRACTS^ chiefly 
from the Attic Writers ; with a copious Vocabulary. 4th Edition. 
l2ino. 38. 6d. bound. 



BDIWBORGH ACADE MY BOOKS. ETC. 19 

V. 

"PDINBUHGH ACADEMY OUTLINES of MODEBM 
-'-' GEOOBAFHY. 7ili Edition. ISmo, S».ed. bound. 

VL 

EDINBURGH ACADEMY OUTLINES of ANCIENT 
OEOORAPHV. Sth Edition, improved. 13mo. Sg. bound. 
« Tbc Edlnbnrih Acaddnr ■ OulUna cf Geagraphj ■ upproichH the ibuidiid 

tcmatic iirruifsnari uidchopneu* H cjin lamlT be lurioiKdj mad whoever 
tikea the pAiu to compare tt in f«ch or that pertJculjn wLih Uie popular wsrk 
of the lite eieeUoit Bishop Butler, caiuial ftil to Im»f olje lU iDunoiuiible nv- 
perloiltr."~Mi«icAfito- clfMlcte. 

VII. 

TM" T. CICEBONIS OPEBA SELECTA- In Uram 
■"■'-» AcASKuiAx EsiHEHUB. Ex EdMont J. C. OrelBL Or, 
SELECTIONS ftoin the WORKS rf CICERO. For the Uie of 
tha Edinburgh Academy. 2d Edition, thorough); revised. ISmo. 
iM. 6d. bound. 

Tblt Tolmne, wUch hu iMtn priDted cbbar from the leit of OrtBt, eoDtibij 
Ann Ontloni,— ■■ D* L«e Milnilfi," " In Ouninain" IV., " Pro HOiiBt. 
" Pro ArcUtoi" Ihe ■• Bmtot. Hn da CUifa OnUortbiu i" Iha Tnrttai " 1» 
■nwBtule'- Mud '■ De AnddOa i" Uia "Somnhnn Sdplonla r and iu*^jVVjiH<* 
OfLetten. InMlecHiv theLeKenoarehubeaitaMitoIinHiitttaeFapllWttb 

M (nal B m\nj at the Umlli of Ihs Volume would penrft I' -"' 

bafeimd to contain, teddet Letlan fromOioeFO UmieU. otben 

tbui In-mlng a modal of Win eplilDlBry corroBpondeiicii. 
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VIII. 

CELECTA e POETIS LATINIS ; being Selections from 

^ FIkbIui, Terence, Lucretius, CatuUui, Feniui, Lucan, Hatti*]* 
JuTonal, 46 Tor the Vk of the Edinburgh Academy. I2mo, 
(is. handsomely bound. Jual publUhed. 

"An EXtFDilie, sell choKn, iTid well prlotolidHtloa ftom the Latin Fo(U ftir 
Ibe uie of icbtKli:'—AII<t*tua^ 

IX. 

OMER'S ILIAD. Pure Greek. With Index. TwotoU 
in one. 12ma Ob. bound. 
MayalaobehidiriththeLatinTrBnilBtion,b;I>TClaHi«,2Tols,]Oi.bd. 

GREEK TESTAMENT, with Griesbach'B Tarions Read- 
ings, and tbe Elliptical Words at the fbot of the Page. By W. 
DuMCAJf, E.C.P. IBmo. ffau Edition, da. 6d. bound. 
Thia BditloD ii printed without tbe CoHnucriom, and was amuDT oorrcetvl 

albe lata Mr Bmlth ol EjtmMtta, and the late Hi DlcUnaon, and was aftarwanll 
lad by Mr Dunoao. _^__ 

FERGUSON'S GRAMMATICAL EXERCISES on tU 
Moods, Toniei, aod Syntax of the LATIN LANQUAOB, 
cweAiIly leiiaed; with Notei, and aVocabuIaiy conlidnlng all the 
TTotdi that occur In the Work. 7th Editira. l8mo. 3a. bound. 

KEY to GRAMMATICAL KXERCISES. ISmo. li.6d, 
bound. 



90 OLIVER k BOTD*S EDUCATIONAL WORKS. 
Dr lliuiter*t Ijatbi Glmss-liooks* 

Thi long OTpwrtence and JuBtty.merited oaMvi^of Or Hant«r M an aeutt phfit- 
lofitt, a profound olaMical Kholar, and a mocmmuI Professor for upwards of sixty 
years to a degree almost unprecedented in this country, enable the Publishers to 
raoommeod these works with the utmost confidence. The edit.iona now i ssued mi* 
pass all former impiesilooi, both in cheapness and In elegance. 

The author of the article Grammar, in the new edition of the BneydopSBdia Brl^ 
tonniTA, thus bears witness to the great aoqidremeEits of Dr Hunter >-^ We are 
bound to confess, and we make the aduumlcdgment with pleasure, that the present 
essay is only a slteht extenaioo of the prdecbons of therery learned and odefanrted 
John Hcmtir, UL D., Professor of Humanity in the Unirenity of St Andrews.** 

or Or Hunter** VlryU the EdMmrgh Sevkw tpfaka in theee terms :— ** The 
Prefeoe, which may be conddered as a specimen of Or Hunter'a talosits of annoto- 
tion, contains a considerable number of very interesting discuasionsw— We nof 
•afely recommend this as one of the most correct editions of Virgil that has yet been 
offered to the public— We do not know, indeed, that it contains a dn^ tjpo» 
graphical error ; and, in the reaifing and ponduatlon of the text, it Is aimcieBt ts 
say, that Pr<i/issar ffemS has publicly declared it to be superior to apy that he had 
pteflously examined.** 
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I. 

RUDDIMAN'S RUDIMENTS of the LATIN TONGUE; 
with an Appendix on the Moods and Tenses of the Greek and 
Latin Verb. Edited by John Htjktek, LL.D., foniieilj PrafeMor 
of Humanity, afterwards Principal of the United CoUege of St Salvatoi 
and St Leonard, in the Univenity of St Andrews. 8th Edition, 
carefully revised, and enlarged by an Additional Appendix, oontaining 
the Rules for Gender and Quantity from Ruddiman's Gnunma^ witk 
a Synopsis of the Rules of Scanning and the Different Metteg. Ifino* 
Is. 6d. bound. 

IL 

HUNTER'S RUDDIMAITS LATIN GRAMMAIU ISnm 
4s. bound, 

IIL 

HUNTER'S SALLUST. 3d Edition, with numeronfl ht^ 
terpretations and Notes. 18mo. 28. bound. 
In presenting another Edition of Sallust for the Use of Schools, the PabUthcn 
beg leave to state, that, while the text and punctuation of the late Editor, the leanei 
Principal Hunter, have been strictly adhered to, the work la now illustrated br 
numerous Interpretations and Notes, which thejr confidently hope will be founa 
greatly to augment ito value in the estimatian of every intrWfpnt Teacher. 

HUNTER'S VIRGIL ; carefully revised, according to tin 
best Readings, and illustrated by Notes, Critical and Explsn* 
atory. 6th Edition. 18mo. Ss. 6d. bound* 

HUNTER'S HORACE; with Notes, CriUcal and Ex. 
planatozy. 5th Edition. 18mo. 3s. bound. 

HUNTER'S LTVyS HISTORY, BOOK XXL to XXV., 
(The First Five Books of the Second Punic War); with Noles, 
Critical and Explanatory. 7th Edition. 12mo. 4s. bound. 



LATIN. ^ 

HIseelUineoiis liaUn Class-liooks. 

HhefBUkwing approved Latin Works lime from time to time leen car^Uy revised, 

FIRST COURSE of LESSONS in LATIN READING, 
GRAMMAR, and COMPOSITION; with the Classical 
Authorities, and a Dictionary ; forming a complete Latin Library for 
Beginners. By the Rev. James Macoowax, late Master of a 
ClassicalandCommercial School, Liverpool, and Thomas M acgo wak. 
Surgeon, Manchester. 6th Edition. 18mo. 2 s. bound. 

MACGOWAN'S SECONd'^COURSE of LESSONS la 
LATIN READING and GRAMMAR; or, Second Part of 
First Lessons in Latin Reading, selected from the Classics, and arranged 
under the respective Rules of Syntax ; with a new and highly improved 
Latin Grammar, a Dictionary, and a Course of Exercises ; forming a 
complete Latin Library for Beginners. 3d Edit. 18mo. 3fl. bound. 

TNTRODUCTORY LATIN DELECTUS. By Georob 
-*- Ferguson, A. M., one of the Masters of the Edinburgh 
Academy ; Author of the " Edinburgh Academy Latin Delectus," 
** Edinburgh Academy Latin Rudiments," &c. 12mo. 2s. bound. 

■* It may safely be recommended for general use in every scholastic establish- 
ment. "^Britantua. 

** It will prove an excellent introduction to what may be termed the minor 
classics. "—^ ^/a*. 

'VTEILSON'S EUTROPIUS et AURELIUS VICTOR; 

-*-^ with Vocabulary enlarged. 4th Edition. 18mo. 28. bound. 

With the Vocabulary is incorporated a Geographical Index or brief Gazetteer; 
to which is prefixed a Translation of Gerard Vossius' Account of Eutropius.— So 
well has Eutropius imitated the style of the purer ages of the Latin tongue, that 
he has, by the consent of competent judges, a place amongst the classic authors ^ 
and his Compendium of Roman History is allowed to be the best that can be put 
into the hands of boys, previous to theii entering on the higher and more difficult 
authors. ^^ 

M AIR'S INTRODUCTION to LATIN SYNTAX. A New 
Edition ; with improved English Readings, Additional Notes, 
an English and Latin Vocabulary, and a Vocabulary of Proper 
Names. By the Rev. Alex. Stkwa&t, Author of *< A Compen- 
dium of Modem Geography.*' 18mo. 38. bound. 

STEWART'S CORNEIJUSI^bS; with Marginal Notes, 
a Chronological Table, and a Roman Calendar ; a Vocabulary, 
containing all the Words that occur in the Work, with their varioiim 
Significations, and an accurate Reference to the Passages in which 
any Peculiarity of Translation is required ; and an Index of Pzopflir 
Names, 16th Edition. 18mo. 3s. bound* 

CORDERII COLLOQUIAT^TNew Edition, carefimy 
corrected, with the Quantities marked; and containhig « 
Vocabulary of all the Word$ that occur ki the T§st» Bj the Rer* 
Geo. Milligak. 18mo. 28. bound. 
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DECERPTA ex P. OVIDn NASONIS METAMORPHO- 
SEON LIBRIS; with English Notes, and a Mythological, 
Ckographical, and Historical Index. By George Febousoji, 
A. M. 2d Edition. 18mo. 2s. 6d. hound. 

The ohieet of the Editor hM been to fumbh Teaehen with aa editioa of aleof' 
SrtahHrtir' lohoolbook, adapted to the preient ftate of clairical icholanhip, and ts 
the syftMQ of tnarhhig now porsoed in our burgh and parodiial adiools. 

•* The expUnatory notes and very copious index to theae selections win render 
• Orid * far more intelligible and entertaining to the young scholar than he lus 
hitherto been. The work is yery well got up, and renuukably cheap.**— FFeii. 
mbuter Review, ^^^^ 

DYMOCK's Improved Edition of SALLUST ; with copiolu 
Marginal Notes, and an Historical and Geographical Index. 
9th Edition. 18mo. 2s. 6d. hound. 

" A very neat and cheap edition, contuning a (lew explanatory notes, and a my 
fhU geographical and historical index, which must render it of great service to the 
gt\ii&at**'—We$tminster Review. 

DYMOCK'S CiESAR; with Notes and Index of Proper 
Names. 16th Edition. 12ino. 4s. hound. 

L IVY'S HISTORY, Book I. to V. With English Notes 
and Index, hy William M. Gunk, one of the Masters of 
the High School, Edinhurgh. New Edition, greatly enlarged and 
improved. 12mo. 4s. 6d. hound. 

BEZA'S LATIN TESTAMENT, carefully conwted hy 
Adam Dickinson, A.M. New Edition. 12mo. Ss. 6d. hound. 

Besa*s translation of the New Testament into Latin continues to preserve ift 
reputation as the most correct and closest to the original of any that has hitherto 
appeared. 

"TJUNCAN'S CiESAR, with Index hy John Chbistison, and 
•^ four Maps. New Edition, 12mo. 3s. 6d. hound. 

T7IRGIL DELPHINI, edited by William Duncan, E.CJP. 
^ New Edition. 8vo. lis. hound. 

To this Edition is added a complete Metrical Key, QavU Metrica VirgUUma^ 
also a Geographical, Historical, and Biographical Index in English t the Indita 
Verborum has undergone a careful and critical revision. 

AINSWORTH'S DICTIONARY, English-Latin and 
-^^ Latin-English ; carefully revised, corrected, and compared 
with the hest Authorities ; to which are now first added, a compM« 
List of Latin Ahhreviations, and other important and useful Tahles, 
hy William Duncan, E.C.P. 8vo. Stereotype, j^ew /«• 
presaion. 10s. 6d. strongly hound. 

GIBSON'S FRENCH, ENGLISH, and LATIN VOCA- 
BULARY. 12mo. 2s. hound in doth. 
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Frencli. 

ANEW FRENCH GRAMMAR, with Exercises. By 
F. A. WoLSKi, Master of the Modem Language Department 
in the High School of Glasgow, and Teacher of the French Languagt 
and Literature at Queen's College. — In preparation. 

This work will present a complete system of the mechanism of the French 
language. The author having (or about nine years conducted Classes in the High 
School of Glasgow, and of late at Queen's C:ollege, has everj reason to flatter 
himself, that his work will meet with the approbation of the intelligent Teacher, 
as being the fruit of experience and practice, and not the offipring oi mere theory 
and fiancy. 

HALLARD'S GRAMMARof the FRENCH LANGUAGE: 
In which its Principles are explained in such a manner as to 
be within the reach of the most common Capacity. New Edition* 
12mo. 48. bound. 

KEY to HALLARD'S FRENCH GRAMMAR. l2mo. 48. bd. 

SURENNE'S NEW PRONOUNCING FRENCH 
PRIMER ; or, First Step to the French Language : containing 
a Vocabulary of Easy and Familiar Words, arranged under distinct 
Heads ; and a Selection of Phrases on Subjects of the most frequent 
Occurrence. The whole intended as an Introduction to the *^ New 
French ManuaL*' 6th Edition, revised. Royal i8mo. Is. 6d. hbd« 

SURENNE'S NEW FRENCH MANUAL and TRA- 
VELLER'S COMPANION ; containing an Introduction to 
French Pronunciation ; a copious Vocabulary ; a Selection of Phrases ; 
a Series of Conversations on Tours through France, Holland, Bel- 
gium, Germany, and Switzerland ; with a Description of the Publie 
Buildings, Institutions, Curiosities, Manners, and Amusements, of 
the French Capital, &c. ; also, Models of Epistolary Correspondence^ 
and Directions to Travellers. To which are added, the Local Statistics 
of Paris, Tables of French and British Monies, Weights andMeasures, 

Ac. With Three Maps. 7th Edit. Royal 18mo. 4s. half-bound. 
** English holiday travellers, about to visit France, with but a slight knowledge 
of the language, could not do better than put this work in their pockets. They 
would find it practically of the greatest use, as it relates to all the objects of sucn 
excuxaioDS,'*— Westminster Review* 

pHAMBAUiyS FABLES CHOISIES, by Scot; with 
^^ Vocabulary, considerably improved and enlarged, by G. Wells, 
A.M. New Edition. 18mo. 2$. bound. 

BUQUErS NOUVEAU COURS de LITTERATURE; 
ou. Repertoire des Chefs d'CEuvre de Comeille, Racine, Voltaiie, 
Moliere, La Fontaine, Fendon, Barthelemy, &c. ; suItI des Com. 
mentahres de Laharpe, et pr^c^de d^un choix des plus beaux Morceauz^ 
en Prose et en Vers, des plus c^^bres Ecrivains Franpais. A I'Usage 
de PAcad^mie d'Edimbourg. 4th Edition, revised and considerably 
. enlarged. 12mo. Reduced in price. Gs. bound* 
** A Tery lueftil work for KixoolB,**^Westmin*ter Review. 



S* OLIVER & BOYD'S EDUCATIONAL WORKS. 

NEW PUBLICATIONS. 

THE BIBLICAL STUDENT'S ASSISTANT ; containing 
References to Works on Doctrinal and Practical Theology, 
with occasional Notes: together with an Index to 4000 Texts of 
Sennons by eminent Divines. By Clehicus. Royal 8vo. 5s. 6d. 

Altboagh thU work is especially designed for Clergymen, and those preparing 
Ibr the Ministry, it will also l>e found useful to all who are desirous of procuring 
the best helps to the study of the Sacred Yohime. 



INTRODUCTORY BOCK of the SCIENCES. Adapted 
for the Use of Schools and Private Students. In Two Parts. Part 
I. Physical Sciences. Part II. Natural Sciences. By James Nicol. 
Illustrated by 105 Engravings on M^ood. Royal 18mo. Is. 6d doth. 

This work is intended to present a short and connected Outline of the more im- 
portant branches of the Physical and Natural Sciences, with a view of their general 
principles and the more remarkable phenomena of the Material Universe. 

*' We bare been no less delichted than instructed with the accuracy, elaboration, 
simplicity, and clearness of the matter of this modest and useful volume. It is 
fbn of useable Icnowledge admirably selected, arranged, and set fbrth. .... As a 
book for schools, or for the parlour, its elegance, solid worth, and cheapness render 
It superior to any recent issue of the kind."— G/aa^ow Citizen. 

** It cannot tail to prove acceptable to teachers.**— G&wg'Ott' Guardian, 

" We have been surprised at the amount of information, well arran{;ed and 
concisely expressed, which this volume contains, and it will be found well adapted 
frr schools or private students.**— InvwntfW Courier, 

** Well adapted either to academies or private persons.**— ^CAurcA and Sate 
Gazette. 

** We recommend it particularly for the use of schools, and at the saaetime 
we 8Ug(;est that the student of any age may find iu it a valuable acquUkiOD.**— 
Cork Examiner, 



OLIVER & BOYD'S CATECHISMS of ELEMENTARY 
KNOWLEDGE ; elucidating the more simple Principles of 
Literature, Science, and the Arts ; with appropriate Embellishments, 
Neatly printed in 18mo. Price of each, 9d. sewed, or Is. bound. 



SCIENCE. 



Astronomy, by Hugo Reid. 
Chemistry, by Hu^o Reid. 
Heat, by Hugo Reid. 
Geology, or Natural History of the 

Earth, by Jas. Nicol. 
Natural History of Man, by Jas. Nicol. 



Natural Philosophy, Part I., by Geo. 

Lees, A. M. 
Natural Philosophy, Part II., by do. 
Pf^tical Economy, by Dr Murray. 
Worksof Creation, by P. Smith, A.M. 
Zoology, by Dr Hamiltoik 



LITERATITRK. 



EDglish6rBmmar,byRev.G.MiIligan. French Grammar, by Jas. Lengmoor. 
EngUsh Composition, by K. Connel. j Latin Grammar, by Rev. G. Milligan. 
Elocution, by William Roberts. I Greek Grammar,byRev.G.MiUigan. 

GEOG&APHT, HISTORY, &C. 



Geognphy, with Problems on the 
Use of the Globes, by Hugh Mur- 
ray, F.R.S.E. 

History of England, by P. Smith, A M. 



History of Scotland, byW. Morrison. 
British Constitution, by a Member of 

the Faculty of Advocates. 
Christian Instructiooy byDrMoiehead* 
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